Successive and Partial
Differentiation

5.1. SUCCESSIVE DIFFERENTIATION

If v is a function of x, its derivative Ey is itself a function of x. In general, we assume that it
also possesses a derivative if it is differentiated further. The derivative Ejr is called the first

. . . R . . . dv
differential co-efficient or first derivative of ¥ w.r.t. x. The differential co-efficient of -d;x, e,

% [%] is called second differential co-efficient or second derivative of v w.r.t. x, which we

z
denote as "f'_i' [read as dee two y over dee x sguare|. In general, the n** differential co-
dx
n
efficient of y w.r.t. x is denoted hy Y The process of finding the differential co-efficient of a
L
w4
function again and again is called Successive Differentiation.

Thus, if ¥ = fix), the successive differential co-efficients of fix) are
@ dly dy dy
de’dx® " d® T di”
These are alzo denoted by :
(2 ¥ 13 ¥os ¥ga seesen Ve ) 3 9 F s e ¥
(iii) Dy, D%y, D%, ..o, D™y (fer) F Ce), £ CE) 700y i e,

5.2. CALCULATION OF n" ORDER DERIVATIVES
L The n'* differential co-efficient of x™.
Let y=x"
then ¥y = maxmd
¥y =mlm—1) x -2
¥y =mim=1)(m - 2)x™2
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¥, = lmim—1)(m—2) ... upto n factors] = £™"
=mlm—11im—2)...... {m—n+1). x"" wheren < m.

[Cor. If m be a positive integer, and if n = m

then Yo = il — 1) (m —2) ... {m—m + 1) x™"
=mlm—-1m-=2) ...... 321.=ml
m
ﬂ--ﬂ'-r % (:E'“J' =m !
and  (m + 1)'®, (m + 2)'® derivative ....., ete., each will be = 0.
¥, =m ! which is constant and ¥, _ ,, which is the derivative of y_ will be zero and so
omn.|

II. The n'* differential co-efficient of (ax + b)™, where n < m.

Let ¥ = lax + H)™
then ¥y =miax + 5" a

¥y =mim — 1) lax + Y e
¥y =mim = 1) {m - 2) (ax + b= gt

yo=mim =1 (m=2)(m=3) ... fm=n + 1) {ax + by™" . g

[Cor. If n = m, then

Yo =mim—1m—2) .. 321 (ax + b1 a™ = [ma™]

III. The nt differential co-efficient of ) b [x #F— E]
+ a
Lat = = (ox + hF!
* ax+ b G
then ¥ =1(=1lax + b . a

Vo=l 1N—2Nax + bF3 a2 =(—1)% 2! (ax + b)P . a?
¥y =l—IH=-2)—3Nax + br* . o’ = (- 1)" 3 llax+ b1 . a®

.......................................................................................................

.......................................................................................................

_}r"=1—1]“_n]i,rr.|:+b}""*”.n”

(-1 n!la”

ar e ——
FTI l:ax_l_ h}n-rl
IV, The n'" differential co-efficient of log (ax + b),
Let y = log (ax + b)
then }r]=ﬂ+ﬁn=tu.r+b]".r1
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or

then

then

¥y=1=1Max + b=, @t
¥y= (= Di=2Nax + b1 ca? = (=17 2 Nax + 6%, a®

¥,.= (— 10t (e — 1) e & BE® . a®

_ED" ' -1la”
2 (ax + h)"

Cor-Wfa=1;b=0,y=log x, then ¥, = =~
x

V. The n** differential co-efficient of a™*
Let y=a™

¥y =m.a™ (log a)

¥, =m? . a™ (log a)®

FIF'Wn—hq

R | mx &
yy=m* _ a™ (lega)

¥, =m".a™ (log a)"

[Cor. Puta =¢, then y = e™ and y,_ = m" ™

VI. The n'! differential co-efficient of sin (ax + h)
Let ¥ = =in (ax + b

¥ =acoslax+ bl =g sin [ux+b+-§] [Mote this step]

:nﬂﬂin[ux+b+rg~+5]

J'Ezﬂ!ms(axirb-kf
2 2

—_— E 1

m:+b+2.£]

¥y =a’ cos [ux+b+2.—]=uﬂain[a¢:+b+2.ﬁ+£]

..............................................................................................

¥, =a" sin [ax+h+n%]
[ﬂm.[f!::ﬂ,j.r =gin ar,y, =a” sin[a:r: +n%}]

VII. The n'* differential co-efficient of cos (ax + h)
Let ¥ =cos lax + )

_vl=—5iniax+b?.a=ams(m+b+%] [Note this step]
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J’e=—ﬂ2¥-iﬂ[m=+b+%]=n3cns[m+&+g—+-;-]

=n? cos [m:+b+2.§]

¥y =—a®sin (m’+b+2.g]=u3mﬁ(ax+b+2.g+%

y,=a" cos

18
ax+h+nE]

Cor. Ify=cosax, v, =a" m(mﬂn%]]

VIII. The n'" differential co-efficient of e sin (bx + ¢)
Let ¥ =" zin (hx + )
then yy=e™ cos(bx +e) . b+sinibx+e).a.e™
=¢® [a sin (hx + ¢} + b cos thx + ¢l

We determine two constants r and 8, to change the expression into a single sine which
will enable us to make the required generalisation by putting,a =rcos 8, b = rsin 8

r=ya®+b%  0=tan b ;
i

Henee ¥, =€ [rcos 0. sin (bx + ¢} + r sin 0 ; cos (bx +¢)]
= e gin (hx + ¢ + @l

Thus y, is obtained from y on multiplying it by the constant r and increasing the angle
by the constant 8. Repeating the same rule to y,, we have

¥y = r¥e™ sin (bx + ¢ + 20).
Similarly, ¥o = e sin (b + ¢ + 30).

n
Hence, in general, y = EJ_‘.'.; e sin (bx + )] =" . ™ 5in (bx + ¢ + nf)

Putting values of r and 4,

¥, = (a® + b4 gix  gin bx+ec+n.tan! E]

IX. The n'* differential co-efficient of e** cos (bx + ¢)
Let y=e"cos(bx +¢)
then ¥y =ae™cos (bx + ¢) — b ¢™ gin (bx + ¢)
= ¢ [q cos (bx + ¢)— b sin (bx + ¢)]
Azin Art. VIIL, put a = rcos 8, and b = r sin 0.
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; ) ]
Fi= -.,H:l2 +b%, tan B:E , L., B = tan™? P
i

¥, =& rcos 8, cos (bx + ¢) — sin @ sin (bx + ¢]]
=re™ [cos (bx + ¢ + 8.

Thus y, 15 obtained from y on multiplying it by the constant r and increasing the angle
by the constant 8,

Repeating the same rule to ¥s We have

¥, = ré e cos (hx + ¢ + 26).
Similarly, ¥q =¥ e™ cog (hxy + ¢ + 30}
dﬂ

Hence, in general, v =
Ll

[¢" coz (hx + £)] = r" ™ | cos thx + ¢ + rE)

Putting values of r and 6,

¥, = (a® + b))"E o™, cos [hx+c+n.tan"§]

ILLUSTRATIVE EXAMPLES

Example 1. Find the ' differential co-efficient of log (ax + x*).
Sol. Let y=logilax+x*=logxia +x)=logx + log (x + a)
Differentiating n times,
dﬁ' Ii"
y. = log x +
d T e
=Dt a-1'.1" g " -0 1"

x {x + )"

= (= 1] m—l}r[i+ 1 ]

log ix +a)

By Art. IV]

" {xea)”

Example 2. If v = cos’ x, find ¥,

Sol. We know, cos3x =4 cos’x -3 cosx
y=cos®x =1 [cos 3x + 3 cos x]

Differentiating n times,

o | |
L} 1

Yo %unsh+3-;?mx]

g :05[31+%]+E.1” ms(“iz“ﬂ [By Art. VII]

[ RE n
3" cog| Az +— [+3cog|e+r—|].
(e 2 om0 5|

|
T
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Example 3. If v = sin 2x sin 3x, find y_.
Sol. ¥ '=sin 2x sin 3x
= %12 sin 3x sin 2x] = Eilmsx—ma Bl
|'* 2sinAsinB=cos(A-B)-cos(A+ Bl

1| d" "
¥y ==|——cosx~——cosbx
2] dx dx

- %[cu&(.\:+%}—5“ m(51+n—;)] ;

Example 4. Find n'* derivative of sin® x cos™ x.

Sol. Let y = sin® x cos? x = (gin x cos ¥ cos x

= } (5in 2x)% cos x = 71 sin® 2r cos x

=l[—l_cus4chﬂEx "'.' ﬂiﬁgﬁ:a];.mﬂi
4 2 2
=§{m$1—mﬁ 4x cos x)
or Jr:l_lﬁ [2 cos x — (eos 5x + cos 3x
[** 2ZcosAcos B=cos(A+B)+cos(A-DB)
ar ¥ =— |2 cosx — cos S5x - cos 3x]
16
J’,,=1—lﬁ[il"¢a$(x+£;-t]-5“ cm(5x+’;j]~3"cus[3x+’;—ﬂﬂ
1 ni P nn = nmn
= — 2m(x+—]—5 0 5.=:+—]—3 m(3x+—) .
16 2 2 2
1
E lo B, If y= —————. ;
xample 5. [y PR find ¥
1 1
Saol. ¥ 2 3

"1 Bx+6x* (Zx-D@x-1 2x-1 3z-1

1 1
= 2T - 30"
¥ [21‘—-]] (Ex—lJ

i n n ol n 1 n
B o UL M | By Art. (IIT}
(2x — P+l (3x —1)"*1
cetpay| @ @t |
(2x-1D"1 (Gx-1"?

5.3. USE OF PARTIAL FRACTIONS

In order to determine the n't derivative, of any rational function, we have to split it into
partial fractions. Forming partial fractions is converse process of taking L.C.M,
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To resolve a fraction into partial fractions, the degree of numerator must be less than
the degree of denominator.

ILLUSTRATIVE EXAMPLES
Example 1. Find n™ derivative of g 2 o
" —a
l 1 1 1 1
tol. Lt a®  (x- u-}[:r+ al 2a [J: = :u:+u}

Y x+a
|:[_ 1]“!1'1" (—1)"n! 1"]

(x-a¥**!  (x+a

}rl+'l.

1
:||'|‘ ] —
" L: a)y* ! {x+a]"*1]

'hﬁanl

Example 2. [fv = find n' derivative of v.

X
(x-1Px+2) '
Sol. To split ¥ into partial fractions.

o
letx—1=z, then _1;=ij.l+2;+a
z 3+z
= i E+E +i 32 I on dj\'isiﬂﬂ
2|3 9 9 5+2
1 5] 4 B 1 & 4

= —+—+ = - +
322 Gr 93+2) Jx-1F 9x-1 9x+2)
{—H“En+1}!+5i—l}"n! H-1"n!

Henee, ¥, = : + :
A Be-DME O ae—1"t1  a(x4 2t
Example 3. Find the ' derivative of tan™' [-I &% -
-x
| 2x -1
Sol. We have, tan 7| =2tan"' x
l-=x
Hence we have to findy_ if y=2tan" x.
Now, y=2tan-'x
2 2 1 1 1] 1 1
¥, = o — —
1142 Qilx-i x+i| P|lx-i xei
1
Hence, ¥o=7 (=11 (n=1)! l_n- l_n
R tx—i) (x +1i)

| Differentiating (n — 1) times
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Suppose x = reos 8, and 1 =7 sin 8 50 that

r2=x%+1 and 8 = tan*! [-1—]

%
n=1
Thus, ¥, = 1_1}—:1_1][ l{cos B —§ 3in 6)" — (cog 8 + 1 sin 67°7)
ir
1" Yn -1
= ¥, = M . 2f gin nf | Using De Moivre's theorem
i.r
= y,=2(=1r"in~1) ! sinnb. sin" . where 0= tan™! [E]
X
=
Example 4. Prove that the value of the n™ differential co-efficient of - forx=10is
x —
zero, if n is even ; and is - (n 1) if n is odd and greater than 1.
x
Sol. Let = =X+
YT e 2t -1
1] 1 1
= — + wal1)
o z[x *1 & 1]
If n = 1, the second and higher derivatives of x are 0.
1| -1 n!  (-1"n!
PR i 3
2l x-1"*1 p+1!
1 1 1
==i{-1rn! + w2
g [{x+1‘1“'] [::—13"'1] :
Case L. When n is even, putting x = 0 1in (2},
(He!fl 1] n!
¥, 1= —+ =— [1-1]=0.
A= {1 cu~z Y
Case I1. When n is odd
(-bn!f1 1] L1}
|:.:"r.u:lI'I: o |:I+m-=_TII+]|=—” L
% : i ; x—1 A ; e PlE=n x+n
xample 5. Ify = x log 1] Hhow that ¥, = (-1 -2} x—D" (x+D" |
Sol. y=x [log (x = 1) =log (x + 1)] (1)
Differentiating v w.r.t. x, we get
: | 1
¥y =I(m_x+l] +loglx—T1)—logix + 1)
i + : log {(x = 1) = log (x + 1) (2)
=3t k- og (x +

Again, Differentiating (2), (n = 1) times w.r.t. x, we get

1" n-D! D" =D D=2 (-1 (n-2))
(x- D" (x+ 1" (x— 1" (x+ 1"

¥, =
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(z-1" (x+ 1" fx—1" {=+1"

=:—1}"4¢n-2:{

o\ Xx—-n x+n
={-1P""*{p -2)! :

(V-1 V-1 x-1 x+1 ]

x-1" (z+D"

5.4. LEIENITZ THEOREM
This theorem helps us to find the nth differential co-efficient of the product of two functions in
terms of the suecezsive derivatives of the functions.
Statement. If u and v are two functions of x, having derivatives of the n'" order, then
L]
E {u""*‘l 5 H‘ﬂ L J.L':"-‘:'I' H.ll—ll UJ’ - £l =z ”u-ﬂ' !'IE Fo d “ﬂr un-r r‘"a- +.+ nr‘r” H:L'n,
where suffives of u and v denote differentiations w.r.t x
Proof. We shall prove the theorem by Mathematical Induction.
Step 1. Let ¥ = uv
By actual differentiation, we have
¥y S ugt + Uy
and ¥y S UWolr + Uy0y + 0t U + WU,
=g + 2,0, + Ury = uuv + 3(31 g + 2[!2 uv,.
Thus, the theorem is true forn =1, 2.
Step IL Let us assume that the theorem is true for a particular value of n, say m, so
that, we have
Yo=u, 0+"0 u_ o, +"Cu B+ i
p ol BIRNG [ SHEUE ORI, L PG ) S +0C uv_.
Step IIL Differentiating both sides, we have
-?f.n +1= iI‘;Jrr +1 o+ u.'rr I:;|I + IWEI um I"|] + l"‘:":I Hm—l ”3 ¥ mc'.! J:"!'m—l UE
+ M0t o Uy + o+ M0 1
+ JI‘EGF ‘u

R, ¥re.
+M0 ww  +™C up

m y
mer+2 l'rr 1 * Cr-'l. H'r:l1 r+l I:’r

meped U F BB
m+l®
=u U+ {"Cy+lv_v, +("Cy+"Cihu_ v+
+("C, +"C_,) u
But, we know that "C_, + "C_= mfigr
Putting r=1, 2,8, .......
u.|||:.“"__'|]I + mc] - J-|-1EI or 1 «+ NIEI - 1.:.'
3, + ™G, = ",

m "
=+ 1 Up + seeenns # C’m m'rx--l-l'

= = HEs1
and "G, =1="1C ..
=F m=1 m=]
Nopsy =8, U+ Cin v, #P%0, 0 Ve # e,
mel m+1
+ ca ”I.IL—J'-I-t I'Ir o + C.'Jl--l Hl-:'m“

which is of exactly the same form ag the given formula withn=m + 1.
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it is clear that if the theorem is true for n = m, then it is also true for the next higher
value n =m + 1.

But in Step I, we have proved that the theorem iz true for n = 2.

it must be true for next higher valuesn =2 +1=3.
Again *  the theorem is true for n = 3.

it must be true for next higher value n =3 + 1, r.e., 4 and =0 on.
Hence the theorem iz true for any pesitive integer n.

ILLUSTRATIVE EXAMPLES

Example 1. Find the n™ derivative of x* sin x at x = 0.
Sol. Let = sinx and p=xt
g n -9
HN—HIH I+ﬂ§ i-'l—-.p.r
u, = 5in[:r+ [ ILJ%] u, =2

. n

uﬂ_2=51n[.1:+[n—E]E] v, =0

Now by Leibnitz Theorem, we have

n

= n L]
— (wvl=u v+"Cou, 0, +"Cou, oug

]

ar d—c::? gin x1 = &in [.r i nl] e ), sin [x (R = IJE] Zx 4+ ", sin [x+ ln - EJE] 2
™ > 2 % 2

=x2 gin (.t +%] + 2nr sin [r +in— l}%} +nin -1} sin [x +in - 2}%].

Atx=0, 3y, =u[u-1:mnm-2]§=t;;-n¥1ain%“

Note. Generally, we take x" as v,

Example 2. DNfferentiate n times the differential equations:

dly iy ey

E!-—.ta--rﬂ?}r = () (E) 2y, 2y, +y =0,

Sol. if) Differentiating each term of the given equation n times by Leibnitz theorem, we

(£} {7 =at)

get
y, .5 (1 =32 £2C, 3, | (—2x) +9C, y, (- 2N —{y, , , (2} +7C, 3, (1) +aty, =0
= (1-x3y, g+ (=2nx-xly, +-rla-1-n+a’ly =0
= (1—x")y, ,o— 120+ Ly, —(n*—a®ly, =0
i) Differentiating each term of the given equation o times by Leibnitz theorem, we pet
¥, ., a L)+ O Y, 1 2+ "Gy, (20 + Uy, ) +"C (A +y, =0
X, o+ 2nx+xly,  +lnln—1)+n+ 1)y, =0

U

L

X +2n+Dxy, +in*+ 1)y, =0

n+2
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and

ar

ar

Le.,

Example 3. If y = sin (m sin~ 1 x), then prove that
(1- 1—")_}'2 :}'I+m_'|.r 1]
(1-xly, , a— f2u+”'r&'"+£—|’n2—m'?,|.}'w=ﬂ.
Sol. ¥ =sin (m sin~'x) 1)
m

¥y =cos{msintx). N
1-x?

Cross-multiplying /1- x? ¥, = m cos (m sin~ ' x).
Squaring both sides,

(1=x2)y," = m? cos? (m sin~ ! x)
=m?[1 —sin? (m sin~ ! x) |+ cos®@=1-sin%0

=m2{l-y% [By (11]
Again differentiating both sides w.r.t. x,

(1-x% 2y, ¥, = 2uy," = = Zmyy,
Dividing every term by 2y,
(1=x%ly, —xy, =—mYy
(1=x%y, -2y, + miy =0.
Now differentiating every term n times by Leibnitz Theorem, we have
¥, a(1=2+"Cy, 204+ Cow, =20 -y, x+"Ciy ]+ m%y, =0
{1-x hr.'l+2 2”-13}'”..] —nln— lﬂ"'n_‘ﬂ"u F1TRY, +m-¢-__|,r”
= lil—x'!]yﬂu—12u+I‘Jx.}'n”—lnﬂ—mziyﬂ={]
Example 4, Ify!/" 4910 = 29 orope that
fxl-Dy .. +@n+Dxy +n-miy =0
Sol. ylim g g lim = O
Put pltim.

1 ¥
z+;=21: or 22-2xz4+1=0

C2x22yx’ -1
- 2

yimextfa? -1 or y=lrafa? -1
Ir -i:+-.||';: —11, then

1 1
y,=mix+ Je2 -1t 1= -2
. ¥ [ 2 N |
=mix+ Jx*-1p1

And, similarly, if y=ix-Jy2 -1/

=Xyt =1

J.-.:
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or
ar

s |

In either case, squaring, we get

Y=

2.2
. m-y i o
¥= a1 (a2 —- 1) 3,2 = mH~

Differentiating again,
e —1). Zyyy +3% Zx=m* . 2yy,
Dividing both sides by 2y, we have
(x® - T, +ay,—miy =0
Differentiating n times by Leibnitz Theorem, we get
nie-1
E-:".ll—‘ﬁ[':":2_}']-"""t'-:"r1|+l'zx"- 21 -,]HW.Z]-!-{'5-',“_1.14-.'1.}'”.1]—1'?12_}'”=l]
-1y, .+ 2+ lxy, +P—n+n—miy, =0
t"‘:z_ll}ln 1-E+r"2n + I]Ij'n+t+1_ﬂz—m2hf"=ﬂ.
Example 5. {fy = a cos (log x) + b zin (log x), prove that
(1) x%y, +xy, +y = 0 and () xly, ,+(2n+ Dxy,  +(n+ Ly, = 0.
Sol. ¥ =0 cos {log x) + b sin (log x) i1}

¥, =—asin (log x) . 1 + b cos (log x) .
x

= xy, = — a sin (log x) + b cos (log x)
Agrain, XV, +|}"I=—{LCDEHUEI],E—b.‘!in“ugx],i
x x
= X%y + Xy =—¥
=4 iy, +xy, +y=0 A2

Differentiating equation (2} n times by Leibnitz Theorvem, we get

Wrag - (=2 + ROy Faay -2+ "Gy, @M ey @ R0 Ly, (W ey, =0
praF ¥ g @nxexiey (nin-1l4n+1}=0
= Ay, .+ 2n+ Doy, +nf+ 1y, =0
Henee the results.

=8 %3 ¥

Example 6. If v = (x® -1)", prove that (x* - Dy,  ,+2xy__,-nin+ 1)y, =0

Sol. y=ld-1 (1)
yy=nix =11 gy

= (x% — 1)y, = 2nxy SA2) | Using (1)

Differentiating again, we got

(2 = 1)y + 2oy, = 20 Loy, + )
== 2 -Dy, + 21 —n)xy, - 2ny =0
Differentiating # times by Leibnitz theorem, we get
W, ai=1+"Cy, (2% +"Coy, (2]} + 21 -n)ly, ., (x) +"C,y (1)} - 2ny =0
= =1y, ,+2nx+2x-2nxly _+(n*-n+2n-2n*-2n}y =0
= -1y, ,a+t2xy  ,—nln+1y, =0

R |
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or

Example 7. G I x =tan (log y). prove that
if +J:E.i‘:|-'“ sptRrx—Uy +nin-Uy ,=0
(i6) If y = sin log, (x* + 2x + 1), prove that
(T+xPy, o+@n+ (1 +xly, , +inf+4ly =0

Bol. (i) x =tan {log ¥
= § o B A1)
tan™ x 1
J. = & r]
Y1 1+x?
9 (1 + 1'2:',}"1 = ek ) |Uﬂiﬂg (1)

Differentiating (2) n times by Leibnitz theorem, we get
}"” & ] [1 t IE} iy "ﬂ] J"JL {EI] + ur:i J"u =1 [:'H =}"u

=5 (1+x%y,,,+@nx—1Dy,+nln-11y,_,=0
(i) y=sin log, (x% + 2¢ + 1) plk)
s 1
=cos log, (x* +2x + 1}, ————— (Z2x + 2)
21 P 4241
=coslog, (x* +2¢ +1). 2
x+1
— (x+ Dy, =2cos log, (x* + 2¢ + 1)
Sguaring both sides,
(x+ 1Py, * = 4 cos® log, (2% + 2r & 1) =4(1 —y%) -(2)

Differentiating {2) again w.r.t. x, we get
(x+ 1P . 2y, + 3% . 20 + 1) = 4(— 2yy,)
= (x+ 1Py, +lx+ 1y, +4¢ =0 L3
Dnfferentiating (3} n times by Leibnitz theorem, we get
b oz +1P+"Cly, ;. 2x+1)+"Coy, .21+ v, , ,(x+1)+Cy (I} +4y, =0

a+l
= E;+I]ﬂ_}r”'1+[2nx+2n+x+I]_}rn+]+1n"!—n+r£+4]_}-u=ﬁ
= (I+xiy ,+@n+1{1+x)y,  +RZ+4)y =0

Example 8. If y = x" log x  prove that
!

n!
)y, ;= = BiaPy, o+ 2p-2n+ Dy, ,+(p-nfy =0
Sol. (a) y=x"logz (1)
1
¥y =x" [;J + nx" ! log x
=% v, =x" + nx' logx =x"+ ny A2 | Using (1)

Differentiating (2) n times, we got
Yooy 2+ y (N=nl+ny,
= Yo lxd=nl

nl

ynflzT
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ib) y|=x",l+m:"'1lﬂgx
X

= xy, =x"+nx" log x

= xayy ="+ oy

Differentiating equation {1} w.r.t. x, we get
Xy, + ¥ =nx"1 4 ny,
xyy+ (L—n)y, =nx-1
iy, + (1 —n)xy, = nx"=n (xy, —ny)
= 2+ (1-2nlay, +n%y =0

| Diff, y w.rt. %

| Multiplying by x
P i )

| Using (1)
LY

Differentiating equation (2}, p times by Leibnitz theorem,
[¥pra (2%) 4 POy y, g (22)+ PCyy,(2)] + (1-2n) [y, (x) + PCy y, (1] +nly, =0
= Xy a+ ¥ 1Zpx +(1-2n)xl 4+ ¥, lp(p- 1+ (1-2n) p+n®l=0

= 't2:'lp"2+['2P_EH+1]UP+1+[P_?1]2|}'FFu.

1.
11.
12,

13.

14.

TEST YOUR KNOWLEDGE

Ify = sin~' x, prove that (1 -x%y_,—(2n + Lixy, =% =0

() Ify = ™ ’"'-II, prove that:
2

WL —x% yy— 2y, = mPy L =2ty o —(2n+ Vay 0+ m*y, =0,

. [log ¥ : .
th) If 2 = sin [ Di ] yprove that {1 =%y .= (20 + Lxy, ,, =+ eddy, =0

|
sin .

If y = ==, prove that (1 -x% v, (20 + B xy,,, ~in+ 125 =0.
:n.'l—x‘

Ify = g"m-l":. prove that (1 +.1:5!3I_3-'_”_rH +[(2n 4+ 2x — 1]y, + rin + 1)y, = 0.

If ¥ = coa (log x), prove that ¥, . + (20 + Ly, |+ 0%+ 1y =0
Ify = x cos {log x), prove that x®y_ ., +(2n—Tixy_ _, +in?—2n+ 2k =10.

If v = (gin~? x)?, prove that

W (1-2%y, -2y, -2=0 L =2, o —(2n+ 1) xy

- nty, =0

Mo+

Ify = (tan~! x)%, prove that {x? + 1}y, + 2v(1 + 2y, =2

n
I cos~? [%] = log [—E] cprove thatx®y, . +(2n+ Dxy,  ,+20%, =0

If ¥ = cos (m sin~" x), prove that (1 —x*y__,
If »=sin{m sinh™ 2), prove that (1 + £%)
If »=(sinh~z)% prove that (1 + 22 v

"+
Ify = y1- x* sin"'x, prove that

m+d

—{2n+ Tixy
+ (2n + _'lP.le“”+{n"=+m“hlﬂ =0
ot {20+ Iy, +nly, =0,

— - mﬂ]l?" =10

nl

Wy (=2t -3y, x+2=0 (Y, (1= =20+ 3bey, .~ nin +2hy =0

!
Ify= lugx,pruue that v, =M[Iﬂg.¥—l—i
x

xn+1
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15, Ifx +y =1, prove that d Wy =nlly"—0"C,A" 1 2+ ("CRy 2 a2 — L+ - 1P 2.

16. Ixszind+vcosd=nandx cos d— v sin d = b, show that d"x . d'y _d"y d_ﬂ"' = constant.
do™ " dp®  do™ o

17. Ify=Atx+ Jx2+a2 "+ Bix+ JxE + a2 1", prove that

2+ atly, o+ @m+ Dy, +imP-n%y, =0

18. Evaluate D® [log (2% — 2x eo5 « + 11] hence or otherwise find [ [L&n_l [-—'}-—S-tn—q—]] :

l-xecosa
18, 1Ir ;.-:Alx+1|'xz—1h"+|31x—,|'xﬂ- 11, prove that

{a)x® = Dy, +xy, —nfy =0 hh it —1by, o+ (Zm+ Lxy, =0
20. Ify,fx? -1 =loglx+ Jx? — 1) provethat (x? -1}y, , ,+(2n + 1ixy, + ny, ;=0

Answer

_ -1 i ] i _ awa-1 = F
16 2!1 B {n— 1t ” Ems[n pap -1 S0 o } ; 2[ 1 i — 11 - sir.[n. pa 1 S0 ¢t }
(2= —2x eom o+ 1" r—oosa | (2% - 2xcosa+ 1" X — (DS 0L

5.5. DETERMINATION OF THE VALUE OF THE n™ DERIVATIVE OF A FUNCTION AT x =0

Sometimes it is required to find the n'® derivative of a function forx = 0.
The working rule to find (¥ | _, is being given below:
1. Put the given function equal to y.

o
2.Findy, = =,
Then (i} Take L.C.M. (if possible).
(ii) Sguare both sides if sqguare roots are there,
{iii) Try to get v in R.H.S. (if possible).
3. Again differentiate both sides w.r.t. x to get an equation in y,, ¥, ¥.
4. Differentiate both sides o times w.r.t. x by Leibnitz Theorem.
8. Put x = () in equations of steps 1, 2, 3, 4.
6. Putn =1, 2, 3, 4 in last equation of step 5.
7. Discuss the two cases when » s even and when n is odd.

ILLUSTRATIVE EXAMPLES

Example 1. Ify = o™ %, ghow that
(1-2%y 2r+ Dxy = (n +m%)y = 0and caleulute y, (0).

Taad

Sol. Here o= g™ ¥ A1y
meos 'y "
¥ A2)

_ -m___m
£ IJI—.\:"’ .,lrl—:‘r:2
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L,

or

and

Squaring both sides, we have
Ifl—.1:2‘.I_1.'1"5=n'r%'j‘l
Differentiating w.r.t. x, we have
(1-2%) 2yyv, — 2oy, ® = 2miyy,
Dividing by 2y, we get
(1 —,1:2!_}'2—,1]."[ =m2y )
Differentiating n times by Leibnitz Theorem, we get
(1-x*ly,, q—2nxy,  ,—nln—1, —xy, , —ny, =m4,
(1—xy, o~ (2n+ Ly, —(n%+ mily, =0 -l
By putting x = 0, in (1}, (2}, {3} and (4), we get
(0} = gm =2
) =—m  gm- =2
¥o(0) = m? . y(0) = m? gm V2
¥ oo (0) = (0% + my (0) b8
Puttingr =1, 2, 3, 4, .. in (5), we have
¥al0) = (1% + m* )y, (0) = — m(1? + m*pem™ ™2
¥, (0= (22 4 mz_bfg (0) = m32% 4 mipm 2
¥:(0) = (32 + mPy, (0) = — m(1% + m2)(3% + m?)em 2
vl 0) = (42 + mPy, (0) = mH2% + m®)4? + me™ ™2
@™ (1P mA AR+ m?) L ln = 27+ m®] when n isoedd.

In al, ¥ () = —— F
general, y,(0) m2 o™ 2 (2% L2 W4 m?) e - 20 + m®). when n is even.

Example 2. If y = (sin"! x¥, prove that

(i171 —x2) %—xi—y —2=0 (i) (I-ay o= 2n+Day, -0’y =0.
Also find the value of n'* derivative of y for x = 0.
Sol. y = (sin~!z)?
Differentiating both sides w.r.t. x,
= 2{sin~1x}. 1 |

¥ =23 ?‘. — )
Squaring both sides, (1 —x®ly,? = 4 (sin~ ! x)* = 4y,
Differentiating again, 201 =x) y, 3= 20y = 4y,
Dividing both sides by 2y,, (1—-2?ly,—xy,-2=0 2]
Differentiating n times by Leibnitz Theorem,
(1—xly, o+ "Cy, =20 +"Coy, (-2 —xy, —"C ¥, =0

(1-x"y, ,o—12n + Ly, ,,—n%y, =0 ik 3
Putx = 0in (1), {2} and (3), then
¥ =0 and y,(0)=2,
Yz (D = “‘zJ'ru it woldb)
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or

ar

and

Puitingn=1,2,3, 4, ... in (4), we get
¥ (01=1%, 5, (0)=10
¥, 0 =2 y,(0)=2.2°
¥ (01 =32y, (0)=0
Y (0 =4% .y, (0)=2.2% 42
y (0 =52 3. (0)=0
Y () =62 .y, (0)=2.2% 4% 64

.........................................................

In general,
When n iz odd, ¥ (0)=0.
Whenrniseven, y (0)=2.22 4% 8% .. (n-20°

Example 3. If y = tan™! x, prove that (1 +x%)y, ., +2nxy, +nin-1)y

Hence determine the values of all the derivatives of ¥y with respect to x when x = 0.

Sol. Here y=tan 1x

= 1
F1™ 1+x
y111+x'3]=1

Differentiating n times by Leibnitz Theorem, we have

n{n—l}? ,.2=0

2 |
(1+x%y, +2nxy +nln-11y, _,=0
Putting x = 0 in (1), (2) and (3}, we have
yi=0,y (D=1
Yy 0 ==nin =1y (0
Puttingn=1.2, 3.4 ......... in (4], we get
¥ (0 ==1.10}.¥(0)=0
¥ ==2.(D.y0=-2=(-12]
Yl ==-3 .12} .5, =0
Yo l0l=—d (3.3, (0 =—d4.(3). (-2)=(-1*4!

2

J-',,+|{1+.1:2‘.I+ny".2x+

In general,
When n is even, ¥, (0)=0,
=1

When nisodd, y(0)=(1 % (m_1)1

i)

..(2)

ek

BHEY
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TEST YOUR KNOWLEDGE I

1. Ify =sin" x, prove that (1 —x“’:-_'pﬁ_z —{2n + 1bxy, .- nfy. =0
Also find the value ﬂf,'!-",, when x = (.
2, Ifv=S2 ; . prove that ¥, =(n = 1*y, , forz=0.
1-=x

3. Ify=[v+y1+2°|" findy, (0L
4, Ify = sin {a sin" x), find ¥ (0},
5. Prove that the value when x = 0 o' D7 (tan™? 21 i2 0, (= 1) [ or = (n = 1) ! according as n is of the
form 2p, 4p + 1 or 4p + 3 respectively.
6. Iflogy=tan'x, show that (1 +:‘:E]:"n yat2n+1x-1ly,  ,+nin+ 1)y, =0and hence find y,,
yyandy, ate =10
Answers
1. When niseven, y (0)=0
When n is odd, ¥ (01 = 1%, 3* . 5% ... im— 23°
3. When n iz even, ¥, (0) = m? (m® = 2%(m* — 42 ... [m? = (n - 2)7
When n is odd, ¥,(0) = mim® = 1%im? - 3% ... [m? = (n = 2}
4. When n is even, y (0} =10
When n 15 mdd, }r,l{ﬂ'l =al1* g3 —g¥) . [ —2F =g
&, {_}-'3}"2 - I.U‘#ﬂ= —T.{}rﬁ}ﬂ= &

PARTIAL DIFFERENTIATION

5.6. FUNCTION OF TWO VARIABLES

If three variables x, v, z are so related that the value of z depends upon the values of x and
¥, then z is called a funetion of two variables x and v and this is denoted by z = fix, ¥).

z 1= called the dependent variable while x and v are called independent variables,

For example, the area of a triangle is determined when its base and altitude are known, Thus,
area of a triangle i= a function of two variables, base and altitude,

{In a similar way, a function of more than two variables can be defined).

Geometrically, Let z = fix, v) be a function of two independent variables x and v defined
for all pairs of values of x and y which belong to an area A of the xv-plane, Then to each point
iz, ¥) of thiz area corresponds a value of 2 given by the relation = = fiz, v). Hepresenting all
these values (x, ¥, z) by points in space, we get a surface,

Hence the function z = f(x, y) represents a surface.

5.7. CONTINUITY

A fanction fix, ¥} 15 said to be continucus at a point (o, b} if, for any arbitrarily chosen
positive number £, however small, we can find a corresponding number & such that | fix, ¥)
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— fla, b) | <€ for every point {x, y) within the circle with its centre at (g, b) and radius §. i.e,,
whenever 0 < (x —a) + (v - b)® < &,

Alternatively, fix, ¥115 said to be continuous at (g, 51 if Lt flx, v) = fla, b) irrespective

X =3

of the path along which x - a, ¥ = b. y b
It should not be assumed that the path along which the point (x, v tends to (a, b) is
immaterial, because Lt | Lth fx, ¥} is not always equal to Lt:.{ Lt flx, ¥
y-abh T—a

E=r @ Y=t

However, usually, the limit is the same irrespective of the path of approach.

In what follows, we ghall assume that the functions considersd are continuous and
their partial differential eo-efficients as defined in the next section, exist.

5.8. PARTIAL DERIVATIVES OF FIRST ORDER

Let = = fix, ¥} be a function of two independent variables x and y. If ¥ is kept constant and
x alone iz allowed to vary, then z becomes a function of x only. The derivative of z, with
respect fo x, treating v as constant, is called partial derivative of z w.r.t. x and is denoted

h}rg—iur%m‘ﬂ.

Thus. .i?'-z Lt flx+h, 5=z ¥
ox b=l ,ﬁ
Similarly, the derivative of z, with respect to y, treating x as constant, is called partial
derivative of z w.r.t. ¥ and iz denoted by E;E or % or -";
dz Flz, v+ k)= flx, ¥)
Thne; By J:I-f:.tu k

ke
% amd E are called first order partial derivatives of z.
[In general, if z 15 a function of two or more independent variables, then the partial
derivative of z w.r.t. any one of the independent variables is the ordinary derivative of z

w.r.t. that variable, treating all other variables as constant.|
Geometrically, Let z = fix, y) be a function of two variables x and y. Then by Art. 5.6,
it represents a surface S, If ¥ =&, a constant, theny = & represents a plane parallel to the
zx-plane,
z =iz, v) and y = k represent a plane curve C which is the section of S by y = k.

';E represents the slope of tangent to C at (x, &k, z).
X

Thus, i gives the slope of the tangent drawn to the curve of intersection of the surface

z = fix, yhand a plane parallel to zx-plane.

Similarly, E gives the slope of the tangent drawn to the curve of intersection of the

surface z = flx, ¥) and a plane parallel to yz-plane,
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5.9. PARTIAL DERIVATIVES OF HIGHER ORDER

! ; s d oz e ;
Since the first order partial derivatives % and = are themselves functions of x and v, they

dx ty
ean be further differentiated partially w.r.t. x as well as v, These are called second order
partial derivatives of z. The usual notations for these second order partial derivatives are :

deldx) ax? R o o B L
—?—[-—&;} a‘{z T f [l i(a_z)= HEE ar r
ax \dy )™ way 2 y\am) ayax a
] =3
In general, ¥z =;{; ar f::v=f.rw‘

MNote 1. If z = fix), a function of single independent variable z, we get i

If z = fix, ¥), a function of two independent variables x and 5, we get % and .f‘i :
o

Similarly, fer a function of more than two independent variables x;, x5, .00 X, we get
iz iz dz
'a'tl : I}J.‘-g I 2 &xﬂ

Note 2. 1e) If z = u + ¢, where u = fix, ¥), v = §lx, ) then = 15 a function of x and v.
o _du ov, dr_ ou  ov

B e MR Ay o
(1) If 2 = wo, where ¢ = fix, ¥), v = plx, ¥) then
iz der du dx  J v iy

o &r{uuj-u5+u— E imﬂ HE+UE

) == E. where u = flx; v}, v =4 (x, v) then
LI

ILLUSTRATIVE EXAMPLES

Example 1. Find the first order partial derivafives of the following:

Z 2
’ 24 < ¥
i) o =tan™’ = {(if) u =cos™! [—]
X+ ¥

g .. .8
Sol. (1) ¥ = tan-! e
T4y
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Differentiating ¢ partially w.r.t. x, we get

du 1 i[.ﬁ:2+}'ﬂ
F 2, 2y ael x+y
1+[u]
Ty
d .2 2 4, 2y
_ (x + ) lx+y}£t‘r +y*l-(x +:,IJEU:+_&'J
{x+;.r}n+[:rg+y2]2‘ {x+_}r]'g

x+ .25 -(xF+ %00
(x+ 3% + (2% 4 y*)°
Eil_u_ .r?'+2\r_}'—_1r'2

= = 1)
dx :.I"l"}"}ﬂ'l".xﬂ"'}"i]z
: 2 : i ¥+ 2xy - x°
Since u is symmetrical wort. x and y, —— =
A x4+ ) 4z + ¥
(i) H=l’.‘ﬂﬂl[£]
¥
u_ -1 i[i]_ S
R 1‘[5}E wly) Jy-at ¥ |y -s
¥
and . -l E(r]_ _Y [ x}_ :
S Py vt o N O ol M 3 EESSONY
oy 1_[5,:_]J A N N A S (VEE
¥
" a'u a’u
Example 2. If u = &%, show that PRERY = v
Sol. u =
che
— =x"logx
ay =
i* d (o 1
ax;;:E[EHJ=J-':r-‘"1|ugx+.x-"'.;=:c-"“l[;|r|.ug:r+lil
Pu 0 o
- = Ix* 1y ] 1 vk 1)
ety Elx[a.\:a;r 2 e
ot :
— gl
e ¥
a2 d
@;:ﬂa}j[% =l p e llogx=2T (v logx+ 1)
Pu @[ dw)_a
= e | e | iz [ (o ] 1} vk 20
ddyite ﬁx[ayax] % sl
#'u o'

ity dwilyde
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o dz
Example 3. If z = ¢ % f{ax - by), show that b Zia — =20bz.

dy oy
Sol. We have, z =e™ B flax - by) EH )
Differentiating (1) w.r.t. x partially, we get
dz
e et + 8 Flay _hy).a + Rax—by) et g
iz
b pw =oh e % [Fiax - by) + flax — byl 2D

Again differentiating (1) w.r.t. ¥, partially, we get

=gt i flax —by) (—b)+ fRax — byl e+l b

dy
iz
31'" =ab e+ 8 |= Fax = by} + { lax — by)] s )
Adding (2} and (3), we get
oz dz
b % T8 g, 3 = 2abz.
Example 4. If u = log ix’ + v7 + =¥ = 3xyz), show that
: [a o aJ"' 9
{1 | —— b — | ff=m=—— 0 —
dx Ay iz (x+y+2®
1_i]azu+32u+ﬂﬂu+zaju +EHE” +..‘3aﬂhL mis
[ ) i MR AR N - =
Pl o dydz dzdty dedy  fx+y+z)°

Sol. (i} u.—lug{t +y + 2% — Bxyz)

du 3x* - Byz du _ 3y° - Bax du 3z% - By
ox x3+yu+za—3xyz’3}f eyt 28 —3xyz Tl 2+ v 2% —3aye

! du  du Bu: 3[:, +:,I + 2t ry yz—zx] 3
Addmg‘,ax dy % +:.r + 2 = 3xyz Txtytz
[+ ad++zd -Gz =(x+y+zix?+y2+ 22 —xy - yz - 2x)]

E 1)“u=1+1+i][a+a “*]“
de oy oz dx dy a2 dy sz
(2,8 9)ou du du) (d 9 9} 3
Tlax oy alla Ay &) lae  zllxtyv+z
3 3 3 9
_{_1:+y+z]z (x+y+2)° {x+y+a]2 (x+y+2)%
}"‘u_LLi]i LI a+i+i(a_u+a_u+a_u
= 7 lox ay dz)lox Oz
_&[&u u ) H(ﬂu Hu+&u}+i[a_u+ﬂ+a_u]
dx \ dx EI:,r e dxr vy del dzldx oy Oz
_ﬁ_'_ﬂzu:+azu+32u+ﬁ+ﬂiu+ﬂgu+aﬂu +&
T Oxdy  dxde dvix  dy® dvide  dedx dzdy d2d

MNaow

N
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Pu ®u u *u *u d*u
=—gt—F—F+2 +2 +2
dr? oyt Dzt dydr  dzdx ooy

B *u _ P TR _ *u *u _ #u
Codydx  dwdy dedv  dvd: dvdz dedx

dr? i? 9zt T dydz  dzdx  dwdy ldx oy de (x+y+20°
[from (1]
= 14 oy ob
Example 5. [f0 =t" ¢ ¥ find the value of n which will nmkf—g—(r'?—]=—.
e odr dr dt
Sol. f=tre
f'_i:utn g [_%]2_1”, 1o
S By o
r=‘$=—§r3.t tE 4
& 3 2
3‘[ gaﬂ] 1 =1 o - ] '{_( ‘Er] 1 8, Tt T FE
e a 4 | _A | __ 4 a|g_ T
o\ o) T2 i SRR it gt TE 2%
1 0(80Y 1,0 -%(r
e | e s T ) S
- ﬁr[r ar} g° (_zz ?
T TR o RO
Also, a:—nr e Hoethe ¥, i =" e n+4!
) 1 8 .08Y 20 .
Since, r—zg[r ¥]=E [Given)]
1 _F'E H_ _FE I
11, % [—-E]:r""p i [M ]
2 !
- e
4 2 4f
3
FL o
2

2

Example 6. If x*/2* = ¢, show that at x =y =z, ;rz = —(x log ex)!.

Bol. x™¥z° = ¢ defines z as a function of x and v,
Taking log, x logx +vlogyv +zlogz=loge
Differentiating partially w.r.t. ¥, we have

oz
y.$+1_logy+z.%%+1.lugz.'av—={l
iz
or 1+1agy+tl+lﬂgz}§:: = wil1d
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or

dz _ 1+logy
dhy 1+log=
. iz 1+ logx
Similarly, e e
Bt e 1+log=
Differentiating (1) partially w.r.t. x, we have
18z 0z Atz 9%z 1 dz o
+{l+logz)—— =0 or == —
("5 dx ‘}J-' & dhehy Ay z(l+logz) dx oy

Whenx=v==2

v (2}

.(3)

oz az
From (2}, E=—LE=—1
2
From (3), Ui . (- IN-1)
daehy a1+ log x)
1 1 —(x log ex),
=— x x
xlloge +lo-gx} xﬂogex} .
“u  u
Example 7. If u = fir), where ¥ = 2% + y°, prove that -5“_;- ajrg =f"ri+— ,:"" (r),
i
Sol. =gyt 1)
) . dr ar  x
Dhifte tiati artially w.r.t. x, tdr —=2vor —=—
ifferentiating p v w.r.t. x, we ge rﬂ'x urax E
i dr ¥
Similarly, 3 =
Now w=flr)
au or o x .
= J{ ,—=— x
. fir s fir)
Differentiating again w.r.t, x, we get
Pu 1, 1 dr ar
F&:;fff‘]'ﬂ'x.[—r—zg]f Eil"'l:"l' f t':'a—
i o d d
v —luvw) = vw — (uh + uwy — (o) + o — (w)
|: ol ax dx d ]
3 2
L ; pry gy AL f’{r]—x—af’{r!l ¥ = frir)
r r r r r
2 .2 2 ¥
= rﬂx f’fr]+ * 7 [l = flir}+ f () | Using (1)
aE 2 i
Similarly, EI_!: =.1:_3 Flir+ ':'IT}"“’LPJ
o*u  2*u :l: +_'|.r x* 4 yf o 1

Firl+

im0 Tt
ax"-‘- a},.ﬁ i'"ﬁ

Friry=— f1(r) + L ) = £+ = i,
r r
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2 JI.:? .E."E

- +
+u b +u c+u

[a_u]i a_u}t[a_u]‘*_g Jou P Bu

s iy ol e N " T

2 2 ¥

i x ¥ Z

Sol. G + + =1 A1)
en a*+u P ru f+u ;

Differentiating partially w.r.t. x, we have

= 1, prove that

Example 8. If —
7]

N o die
2y(a? 1 - x2(at ., — —yHh? R — —2het 2, — =10
at + u s + ¥ + I z +u

2% l z* ¥ 2 ]ﬂn

or = g s + = e

a?+u |[@+w?® B +u®  (®+ur? |

2x o x y? z°
=Y e— = + +
o a’ +u dx j weiece V a?+u¥ BFeu? (e ew)?
du  2x
" dr Vig® +uw
Similarly, i 2y Ffh 2

— . AN —=————————
dy Vib*+u) g2 Vie +u)

o (oY () 4 x? v 2% 4 4
a8 | Tl Yiae | S0 |72 o CRLBPR g ==y
o dy dz) V' [@®+u’ B*+u’ (Csuwf| WV v

A2)

o2 {x%”%Jrz%): [W:i @ vt:iu1+ wfi u}]
=%[a:ju bﬂyj_u n:iu}zﬁ (1} [Using (1}]
i [%’:‘. 2 (f’_@‘if . {%ﬁ.]z, [Using (2)]

TEST YOUR KNOWLEDGE

1. Find the first order partial derivatives of the following functions;

Wiw =" ) wo=log (x? + v%
B
{ifi) u = x gin = ifv) w=—tan l[lJ.
x ¥ x
2. Ifu=x"+y*+2% show that xu_+yu_+zu =2u.
3. Ifz=log{z*+ xy + ), show that x .E+ y—=2
¥ FREAr™

4. Wu=xy+yz+zx showthatu +u +u =lx+y+zF.
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¥ £ =z de o i
6. Ifu==—+—+=—_sgh thiat =t m——f F——= ]
i " 2 " AW E.‘t:a _Fa Ei'z

6. Iffix y)=ay -2 find | L L
x=1
£

ot
¥. [[u{x_vzrzlag{um.r+uny+lunzi.shwﬂmtsmi:j+mnﬂva+sm E_E
KF gt st
8. lffinywe)=|x ¥ 2| showthatf +f +f,=0
1 1 1

8. Verify A = L Zudfnk for the following functions:
Ay e o8

IE+I}'2]

xy

(= ax® + Shay + b? (i1} i = tan™! [%] it o = lng[

at 2%z #z

1. Ifz = log (® + ¢*), show that rf - 5* = nwherer—._i; F.s Yy

xy

& u
11. Ifu =tan! ————, show that
1.|'I+:rz+;}* dhxchy

3
12, Ifu =e%7, prove that v i
droyilz

=1 + =%+ 202,

=11 + Guyz + %%,

: 2 2
13, Ifu=logix® + ¥*1 + tan™! 2% prove that f’l—: + J_u =
x dxt iyt

F.i!ez
et

aﬂ

14, Ifz=flx + ay) + plx—ay), p.rl}\'Lt.hﬂ.ldJI

g =at

i’z i @’z ﬁ
At ity e
16. Find the value of n 50 that the equation ¥V = 7" (3 cos® 8 — 1) satisfies the relation

15. Show that —= 0, where z = xflx 4+ ¥) + yglx + vL

F 2 AV 1 4 v
Hr[ arJ mn&ﬂﬁmnﬂﬂﬁ]_ﬂ'
ol 2
17. lf:=tan[_v+uxﬁ—t_v—ux]“"—°.s]1uwthmd;=ﬂza—:.
b dy

P 2
180 HVeixs e s, pmveu:alg—g %— i-g-nu

19, IfV=r" where r* =x" + 3% + 2%, show that V,, + V,, + V, =mim + 1) P -2

+u % o
20, Ifu=logix® + v + 2%, show that x = i
e EY ety

iz~ Deae
. . . ) u 2w P
21, Ifu=log Jx? + y% 4 2%, show that (x* + ¥ + 2%) ?+E{}'_z+¥

=1
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2%

oty
23, Ifu=flax® + 2hay + 8L v = dlaa® + ey + byl shl:-wthati[“ﬂ'l']—j—[“a—u]
= ¥ = d _'¢I ¥ ¥l H'_F B _I:,hf l.:b'

24, Ifu= .“lxz + },Z + 22, show that

o (e au ..ﬁ+&+ﬁ_i
m[—} +[E] +[E} =1 ':H-]I._h:g ayz P el

P 2
25 HEV=firiandr* =2+ 3%+ 2% provethat V_ +V_+V_=f"r1+ 7 Fiir.

26. Ifx"“.—uu+b¢',3'3=uu—bu.prm'ethat[ﬂ] (:Elx_] =—1= d—”] (il
def, hou ), 2 dy |, \aw

..1.'
22, Ifu=x%tan? % — i tap! ; , find the value of

& Py .
27, Ifu=log i + % —x% — "), show that — o + 8 — an + "-_;' =—dix + vt

[Hint. u = log lx¥x —¥) —y%x - ¥)] = log (x —y¥x® -y
= log fx -y Pz + v = 2 log (x — y) & log tx + vil.

28, Findpand g, ifx= o (sin 1 + cos uhy= Y (cos 1 — sin vhz=1+gin{u—u)

dz oz
where p and g mean = and E respectively,

IO
]:[I.Ilt.xzd-}-'g:Euz, z=f—t-;-—-}.
2
Answers
1. {i}y* logy, ! ) S 2 (if) 2rsin L - y.oos L, x cos L
ey X Ey % x X
- 1 1y x* x 1N 13
(i =+ —ftan " =, - - —tan " = o e
Y L ¥ PRI T o 6. 59 16. 2, - 3
2 2 :
X =y d kA
. a2 Bep= 5 a3

5.10. HOMOGENEOUS FUNCTIONS
A function fix, ¥} is said to be homogeneous of degree (or order) n in the variables x and y if it

can be expressed in the form =" ¢ (%J or y" ¢ [%]

An alternative test for a function fix, ¥) to be homogeneous of degree (or order) n is that
fltz, ty) = E“,I"'[.t ¥l

For example, if fix, ¥} = "I,_ 1."_ then
x+

x 1+l]

Vzx
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= flx, ¥)is a homogeneous function of degree § inx and y,
e
¥ x
. S S LY [;]
afff]
¥

= flx, ¥) is a homogeneous function of degree 1 inx and y.
e+ v tx + ¥l
= = r!.‘? ; ':|
7 i T e N
= flx, ¥} is a homogeneous function of degree % inx and v
Similarly, a function fix, ¥, =} 13 said to be homogeneous of degree (or order) i in the
z x z x
variables x, y, 2 if Rz, v, 2) =x" ¢ [i ,—] or 3" b [ !_.] or =" (— E]
rox Al

£

() flx, y1=

fire) fltx, ty) =

Alternative test is fltx, ty, £2) =" flx, ¥, £).
5.11. EULER'S THEOREM OM HOMOGENEOQUS FUNCTIONS

du
If u is a homogeneous function of degree n in x and v then x — +:.F— =nu

dy

Sinece w1z a homogeneous function of degree k in x and y, it can h-c- expressed as

=s1(3]
w2 ey (2) (- 3)
|

¥ Eu= [5] ""_':"fr(% (1)

a (g3 (g

e iy 3 ! (i] (2)
x

dhit
Adding (1) and (2), we get x gu +J.I'a— =n:"f'[ ):nu_

Note. Euler's theorem can be extended to a homogeneous function of any numher of variables.

i i it
Thus. if i« is a homogeneous function of degree # inx, v and 2, then x o Y= » + E = nii.

5.12. IFulS A HOMOGENEOUS FUNCTION OF DEGREE n IN x AND y, THEN
aﬂ #*u A u

1 Wt — )

x* — +2xy pe +¥ g =nin-1u

Since i i=a hnmug&neous function of degree n in & and ¥
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By Euler's Theorem, we have x L + ¥ -a-li =nu el 1)
< ax -th
2 il
Dhfferentiating (1) partially w.r.t. x, we have 1. % +x 6‘_ + ¥ ;}x;; mn g—: vak2)
P u e A o
Differentiating (1) partially w.r.t. v, we have x +1.—+¥Y —=n—
ng P ¥ ¥ dyilx y ayz By
2 z
But a“n - o u
dyele  dxdy
razu+a—u+3r&—na—u 3
wway dy R o
Multiplying (2} by x, (3) by ¥ and adding
2 2 .
x* ?i*-?-xy a.u ¥ i E:+ x'.':l—u*ryfﬂ :ﬂ[-‘fﬁ"'ﬂ'?—u
ax? iy oy oy )
9 i*u 5 0%u
athadty e =n. At T
or x? ol + .\:jfara}l-i-.}' P + o= [Using (1)]
HEH :il (] a #*u
. |- S + ¥ = 2 - - . .
= x o iy > neu—nu=nin-1hu
5.13. DEDUCTIONS FROM EULER'S THEOREM
If Fiu) = Vix, v), where V is o homogeneous function in x and y of degree n, then
(1} xa;u+ya—u-n—mm
i iy Friu)
ah’ aﬂ‘ a?
(2) x”ﬁ +2:¢3'ﬁ+32$; = ofu) [0'(w) - 1] where ofu) =
Proof. {1} Since V = Fiu) is a homogeneous funection of degree r then by Euler's theorem,
we got
‘ {Flul ¢ {Fiu}l = nFlu)
g + y— =
¥ oo \Flu 'vfb' u nFiu
o o
or xFlu)— -+ yFlu) — = nFiu)
g T
5 i e o F{u]' (0
X—ty—= ' {4
x Ty | Fw
(2} Let n Filu) = olu) then from (i),
Friu}
e i
— == i) i
X A o = i)
Differentiating (i) partially w.r.t. x, we get
#u  ou @ du

—_—t—F y—— =) —
o Ty g
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o u a’u : du
= xh—z +y iy = () — 1} ™ =z}

Similarly, differentiating (i) partially w.ri. ¥, we get

ai 2 it
¥ I;.:: +:aiar Wee) — 1) E b
Multiplying (i) hj.r x, {iv) by y and adding, we get
u a° Fu o #*u u du  du
a + 2xy (wh=1} [ x—+
x Eh:z = (& I'[;rar 'TB}'
= " le) — 1} dle) | From {ii)

ILLUSTRATIVE EXAMPLES

Example 1. Verify Euler’s theorem for the functions:
(£) u = (xl2 4 y 23 (xh 4 47 G w=sint Xy pqn- 12,
x
Sol. (i} wix, ¥) = (2P + V9% + ) 1)
ultx, ty) = 12 (x12 4 yV2) 0 (g0 4 ") = g1+ 12 yix y)

= 1 1% a homogeneous function of degree (n + El]' in x and ¥

du e 1
By Euler's theorem, we should have x — pw +J’E=[H +§J i vek)
7 e _1 O [ SR
From {1}, ¥=§ b ol e I i B e B R
x rg-g- --é- V2 (2 4 37) + (x4 y17)
%=% ¥ 12 (2" 4 )+ myl (212 4 919
,'I"' % _; l.-‘..!l:xu -I-‘].'":I + ”FHEII_IIE +Jl,h":2:|
x -E-]&;:lf- + _}r%ﬁ ; (2 4 yV2)(xh ) 4 i 4+ " a1 4 1)
Y
=3 w4 nu = (n + 3 hu which is the same as (2. Hence the verification,
{fi) wlx, y) = sin? X stan 1 w1}
¥ x
uity, ty) = gin™ o 4 tan B =1 [am =T t.a.n'll] = ulx, vl
ty fx ¥ x

= 1 12 & homogeneous function of degree 0 in x and y.

By Euler's theorem, we should hﬂ‘-’ﬁx%xﬁ+j-f§£‘ =0=xu=10 wel2)
dn 1 1 1 ( ¥ ] 1 ¥
From (1} PRt LY Yo o e T (PSR [ RO e :
3 g g 2 g2 B, %
1- ¥ 4 .-""_2 x ¥ -x ;:: +¥
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-El_u_ x _xy
Jyt-2? iyt
d_u;[i]_l_ 1 x o
¥ [N L g "ty
ol *
aa x - xy
Ebr 1.(_.r. 2yt
e ol
x o + F@ = [} which iz the same as |2). Hence the verification.

s ; Xy + ¥+ Ix e du s
Example 2. ) [ = [M that e 24 0 4 T =
ple 2. G} If = cos IR prove ﬂxax”'ay* =

: : R
ti) Show that xa—+jﬁ+zd—-.3tmau where w=gin | T 1Y TE |
dx dy ax+ by +ez
Sol. (1) u (3,5, ) = cos LH]
X"+ ¥y 4+

uilx, by, £z) = cos M
2t + 2 +2%)

=" co= [MJ =" {x, v, 2)

x* + % +2°

Hence u is a homogeneous function in x, ¥ and = of degree 0.
Henee by Euler's theorem,
:.'Iu E‘u H
—+Z =
xo-* a} =s0.u=0
{ii)m is not a hmnugc-nmus funetion.
a

- +y#+za

Let, gini = m = flx; v, 2) 1) | say

ez vyt 2Y)
—_— = fix y, 2)
tox + by +cz) AR
Henee fix, v, z) i= 8 homogeneous function of degree 2.
By Euler's theorem,

Now, fitx, tv, tzl =

of of  _df
R +z_
X de 2f
3. 1':'|| i F, ;
= r—isinu)+y — (sinu)+z —{sinul =2 sin u
ol iy oz
du M LI
= X C08 M arq-ymsuayf-zcusuaz._ gin i
au+ &u+ e o bt i
— x5 R e g
*ux Ty T
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3 g
Example 3. f,l"u_ = pan-! L . prrode thet

; du .
(i) x » + 3 a = sin 2u

2 g 2
{I'L]IEM+EJ: -'1-”—-+ ﬂi—-ﬁ:sfﬂdu—ﬂni‘u:.?m.‘i’usinu.
2 yaxa ¥ &_FE
b

Sol. (/) Here i iz not a homoegeneous function.

448
Let tan u = = )
e flx, ) | say
e, R
x4+ ")
Now, te, tylm ———— = 2 fly, )
fitx, ty Hx—y) flx, v

Hence fix. ¥} = tan u is a homogeneous function of degree 2.
By Euler's theorem, we have

i d
r—tanu)+y — (tan ud = 2 tan u

dx chy
ar xseﬁu%+ysm“ud—uzﬂtanu
Hu Eu _2sinu a . .
or —— . 0&" = 2 5in u cos & = sin 2u, b )
:';Ix r}y Cos u I b=
(i) Here fiu) = sin 2u

> ¢'lu) =2 cos 2u
By deduction from Euler's theorem, we know that

a2y g d%
aaxg + 2xy -ir&_-r+y prad U [9'ee) — 1]

= gin 2u (2 cos 2u = 1) = sin 4 — sin 2u
=2 cos 3n sin &,

Example 4. fj"u_ =sin! —--E—:—?-}—t——jf-— L whew et
——
vya© +y? +2°
xd—u+ El'u_l_ a—u-h‘i’rmru—ﬂ
dx a:ﬁJ
Sol. Here 1 is not a humugeneuus funetion, But, we have
+3y+3
sinu=$=ﬁm_~u,z} 23y
'I:rﬂ PN
Hx+2y+3
fitx, by, t2) = &8y 88) =t fix, v, 2)

t JIB + P 2f
sin & i5 a homogeneous function of degree — 3 in x, ¥, 2.
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By Euler's theorem, we have

- Mo, d .- g :
.1:—':.smul+_'|-r~—-ismu!+za—[51nu}=—3$mu
]

du du due ;
J:CCISH—+_1.me!£_—+3{:05{£¥+35|]1”=1]

or
ox dy

ar .r'?—“-l-ya—u-l-zﬁqrﬁtanu:ﬂ-_
dx 7 dy

4, 4 :
il ,shawﬂm!xﬂf +}-ﬂ—u =],
x+y dr dy

Example 5. If u = log,

Sol. Here u is not a homogeneons function

4 4
e

i 4
i X Y
E:I—I-I-I.l—l—l.l—ll-l—l—

—_—
x+y
which iz a homogeneous function of degree 3 in x, y.
Ew Euler's theorem, we have

{ o
xi fe“) + 3y — (") = Je¥

the oy
du du
or e — +yet = =3¢
dx 4 chy
or :a—u+:,'ai—3
dx dy
Example 6. [f u = sin™! Lo+ A prove that
X+ ¥
o H 3
[f]xa—u+_ya—u=£tauu {H]fax—:+2myi—;;+fg}l—:=—

i ; %+ ; :
Sol. (i) u = sin~! ——— is not a homogeneous function but
v+ q,||}'

X+
sinu = I,_—}I is a homogeneous Munetion of degree —; inx and v.
VX 4y

By Euler's theorem, we have

xiEQiuu]+vi[5inm—lsinu
g T ody 2
1
or :rmsu—+_v:usu-—-=ismu
3u+ du lt
ar r— — == tan u
& a2
1
{ii) Here -:ﬂrn=§tauu

4 008" u

AR U cos 20

el L)
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By deduction from Euler's theorem, we know that
EJE i § EEIE
+Z.1jr — = i) {9’ () -1
1 in m
—tanu[%sec u~1] lsmu[ 1._, —1]

_Esinu{—{ﬂmszu—l}} =in 4 cos Pu

h-

2 cosn 2 eoa’ 1 4 cos” i
Example 7. !fu.=x¢['?J+qJ[ ] show that
X i
i i [_j.f] R 8% @
([ e+ y—=x () 25 2 S
e Yif?_-.r ﬁbx xa~:2+zryax3y+'}l W i

Sol. Let u:xq}(l] andw:ur[l] =x%y (l] so that,
x x x

U=+ wi 1)
(i) Since v i= a homogeneous funetion of degree n = 1inx, ¥

do du
—_— Y= vl 2)
X + » v
Sinee w is a homogeneous function of degreen =0 inx, v
ow . dw
X——+ =0 k)
a Moy

Adding equations (2) and (3}, we get

kS 2 w+w]+yi{u+w!ﬂ—u
o T ody

du du [y ]
=4 ¥r—+y—=x e
s e
(i) Since v is a homogeneous funetion of degreen =1inx, ¥
2, 2. 2
*a Y oy 2l 2 8 he=10-1w=0 (4]
axdy

Also sinee w is a hnmng:eneﬂuq function of degreen =0 inx, ¥
d%w Fw az
n'. i . 2
I:‘Iﬂ r-}ll -a:l'.l:b' v
Adding (4) and (5), we get
2 2 2

ol
2 —— (v +w)+ 2xy (0w +y == b+w)=0
o dwdhy dy?

a? A 3
=% x® [&x_l:)+2w[&t;vJ+j2 [ay—i;)=ﬂ,

sRie=1lw=0[0=1)w=>0 ...LB)
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TEST YOUR KNOWLEDGE

1. Verily Euler's theorem for the following functions:

) fx, v) = ax? + Zhay + by? (= LI ]
Y z x
oy o xPix? —1-’1?3 Pt .\']"4+;|.r]'"“
i) fix, v T T T 2P = —Iusijruﬁ
A ]
+ ¥
[u]u:log[x Y ] ttrl']r:=x3]ng[—J,
Xy X
) G T ¥ dit i
2 (ifus= EJ, ove that £ =+ ¥ == =0 ({1 Ifu = [—] rove thatx —+ ¥ — = u.
r[3) e w Y #\e)e z
53
av av
3 V= , prove that © — # y == = 3V,
T ¥ dh e
4. WWule, vl=sin"! = + tan™' =, prove that x — + v — =1,
¥ x ox ahy
5. IHAxyi= 1.|'.1|.-2 — 4% gin-t ¥ prove that .tri— + yia;— = flx, ¥l
X

- S
6 Iffxyl= 1||_~,.-2 - x* sin! i+A1 prove that x % £y % —flx, ¥i=10.
¥

'ﬁ.\.’a‘l_'l'i

1 1 logx-—logy df i
T lf,ﬂIJ:l-"J=F+E+_H.W?Ethﬂtxa+y5+2,HIJ}'J=D.
iz e
ifz=xvflL tx —+y— =2z
8. (1fz x_"rf[x.].pmvethﬂ x gty =%
) Ifx = e" tan v, ¥y =e* sec v; find the value of xﬂ+ya—u]_ x£+ .,,.E ;
ar " By B oy
. X+ ¥ diti a1
B (i I = eo5! ———, prove that x — + ¥ — + = ¢col 0,
g g o Ty Tt
a 4 :
x° k¥
(i) If e = log [—xg = yz]. provis lhutx%:— ..._.,,.% =],

2 b
10. () u=sin!|Z ty , prove that x [ + ¥ E = tan u.
TtV i oy

[ii][fu:sec"['r:;ia ,pm’ethatx%+_‘|.r%=2cn!u.
5 0% Fu s
Also evaluate * ?"'E-ﬁ'h__ﬂj"'.}' ?
11. mll.l"u:sin'lM.pruwmati%:—lgi.
q";+.ul'} dx x ok
e T

. et
ibi Ifsinu = .pmwrethatxaﬂua—:!tﬁnu.

T+
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G 5 4
x4ty +E il i du
12, i lfu=log | ————— |, provethatxy —+ v —+z— =1.
g[xgd-yziz]m i '?HJ.- iz
2yt fiin T3 dee 4.1:2_'922"!
(WIf g *¥¥2 4 o8 oy ye sprove thaty — ¢+ y— bz e = —
x 1-;|.IE 422 o -I-_].rn-lz oy oy dz IE"'_‘*'j'fZE
2 2
13, Ifu=—"— prove that
xX+y
(i3 qu,_l_ o 23& Y & #u I-_'Fazu Eﬂu
x — = — 2 e B
O dmdy o iyt iy
( iz Pz 4% & B
14. Given z =a" [£]+v'".'£], rove that % —— + ey —— 4 98 T = 4 0 F Ly T pla
||r1 P ! le}l P axg S X ¥ EF_','E o 'd_‘r'
. . #u o%u 5 & 2u
15, Ifu = ix®+ 5% prove that fﬁ*‘%ﬁ+.}"‘¥=-?.

16, If fix,v) and ¢ ix, ¥) are homogeneous functions of x, ¥ of degree m and n respectively and
u = flx, ¥ + ¢ {x, y), prove that
1 I3d2"+g_1}. atu +y333u -1 rx;j“-'_yau}
M. N : du| _n-l f ou du
mim—ni |~ et ety i m[m—n}li e oy

L.

;[;ly' =

4 a2 i P u
17. Ifu=tan|2- , prove that 2 il + 32 — = - gin 2 sin® &
[ x )P e iy T e

' PP iR W+
18. () Ifu=x"tan l[-:'-r—J— *tan-! i].E‘-"E]I.‘LFII:E e ey S g
2) " B ey

¥
il . a@
5 A - =1 ¥ gﬂu I'FH- ga i
O Iy = xsin™? | = 1+ yain [...]_ find the value of &% — + Zxy o + ¥ —5.
[y} X i dhaly dy

TFE_‘_‘I]_."‘; i az“ a2, I ag,u o
'_l.h’i-_].l'ﬁ'] - prove that IEE*%‘E+EJ?= T4 (13 + tan® u).

kY +¥

18, If u = cosec™?

I mi2x® + 3¢ + x2)V2
2}1:'-1

20. IfV = leog, sin ]» , prove that whenx =0, v=1,2=2;

|IEII'::::a 4+ xy+ 2yz bz
LV N N
B Yy e A3
Answers
#, (i 10, (i — 2 oot v 12 cosec? w + 10 18, (1) 2u {aeh 0.

5.14. COMPOSITE FUNCTIONS
() I = flx, v} where x = ¢lf), v = yit) then « iz called a composite function of (the single
variable} t and we can find E

eft
(i) If = = flx, v) where x = ¢lu, v}, v = yiu, vl then z iz called a compozite function of (two
oz

variables) ¥ and v =0 that we can find EJ'E and ==
It &
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5.15. DIFFERENTIATION OF COMPOSITE FUNCTIONS

If u is composite function of t, defined by the relations u = fix, y); x = ¢(t), y = wit),
then

du du d: du dy

m— I | e ——

dit  ox dt ﬂy dt’

Proof. Here n=flx, ¥ o5 b

Let & be an increment in ¢ and &x, dy, du the corresponding inerements in x, y and u
respectively. Then, we have

i+ G o= flx + &,y + Gy) 2
Subtracting (1) from (2), we get
du = flx + G, ¥ + dvd = flx, w)
= flx+ 8, v+ 89)— fle, v+ 89+ fle, v+ 8v)— flx, 3)
Ou _ flx+8&e v+ 8y) - flx, ¥+ 8y) 2 flax,y+8y)— flx, ¥)

it Gt ai
_fla+dry+8y) - fla,y+8y) B fle,y+80) - fla,y) Sy ()
e &t iy " At

As & — 0, dx and &y both — 0, so that
b du br  dx dy dy

LL = Lt Lt
0Bt dt 8sodt di so bt dt
¢ f[x+fh,y+ﬁy!l-ﬂx,:r-l-ﬁy]=ﬂl':_ﬁt_{
bz — 0 & iy dx
d Lt [iz, ¥ +dv) = flx, ¥) H;' it
an o' Sy Wy
. du _du dr du dy
From(l), —=— —
MU T ey dr
% iz called the total derivative of u to distinguish it from the partial derivatives dEu
audE.

Cor. 1. Ifu = fix, ¥, 2} and x, ¥, z are function of ¢, then u is a composite function of ¢ and
du _du E_'_d_u d_'.r du E
dt e dt dy it E'z " dt

Cor. 2. If z = flx, v} and x, ¥ are functions of u and v, then

ﬂz&a&ﬁﬁy&adzﬂx E.lzﬂ"nr

du  de du dy e’ ooy ox oo 31.' N
Cor. 3. If u = fix, ¥) where v = ¢lx) then since x = yix), 1 is a composite function of x.
du  du dy  du dy du _du du dy

== — =, =,
dx ox dx dy dx | dr ox @y dx
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Cor, 4. If we are given an implicit function fx, ¥) = ¢, then u = flx, vl where w = ¢

iu  du du d}r
Uzing Cor. 3, we have E E ag.r e

du _ . Su du dy of o dy _
But dx““ it &r+a_}'.{ir‘ﬂ ar ax+3;r‘clr_.u
af
dy _ ax _ [
de 9 f,
dy
Cor, 5. I flx, ¥) = ¢, then by Cor. 4, we have L S
dx i

Differentiating again w.r.t. x, we get

d d o, , dy} [aﬂ if, ri}r
dty | Brgg - Fe g () [ar Sy " d

— -

d.l:z = 2 fE

g 5 fx
f_-,.- f;::r f“ Jﬂ'i| 'IF [fw JFMI -IF ] [fnf‘f‘ﬂ _f:fvf‘l::ﬁ _f-ffffn-k‘fj"'-"f‘z]

f;z f;a
2 2
Honce 4 __[fuly” 200 + 1,1, ]
3 3
dx 5
ILLUSTRATIVE EXAMPLES
- | du = Pi
Example 1. [fu=sin (x - v), x = 3, v =4, show that E;_u .
1-t
Hol. The given equations define u as a composite function of £,
.:f_u i ::h: di d}l
dt e dt 3‘1-" “dt
= ! 3+ 1 {-1).12¢
.Jll—i.t:—}"]ir \l'll—ll:l:—_ln'}'2
31-4%) 31— 4¢%)
D J1-@t -4 J1-90% 5 2407 - 166°
31— 4t%) o 31-4 3

JA-21-82 +166%)  J(1-£2)(1-4t2°  J1-¢2
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ars
, et
Example 2. (i} If u = x log (xy) where 2 + y? + 3xy = 1, find =
. du  du it
il Ifu=fir,sland r=x+v, 8 =x - show that —+—=2—.
ru=p : = oy o
Sol. (i) u = x log xy w1}
o
—u=x[l._}r]+logixj'l=1+lugm
de xy
o
and —=,=:(L.x]=E
ey xy ¥
Alzo, 2 +yt+ 80y =1 (2]
Differentiating (2}, we get
3x“+3y3%+3[~1%+}']:0
dy ey
=% —_——— : varlid)
dx [.1:+;u'2
; 2
we know that ﬂza_“+d;u_‘?i=1+lug{xyﬁ+£ —('t H;]
dx dx oy dx ¥ xt+y
2
=1+1ugizyl—w
yiy® + x)
; u_du dr du ds _du s 0
@) % 3r dx 08 oz or o8 il | ==
du _du dr du ds  Gu  du T
TS b o — A2) S == —=-1
dy dr dy ds dy  dr s dy dy
Adding (1) and (2), we got
du by
dr oy ar

Example 3. If z iz a function of x and y, where x = ¢* 4+ e and y =™ — ¢, show that
ke ko
du dx iy
Sol. Here z is a composite function of u and v,
o e e, B 05 M)
du oy du dy du  dx dy
and ou ME Ox Se ol e e’“]+£1—e""?

e e e et
dv dx dv @y o ox oy
. dz Oz T dz dz oz
Subtracting, — - — =" 4+ ——(e™ —g!) —=x—-y—:
du ax B o oy
E}mmplﬂd.ffu:ﬁy—z.z—x.x—y).pmueihuta_u+ﬁ+d_u=ﬂ.

y oz
Sol, Here, u=fXY, Z, where X=y-2,Y=z—-x, Z=x—-¥
u is a composite function of x, y and =,
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du 4X  ou BY Eiu. df  du it

di
— = . = (D ——= (- D+ —
e s e e
due du oX odu JY du dZ du o
E—E.E'FE.E-FHF E—ﬁtu‘l‘a—?fﬂj‘l‘ﬁi 1::'
die  du dX  du JY du df  du
a—ﬁ.gi‘ﬁ.g‘?ﬁ E_ﬁt 1]'+ '[1.]+—{ﬂ}
. du du  du
Adding, we get E+¥+E“ﬂ'
Example 5. [f fix, v/ =0, ¢ (v, 2} = 0, show rf:m@ ﬁﬁ:ﬁ@
dy dz dx odx oy
dz _dz dy
Sol. — dy T w1
af
Dt O _ A
flx. vy =0gives =L - _ 0%
T
iy
i
S dz ay
by z)=0gives 2% _ _
ST
dz
if oo
iz dx dy df oo dz  3F A
From (1), o L e
e & X o kde BN
dy i
Example 6. [/ iz, v, 2/ =0, show that [3‘:])5 {%]‘. [i—:L =—1,
Sol. The given relation defines v as a function of x and z. Treating x as constant
g
(Z) --2
dz ), 00
dy
The given relation defines » as a function of ¥ and y. Treating v as constant
g0
(E] =g
ax ),  do
oz
o
Similarly, [%L == %
tx

Multiplying, we get the desired result.
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. y-ox z-Xx i o it
E le 7. (i) Ifu = [ . , show that x* — + y* — + 22— =0,
xample 7. (/) Ifu =u Xy = | Show that x i]:t+y£hr+z %
(L) If tex — az, oy - bz) = 0, show that o Ehﬁﬁ =0,
dx oy
y=x_ 1 1
Sol. (i} Let b= bl I b
Xy x ¥
and PR o Lo B e
xz X =
go that u=ule, wh vi3)
du  du r'ilu du ow duf-1) duf-1 ;
Now, T T Li'.!: pRetre E[x_'i]-i- E[I_i] | Using (1) and (2}
= (208 _ du  du .(4)
dx dp o
du  du dv du dw  du| 1 d
Alzo, —_—— —t— . — = — | — |+ —1) Using (1) and (2}
By vy w ay au{yﬂ_] w | Using
on du
- " i s ok}
¥ dy  de !
Eu: du de on dw  du Eiu( 1 ]
d .—+—-—=—1’{l‘] —| =
" Wz v iz ow oz TS
o P
Adding (4), (5) and (6), we get
dhit i du
i e T L S
x Fm ¥ El_-|.r+ =

(i) Let v=cx—az and w =cy— bz then we have
dly, wi=10 (1)
djp o '3'” d¢  dw
dr v’ E]'x dw ' ox

“““[ o)t *"-( '*’?;]

. :’L( ]
T v dx e ﬂw
a0
- z E}a—dd} Li2)
i
Also, 9 _ 9 a” P @
dy v dy Nw dy
_ﬂ g E( _ E)
0 ay}+ bﬁy
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0m o2 B[ B, 20)

Ei'w iy
b B >
- b2 __dw .(3)
- El¢+|";ra'{b
du
Adding (2) and (3), we get
do b
-*:a'—z+-hE —[ +'5an =
dr oy [ o M]
F

Example 8. Prove that —=
ox

%z 2%z ¥z %2
RV ey

| T 1
X= WeoS—USin WY =080 0+ U cos o

T where

Sol. Here z 15 a composite funetion of w and v

Alzo

==

% & & B Ve Fiana

o B o oy ou e

iﬂﬂﬂﬂﬂi-hsin{li e
du dx dy

al-"" aﬂ &T aﬂ' E —E-ln[i-—+ﬂﬂsll—

Fr 1"}:.? H_}r chu dx hy
%;—ﬂiﬂﬂ:%+mu[ﬁ% wil2)

Now we shall make use of the equivalence of operators as given by (1) and (2),

Adding (31 and (4),

34z E[-Elz][ a . a][ Az Bz]
—mE=— = ms-ug+smu— cosf — 481N i —

du®  oul\ou oy dr y
:ms"’u'—t"l-—'_':+1:c+s:15:‘i.111.ti+5inur:crs;.mi +si|:|.31.'|tﬂ
o] ]
dx b dy
- 8 o 2
= gos® n::e.a—+2cm:::t.5|nlx B + Hin ﬂtd—z 080
e’ dxdy y
E—i(ﬁ]— —.si:u:l[i+m:nsntti [—sinmE+m¢a{:E]
I AT dx iy ax ay
a'.n! 4 @ ; a2
—Blﬂ":{t—j—ﬁiﬂﬁcﬂﬂﬂﬁ_— — cos (2 §in o a2 +m‘ﬁf}—g
dx ddy dcthy dy
2 2 2
=sin3u§xé—2cusﬂsinm r'_il.r'z + post ug}._i Lol

d¥z 9%z 9%z 9z

7 STt T
aui aﬂi &rﬂ {'hl.ﬂ
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TEST YOUR KNOWLEDGE

2.

7.

92

10,

11.

il
If i = x" + 9%, where z = a ¢as t, v = b sin ¢, lind E and verily the result.

Ifz=u+v% u=rcosh, v=rsnd, find sﬂand%

(D IF? + y* — Baxy = 0, find & = Y and d’y using partial derivative method.

dx®
. dz (2x + 3}
(i) If z = x% and 22 + xv + v = 1, show that == =2 AT T
E e R = = x+ 2y
If the curves fix, vl = 0 and ¢ (x. ¥) = 0 touch each other, show that at the point of contact
o d i w
o dy oy dx
fr=w+u, y=uvand z1s a function of x, ¥; show that « a_+|_-E=IEg EJ-E.
i du o iy
fu=flr,shr=x+al s=y+bt,£huwthat€|—u=u_ﬂ+ bﬂ_u 5
off by '
" T st ox e 2 90
If w = flx, ¥} where x = e cos @, ¥ = & gin v, show that: ?-S'u TR " &

2 2 2 2
Ifx=¢"cos 8, y = ¢ gin B, show that — L. HLI:E&; ;?”:+a—”
dxt oy ard  and

v v e @ +Eﬂu

Ifp = ﬂf'_l': A= :[3' + I'l.-'H -+ z:l!-l prove that ? + éb._z E .533 o

x ¥ z i i LN
i u=sfirstiandr=s —, 8=%,f =—, prove that £ — + ¥=— + 22— =0,
f ¥ z x pro i thf iz

i x =0 +0+w, y=ow+wu+pr, 2=yt and F is a function of x, ¥, 2z, show that

dF dF dF dF dF dF
5 ot pr=— +H.r-—=:r:—- +2_3--—+33~—-

o i dhp dy

lau 1o 1du
o) Ifuw = f12x — 3y, 3y — 4=, 4= — 2x], prove that —— b= =0,
Atk 54 ¥ Zox B0y 4o

. o 3
R B 5 4 G, e that 5= 23 28 iy 22 St oL,
i oy iz

(2) o]
i I}'+IE;
[fz:.r_g.r,r[l] and = iz o constant, show that s .

I ) o]

¥
r[x
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12. Ifzis a function of x and ¥, and 4 and v be two other variablez such that u =t + my, v = v = mx,
ahow that

#2 92 _a a2 de
T b TR

Answers

-
1. - 3a® cos? ¢ gin ¢ + 369 sin® { cos ! 2. 2.0 B (§) e, ey,

EXPANSION OF A FUNCTION OF TWO VARIABLES

§5.16. TAYLOR'S THEOREM FOR A FUNCTION OF TWO VARIABLES

We know that by Taylor's theorem for a function fix) of single variable x,
2 3

Fe+h)= %f'"ix1+...

Now let flx, ¥} be a function of two independent variables x and . If y is kept constant,
then by Tayler's theorem for a function of a single variable x, we have

Bt @
fAx+h y+kli=flx, y+ki+h -—,F‘fz y+ki+ — T fle, ¥ + k)
3 43
+ %;—3 Az, v+ kb + ... o
Py

Now keeping x constant and applving Taylor's theorem for a function of a single
variahle v, we have

ﬁx.:!.r+kl=ﬁx.yj+.‘z%ﬂx.yl+z—2!&j—iﬂx,y++3—ﬂrm—iﬁx.y}+ ...... LWl 20
Uszing (2}, we can write (1) as
Kt 5 K 9
fix+h v+ k= [f[,r y}-r!z—,ﬁ“x yH—Ed}I fix, ¥) +EE‘-’—}“{:¢ ¥+, ]
B
[ff:c.y}+kayff.x,yl+ o sz fl[::,y‘H...]
+Z—jd‘1—2[ﬂ-ﬁ .)'J*--kaﬂh_'l-']w ]+§;E:;I—2 Fix, yh+ ol # s

af K otf B @ y of *f  hE: 8
|:.|'"ix ﬂ*kay 2!&]'_1-2 m@—at..-r _*ﬁkﬂxé}y = dx&;p-2+"'

[.&_’Eﬂ"!f N 1 n' oty

3 +.
2t m? | 21 axlay 3 a?
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i i R 3 i R L
=ﬁr,yﬁ+[ﬁaf+k£]+[aar—£+ﬁkax—£ 7 ay*:]

.4:_1513_;‘ L . S A S AN
3 a® | 21 alay | 20 amdy® 3' -'dy"‘

ﬂf & r af g 8°F
el o n

—1[ EI"r+3.wa it MPYYE afﬂ kgaﬂ—':.J+.._
3! dl Gy dly dy

~ 3 tf . 8 . af. g Nt
~ fix, y) [h—+ka?Jf‘ E—[h—+kT] f+—[.&a+k$] fi

Henee,

1 1
fix +h, y+k) = fix,y) + (bf, +Kf) + 57 (h*f_, +2hkt, + kﬂfw]'-ig (h*f__ +
2 a
Sh* ki + Hhkifl_” + kM )+
Cor, 1. Putting x = a and y = b, we have

1
fla+h,b+kl = fla, b +hfla, b) + kf la, b1} + 57 (h? [, G, B) + ZhAf, (a, b)+

1
B ;‘;}, la, bl + 3 (R3f_ la, b)Y+ 3RS (a, b) + .ﬂik*f fa, b+ & f_'wia, 3] N —

Xxw

Cor. 2. Incor. 1, puth =x—agand k =y — b, we have

1
Ax, )= fla, b) + lix —alf, (a, bY+(y—0)fla, b+ rIl::': a¥f la, b)+ 2x—a)iy—b)

fﬂ,m, Bl+iy=0 h—;‘;},[n, B o+ ..
Cor. 3. Putting @ = 0 and » = 0 in cor. 2, we have

flx, y) = fl0, 0} + {(xf 10, 0) + 1.'_:" (0,00 + 53 Ixz,l" (0, 0) + Exj.rfn (0, 0) +»? f}w 0,00 ) + ...

This is called Maclaurin's theorem I'nr two variables,

Mote. Cor. 3 15 used to expand fix, y) in powers of x and ¥ [or to expand fix, v} in the neighbour-
hood of origin (0, 03], Cor. 2 i= used to expand fx, v) in the neighbourhood of (o, &),

ILLUSTRATIVE EXAMPLES I

Example 1. Expand ¢ sin v in powers of x and v as for as ferms of the third degree.

Sol. Here, Ax, ¥) = &* sin ¥, A0, 0)=
fix, y)=¢*siny, f10,00=0
f{x, y)=e cosy, flom=1

f;.ru.ybne‘sm_v, f_%l'ﬂ,m:ﬂ
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,f_"v{:r. ) = e* coe ¥, j“'__n_[ 0,0r=1

fol, ¥h =—e* sin y, [ 10,00 =0
[ % ¥) = e giny, [0, 01 =0
fm[x,y]=e1cns}', ,Fw{[},ﬂj =77,
fm[.t. yl=—¢ giny, f_;ﬁfﬂ'.ﬂl =0
[l ¥) = — " cos y, [0, 01 =1

fla, 31 = 0,00 + [xf00, 0) + ¥ £00, 0)] + 2—11 B2 £ 00,00 + Zxy £_10, 00 + 32 £ (0, OV

1
437 I £ (0, 00 + 3x% £,,00, 0) + Bxy® £,00, 0) + ¥ £, (0, 0)) + ...

Fow
; 1 2
= e'siny=04+[x0+y.1] + 31 2.0 + 2xy.1 + ¥2.0]
+ 3—1, B0+ B3a%. 1 + 3y + 0+ 9yN=1)] + ...

1, 1.
= =Xy +— X =T L.
yruy+g Ly 5

Example 2. Expand tan™' ':‘ in the neighbourhood of (1, 1} upte and inclusive of second
degree terms, Hence compute (1.1, 0.8) approximately.

Sol. Here fix, v) = tan™! & , fil.l)=tan2 1= E
x
1 1
1+Y x x“+y
T
X
1
fin3)=—tg sm—t g, D=3
T .
3
x
; F Ly
(2 y) == pl=1Hx® + 252 e m —— 7, L1 =—
Fl=oy y y =+ 1P
r:2+:,'2}.1—.1:.2:r }"2—3:2
L ¥l = =— =ty 1, 1Yy=0
fvu —"'I] [IE-I-JJE]E {I.E_i_Jr.E:]E f;r{
. L 2xy _ 1
f”f].:,}'.l = 2= 1)(x? +J-"2} z, 2}' = - m. f:-'.'l'{l' 1) =— E
Similarly,
1 1 1 1
f"x-‘[l1 }-}=_§1 r!'.fj-[l']']:_E‘ r""ﬂ{]'l}=i and r'r}'_*l:l.']j:E

We know that,

1
fle, )= A1, 1+ (e = D110 + 0y = DAL, D)+ 5y e - 12 f£.1(1,1)
+ 20— Dy — D f (1, D+ fy— 1R/ (L, 1)
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" %[{x- 1? fr L D 4302 - Dy - 1 fippy (LD

+3x -y -D* f LD+ {y =D (L 1] + .

g T ke ' L _pl
ta"t[x)_-f[{x D'( 2]+i;v uz]

1 w 1
+—[[I-1J4.5+2[x-'iJ[,}'-l].l]+'[_'|.r-IJE.[-%J:|

2!
_TIE [x=1P + 3(x -1y -1)-3ix - 1Ny - 1P -y = 1) + ...
1 1 1 1
=——— e Sl 6 ), i S R
Now, f1.1,0.9) 3z D+ =D -2

1
13 1P +31P = D=1 {- 1P =(= 1P +...

= 0.6857 approximately.
Example 3. Expand x*y + 3y - 2 in powers of ix — 1) and (v + 2) using Taylor's Theorem.
Sol. Expansion of fiz, ¥) in powers of (x —a) and (y — b) is given hy

1
flx, ¥) = fla, b) + [(x —alf (a, b) + (y— b)Y la, b)) + 31 [ix —a¥ f_la, b)

+ 2lx—aly —b}fv'[m b)+y—bPf la, b + % [(x—a)*f__la, b
+3lx—aky - bif la, b))+ 3lx —aly - b]f‘fm {a, b} + (¥ - by fﬂ__rf_u, il + ...

wel1)

Here fix,y)=x*vy+3y-2,a=1,b=-2
fil, —2)=—10

fi=2,  flL-D=—4 [f=2£+8 f(-2=4

f. =3y, L,=D=—d [ =2 foll,-2)=2

£ =0, £(1,-2)=0; f._ =0, fol,=2)=0

fny =5, .I",.,;;.i 1,—2)=2; foe =, fofl,—2)=0

fon =0 [l =20=10

All highe-r order partial derivatives vanish.
From (1), we have
v+ 3y -1=Ffx ¥
=— 10+ [ix — 1hi—4) & (y + 2004)] + § [(x — 1/*—4)
+20x — Iy + 2)02) + (¥ + 2 + Llix - 170)
+ 3x — 1Ry + 202) + 30x — iy + 20 + (v + 2)%0)]
=—10—dx—1)+dy+2)—20x =17+ 2x— 1)y + 21+ (x — 1Py + 2).
(x+ Ry + k)

in powers of h, k upte and inclusive of the second
x+h+v+k

Example 4. Expand

degree terms.
(x4 Ry + &)

Sol, Here fx+h, v+ k)= PR
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Putting h = & = 0, we have fix, ¥) = 24
x+ v
- * 2
f$.={x+_}'}.;r :}'1= 2 7 y, = —» by symmetry
x4+ v} (x+ ¥ © lx+y)
2y - 2xf ; x .22 2x+y)  Zay

i ix +j.-'JlEl s (x4 yj” : g '[.-r+_}f}'1 (x +_:}-':|3
(x+ Ry + &) S P
m =ﬂ.].' + IF‘-, N + k] =ﬁ.\:. ,‘N + [h}: + kr;.] = E [-& f.‘l’.l. * Ehk f"."" + -k JI':"r'_I'l S .

2 z
- Iy =+ k. = T
Xty [x+ ¥k {x+ v}

— Byt S .
"|'1 h:a-_z'ljr—ﬂ‘l'zhk—zy—a"‘kj-‘—z&:_a F amng
2 {x+ ¥ {x+y) {x+y)

TEST YOUR KNOWLEDGE

2

di

7.
8.

L.

4.

7.

8.

Expand £** sin by in powers of x and v as far as the terms of third degree.
Expand & coz v in powera of x and v as far as the terma of third degres,
Expand ¢ cos ¥ al [13]
Expand % at (1, 1),
Expand (1 + x + ¥ avil, 0.
Expand sin xv in powers of (x — 1) and (v — ©/2) up to second degree terms.
Expand = in powers of (x = 1 and (v = 1) up to the third degres terms and henee evaluate (1,109,
Expand sin {x + A)y + &) by Taylor's Theorem,
Answers

1 a £y 1 i} & 1 i

by & abxy + 3 (3 bty = 655 % . 2. l+x--a = =55 # ar (= 3™ b
3 %
é Y ix-1 [ 11:} 1( :r[]
L= P | a4 —dx-Dly-=]-=y-=

E{{I ["4J Il e it

u {1+[.t—1?+{y—1?+2—1][1:—l]2 +41x—nty—1:+[y—1:*}+...}

-1 (x-1* 3.-'2
’E[“ 1 I

_“z a Y 1 it
1- t.t—nf*—--u—lu[ __]__[ __J
8 . L

1
1+{x—ifl+|'1'—llu—lF+EII—112¢y—l]+ ______ s L1021,

1
sin xy + [y + kx) cos xy + ik cos -3 iy + BxP einxy + ...




