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PREFACE TO THE THIRTEENTH EDITION

We are glad to pres.ent the Thirteenth edition of “A Textbook of Engineering
Mathematics” for the engineering students of B.Tech. I year I semester of Dr. A.P.J. Abdul
Kalam Technical University, Lucknow. -

Thfe speciality of this textbook is its lucid presentation and addition or submission of all
the questions asked in the examination papers till date.

The University has implemented new revised syllabus of Engineering Mathematics-I
(BAS 103) for B. Tech. I semester students. In view of this, the textbook has been revised strictly
as per it. Separate assignments containing short answer type questions for Section-A have
been given at the end of each unit to familiarize the students with the recent trend of questions.

We have no words to convey our very special gratitude to Dr. Hari Kishan, a renowned
author of Mathematics and father of Dr. Manish Goyal, one of the authors, for providing necessary
instructions and help round the clock during the entire revision.

The authors are also thankful to all those teachers who gave necessary suggestions and
helped us in making this book ‘THE FIRST CHOICE’ of readers all over India.

: We are also obliged to all those authors, whom we consulted while giving final shape to
the matter. We are indebted to GOD for shower of blessings. -

The suggestions for the welfare of dear students regarding the book are always welcome.

—AUTHORS

(ix)
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B.Tech. First Year, Semester-I
(All Branches except Agriculture Engineering and Biotechnology)

3.WEEKS STUDENT INDUCTION PROGRAMME

in the beginning of the session
Evaluation Scheme ~
E = c F\'\
; ] Sessional - i
Subject Subject § 2 Period Component g% §§:ﬂ’j Tota|
SN | Code Name |l ® " s [25¢ Cregy
(5] ] X
] S w
7. w
ﬁ-\.
L|[T|P|CT | TA |CT+TA | TEPE |swsgse ?
1. | BAS101/ | Engineering Physics / T BS 3 (1 0 20 10 30 70 100 T
BAS102 | Engineering Chemistry
. ——
2. | BAS103 | Engineering Mathematics-l | T BS 3 (1 0 20 10 30 70 100 p
—
3. | BEE101/ | Fundamentals of T ES 2110 2 10 30 70 100 3
BEC101 | Electrical Engineering /
Fundamentals of
Electronics Engineering
\
4. | BCS101/ | Programming for T ES 2 (1|0 20 10 30 70 100 3
BME101 | Problem Solving / )
Fundamentals of
Mechanical Engineering
5. | BAS104/ | Environment and T BS/ 3100 20 10 30 70 100 3
BAS105 | Ecology / Soft Skill HS
6. | BAS151/ Enginee‘ring Physics P BS 00| 3 50 50 50 100 1
BAS152 | Lab/Engineering :
Chemistry Lab
7. | BEE151/ | Basic Electrical P| Es [o0|o]3 50 | 50 50 100 | 1
|1 BEC151 | Engineering Lab / Basic '
Electronics Engineering
Lab
8. | BCS151/ | Programming for Pl ES/ [0]|o]3 50 50 50 100 1
BAS155 | Problem Solving Lab / HS
English Language Lab
. —
9. | BCE151/ | Engineering Graphics & P ES 0 2
113 100
BWS151 | Design Lab / Workshop 50 N %
Practice Lab
s
13]5 |12 | 3s0 550 s00 | 2|
Abbreviation Used:

BS: Basic Science Course
ES: Engineering Science Course

HS: Humanitieg and Social Science Course
VA: Value Added Course

(x)



SYLLABUS
BAS103 : ENGINEERING MATHEMATICS-I

Course Objectives:

The objective (-)f th-l s course is to familiarize the graduate engineers with techniques in matrix
calculus, multivariate anfilysis and vector calculus. It aims to equip the student:l with standar(i
concepts and tools from intermediate to advanced level that will enable them to tackle more
advanced level of mathematics and applications that they would find useful in their disciplines
The students will learn: .

o The essential tools of matrices, Eigen values and its application in a Comprehensive
manner.

o To apply the knowledge of differential calculus in the field of engineering.

o To deal with functions of several variables that is essential in optimizing the results of
real life problems.

e To apply integral calculus in various field of engineering and have a basic understanding
of Beta and Gamma functions and application of Dirichlet’s integral.

e To deal with vector calculus that is required in different branches of Engineering to
graduate engineer.

Content Contact
Hours

Unit-1: Matrices “ 8

Elementary transformations, Inverse of a matrix, Rank of matrix, Solution of
system of linear equations, Characteristic equation, Cayley-Hamilton Theorem
and its application, Linear Dependence and Independence of vectors, Eigen values
and Eigen vectors, Complex Matrices, Hermitian, Skew-Hermitian and Unitary
Matrices, Applications to Engineering problems.

Unit-2: Differential Calculus-I 8

Successive Differentiation (nth order derivatives), Leibnitz theorem, Curve tracing,
Partial derivatives, Euler’s Theorem for homogeneous functions, Total derivative.

Unit-3: Differential Calculus-II 8

Expansion of functions by Taylor’s and Maclaurin’s theorems for functions of
one and two variables, Maxima and Minima of functions of several variables,
Lagrange’s method of multipliers, Jacobians, Approximation of errors.

Unit-4: Multiple Integration

DOl}ble,integral, Triple integral, Change of order of integration, Change of
variables, Beta and Gama function and their properties, Dirichlet’s integral and

its applications to area and volume, Liouville’s extensions of Dirichlet’s integral.

- (x1)



W//ﬁ
tor Calc nd their Physical

Unit-5: Vec
Vector Diffel‘eljlti
interpretation, Direc

Vector Integration:
Divergence theorem,

ation: Gradient, Curl and Divergence a

tional derivatives.
Line integral, Sur
Green’s theorem an

face integral, Volume integral, Gauss’s
d Stoke’s theorem (without proof) and

their applications.

Course Outcomes:

Bloom’s Leve]

I . Course Outcome (CO)
the students will be able to:

At the end of this course,

f complex matrices, Eigen values, Eigen

CO 1 | Understand the concept 0 :
pt of rank to evaluate linear simultaneous

vectors and apply the conce
equations

K2 & K5

Remember the concept of differentiation to find successive
differentiation, Leibnitz Theorem, and create curve tracing, and find

partial and total derivatives

CO 2

K1, K6 & K5

CO3 Applying the -concept of partial differentiation to evaluate extrema,
series expansion, error approximation of functions and Jacobians

K3 & K5

CO 4 | Remember the concept of Beta and Gamma function; analyze area
and volume and Dirichlet’s theorem in multiple integral

K1 & K4

CO 5 | Apply the concept of Vector Calculus to analyze and evaluate

K3, K4 & K5
I

directional derivative, line, surface and volume integrals

Kl - Rememb -
ember, K2 — Understand, K3 — Apply, K4 — Analyze, K5 — Evaluate, K6 — Create

A(xii)
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13.

15.

17.

19.

21.
22.

23.

24,

26.

28,

30.

32.

STANDARD RESULTS

Ele (") = na™L 2. de. (@) = a* log, a

L (@)=e 4. (log,m) =1
| % (logyo %) = % log;, e 6. % (sin x) = cos x

_(.id; (cos x) =—sinx 8. % (tan x) = sec? x

a (cosec x) = — cosec x cot x 10. -;—x (cot x) = — cosec? x
% (sec x) = secx tan x | 12. % (sin"lx) = 1} 2
de_ (cos~lx) = —1__%- ' / | 14. ?j; (tan~! x) = T
_;_ix_ (seclx) = TRy \/xiz—_l / 16. _0% (cot™ x) = 1; iz
de_ (cosec™ x) = — :—é\/————:—z 18. sinh x = 2 —2e—x
coshg= &t 20. tanh x = ‘:: :::
cosh? x — sinh? x = 1, sech? x + tanh®x =1, coth? x = 1 + cosech® x

cosh? x + sinh? x = cosh 2x

sinh~! x = log (x + V&2 +1), cosh~1x = log (x ++/x% - 1)

4 (sinhx) = cosh 25. % (coshx) = sinh x
dx dx
d d _ T2
2 (tanh x) = sech? x 27. 2 (coth x) = — cosech® x
dx dx
‘g—x (SéCh x) = —sech x tanh x 29. % (cosech x) = — cosech x coth x
‘ ” du " dv
. d (u dx _ dx
Product rule: % (wv) = u% + v% 31. Quotient rule: e (UJ = 2
dy dy dt . '
P il ify =f,(t) and x = f,(?)

(xiit)



(xiv)

| i ]
- I tan™! 1,=L seclx+coseclx=—
33, sinlx+cosx= , tan~l x + cot™ x = o :

-b = -1 .y a+b = -1 1
34. tan‘l_(f+abj=tan1a—tan b, tan (l—abj tan"'a + tan™' b

. 2x _ -1
35. tan‘l( 2x2J=sm1(1+x2]—2tan x

1-x
— tan3
x—3cosx,tan3x=m

1 _ 3 gin x — 4 sin3 x, cos 3x = 4 cos®
86. sin 3x =3 sin BT

2 tan x

1 —9sinxcosx,tan 2x = ———5
i ’ 1-tanZx’

9 . 9 9 o 1-tan? x
= —1=1-2sin®x=cos“*x—sIn“x="_"""""-—32 "
cos2x=2cos?x—1=1-2s T+ tant x

2 4 6

3 5 7
g x X X X X X
—x— 2 - +.. osx=1—-"—+——"—+..
2 3
X X
e"=1+x+a+—?j+
Qo) l=l+x+x2+23+..; 2] <l (A-22=1+2xc+3x%+4x%+ ...
A+x)t=1-x+x2—-x3+ .. (1+x)2=1—2x+ 3x% —4x3 + ...
38. sinC+sinD=2sinC+D cos'C;D,sinC—sinD=2cosC;DsinC;D
C+D -
cos C + cos D = 2 cos 5 cosCZD,cosC—cosD=25inC;DsinD;C

39. 2cosAcosB=cos(A+B)+cos(A—B),2sinAsinB=cos(A—B)—cos(A+B)
2sinAcosB=sin(A+B)+sin(A—B),2cosAsinB=sin(A;l-B)—sin(A—B)

40. sin (A + B) = sin A cos B + cos A sin B, sin (A — B) = sin A cos B — cos A sin B
cos (A + B) = cos A cos B —sin A sin B, cos (A — B) = cos A cos B + sin A sin B

1

potee P feibid
’ cosn— =
\/1+x2 dx %) X2 _1

d
= 2 - 1
I (tanh1 x) = m, where | x | <1,

d -
41. = (sinh14) =
dx (sinh™1x) =

g 1
1

2 (sech™? d
—— (sech™ =—
dx x) . 2 a (cosech™1 x) = — ¢

‘ . - x\/x2 +1
L2 (cos 0 + i sin 0)" = cos n0 + ; sin 10, (cos 0 + ; si o)™
43. sin®0 +cos20 =1, sec2 g — tan2 ;

xy1-x

=C0s n6 — sin noO
0= 1, 1 + cot? 0 = cosec2 0



44.

45.

46.

47.

48.

49.
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(xv)

(¢] 0° 30° 45° 60° 90° 180° 270°
sin 0 0 1/2 /2 V372 1 0 -1
cos 0 1 J3/2 1/J2 1/2 0 -1 0
0 90° -0 90° + 0 T—0 T+ 0
sin 6 cos 6 cos 0 sin® —sin®
cos 0 sin 0 —sin® —cos® —cos6
tan 0 - cot O —cot® —tan® tan®

b c 2.2 2
sine formula: SnA — sinB = snC> cosine formulg: cos A = bJr;Ta

Area of triangle A = \[s(s —a) (s - ) (s — ¢), where s = 272 ¢ +g =2

!
nC =_n—'
r rln-r!
. xn+1
2" dx = +ce;n#-1
. n+1

x

~ 1
;dx=logex+c;Jexdx=ex+c;J.a’.‘dx= +c

log, a

sin x dx =—cosx+c;J. cosxdx =sinx + ¢

I tanxdx:logsecx+c;j cot x dx =log sinx + ¢

sec x dx = log (sec x + tan x) + ¢ = log tan (%+§) +c

cosec x dx = log (cosec x — cot x) + ¢ = log tan g e

sec x tanxdx=secx+c;J. cosec x cot x dx = — cosecx + ¢

§ dx -d
J \az—xz =sin‘1( )*CJ. ,———x —cosl( )

dx 1 -d 1
s -1(X . X -1
R atan (—)+c,j 57— = — cot (a)+c

a” +x a

360°
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- B2,

53.

54.

55.

56.

o
o)

59.

I sech? x dx = tanh x + ¢, J cosech? x dx = — cothx +¢

J. sinhxdx=coshx+c,J. cosh x dx = sinh x + ¢

f sech x tanh x dx = - sechx + ¢, I cosech x coth x dx = — cosech x + ¢

JiZ — a2 _l~/2212 2_a2)+
Ix adx_zx X2 —a —-zalog(x+x a’)+c

( dx
———_2+ = —smh"l( ]+c,J "COSh—l( )+c
a‘+x

) dx = j:f(y) dy; J:ff(x) dx = — _[:ﬂx) dx; J'Oaf(x) dx = j:f(a ) dx

[ &

J'af (x)dx , if f(x)iseven function
0
0 , if f(x)is odd function

L =

[® Flx) dx = {2

Izaf(x)dx ={2joaf(x)dx , if f(2a —x)=f(x)
’ 0 ’ iff(2a—x)=_f(x)

Leibnitz rule for differentiation under the integral sign

d\y(a) _ flo(a), o) dq>(a)

d v
Flx, 0) dx = j —{f(x, W)} dx + fly(o), o)

- dx Jo(o)

ﬁ ~ ~ ~
r- xi + yj + 2k
— =

r| \/;2+y2+z2

4 A A A - .
If r = xi +yj +2k then ,|r|=\,x2+y2+z2 and 7 =

e 4
AB = position vector of B-position vector of A = OB - OA

- - - - - -
a-b=|a || b |cos8;work done = I F-dr
c
- - i b
axb=|a]||b|sinbn
Area of parallelogram = z X Z, Moment of force = ? X f‘)
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a1 a2 a3

by by by

€1 C «c3

60. Z~(Z’x?)=[33’?]= =(2><Z).

-
c

- A -y ~ - A
where o =Xai, b =Xb,i and ¢ =ZXc,i

-
If o - (Zx?) =0, then ;, 3, ¢ are coplanar.

N oy ->—>__).—>_)__, - -5 - 5 _)._9_).2
6l. ax(bxc)=(a-c)b-(a -3)7 62.(a x ) (c xq)=|2"¢ ad
: b-c b-d
63. (Zx5’>x<2x3>=[23312—[22212
64. A(Adj.A)=|A|I -65.AA1=T=A1A
66. AI=A=IA 67. (ABC)Y = C'B’A’
68. (AB)C:A(BC); AB +C)=AB + AC
69. A+B=B~+A;A+(B+C)=(A+B)+C
70. (AB)l=B-1A-1
71. Walli’s formula
. ; V(7= n-3 n-5 3 1 & 3 748 even
n/z' /2 . s esens _n_-_
Jy oo do < [Meosroa0 2l n g R
0 0 . —— s —.= if n is odd
n n-2 n-4 5 3

2e (a sin bx — b cos bx) + ¢

72. [ = sinbrdr = 7
_ a” +b%

ax
Je“cosbxdx: 2e 2 (@ cos bx + b sin bx) + ¢
, a® +

78. TW2) = Jx,T(-V2) =_2 /5
2 3 4 5 6

74. 1 =P TR A e T NP L
A 2 '3 4 ts e

......

1) -
75. sin nm=0; cos nx = (— 1), sin (n+%)1t=(— 1)* ; cos (n+§)n=0,wherene I
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LENGTH

10 millimetres
10 centimetres
10 decimetres
10 metres

10 decametres
10 hectometres

VOLUME

1000 cubic centimetres
1000 cubic decimetres

WEIGHT .
10 milligrams
10 centigrams
10 decigrams
. 10 grams
10 decagrams
10 hectograms

100 kilograms

10 quintals

Alpha
Beta
Gamma
Delta
Epsilon
Zeta
Eta
Theta

there exists

SYMBOLS

Greek Alphabets

HomZzZzZ2 >R+

-

£33 our < T A

Iota
Kappa
Lambda
Mu

Nu

Xi
Omicron
Pi

for all

Metric Weights and Measures

1 centimetre

= 1 decimetre

1 metre

= 1 decametre
= 1 hectometre

1 kilometre

1 centigram
1 cubic metre

1 centigram
1 decigram

= 1 gram

= 1 decagram

= 1 hectogram

= 1 kilogram

= 1 quintal

1 metric ton (tonne)

CAPACITY
10 millilitres
10 centilitres
10 decilitres
10 litres
10 decalitres
10 hectolitres

AREA

100 square metres
100 ares

100 hectares

ABBREVIATIONS
kilometre ~ km
metre n
centimetre cm
millimetre mm
kilolitre kl
litre 1
millilitre ml

(xviii)

DHEMXBE <A MHd

P Rho

c Sigma

T Tay

v UpSﬂon

. ¢ Phi

X Chi

1\ Psi

@ Omega
= 1 centilitre
=1 decilitre
= 1 litre
=1 decalitre
= 1 hectolitre
= 1 kilolitre
=1 are
=1 hectare
= 1 square kilometre
tonne t
quintal q
kilogram kg
gram g
are a
hectare ha
centiare ca
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Matrices

1.1. INTRODUCTION

A matrix is defined as a rectangular array (or arran

gement in rows or columns) of scalars
subject to certain rules of operations.

If mn numbers (real or complex) or functions are arran
array A having m rows (horizontal lines) and n columns (ve
m X n matrix. Each of the mn numbers is called an eleme

ged in the form of a rectangular
rtical lines) then A is called an
nt of the matrix.

There are different notations of enclosing the elements constituting a matrix viz. [], ().
Il l'but square bracket is generally used. An m X n matrix is also called a matrix of order m x n.

For example, [g - 0 4 is a 2 X 3 matrix or matrix of order 2 X 3. It has two roWs and

three columns. The numbers 2, — 1, 5, 3, 0, 4 are its elements.

i1 Q12 Q13 ....Qy,

Qg1 Qg3 Qg3 ....Qy,

An m X n matrix is usually written as @3; Qgp Qg3 ....as,
[Tm1 Cma Q3 e Oy J

Here each element has two suffixes. The first suffix indicates the row and the second
suffix indicates the column in which the element lies. Thus, a,, is the element lying in the
second row and third column, a;; is the element lying in the i** row and jt® column.

For brevity, a matrix is usually denoted by a single capital letter A, B or C etc.
Thus, an m X n matrix A may be written as
A= [aij]an or A= [aij], wherei=1,2,3,...m;j=1,2,8,...,n

1.2. APPLICATIONS OF MATRICES

In Algebra, the matrices have their largest application in the theory of simultaneous equations
and linear transformations. e.g., the set of simultaneous equations,

Q1% T A%y taypxy = by
A%y F QgoXy + Agxy = b,
Ag1%; F g%, + Qgxs = by
may be symbolically represented by the equation,
AX =B

1
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2 A TEXTBOOK OF ENGINEER|NG

MATY
EMATIQS
X b :
ay; Q@12 013 1

where A=|Gs @ 9|, X=|%2|,B= 22
i W o 3 tility in m b
The theory of matrices has been found of great utill 1’ any brancheg ., .
mathematics such as algebraic and differential equqt1ons,das ro(rilomy, ,meChanics, . ;gher
electrical circuits, quantum mechanics, nuclear physics an 'aero ynamics, Y
Note. There is a similarity in the way of writing a determinant and a matrix byt ¢
entirely different. A determinant has a numerical value but a matrix has no numerical valye, M;X

gy,
only a convenient way of storing information.

g

1.3. TYPES OF MATRICES

(1) Real Matrix. A matrix is said to be real if all its elements are real NUmbepg

‘/—5 -3 1 is a real matrix
e.g., [ 0 -2 7

(2) Square Matrix. A matrix in which the nurr}ber of rows is equal to the NUmbey
columns is called a square matrix, otherwise, it is said to be a rectangular matrix,
Thus, a matrix A = [a;],, ,, is a square matrix if m = n and a rectangular matrix if My

. . L 113 .
A square matrix having n rows and n columns is called “a square matrix of ordey "
“an n-rowed square matrix”’, :

e.g., . is a 3-rowed square matrix.

The elements a,;, @y, a4, of a square matrix are called its diagonal elements and the
diagonal along which these elements lie is called the principal or leading diagonal.
In a square matrix A = [aij],

(i) for elements along the principal diagonal, i=j

(i7) for elements above the principal diagonal, i<
(iii) for elements below the principal diagonal, >
(tv) for non-diagonal elements, ' 1#]

The sum of the diagonal elements of a square matrix is called its trace or spur: This

n
trace of the n rowed square matri = i =
! q X A= ay]is ay + a5y + agy + +an_2aij
i=1

(3) Row Matrix'. A matrix having only one row and any number of column® &
a matrix of order 1 X n is called a row matrix. e.g. [2 5 —3 0] is a row matrix.
(4) Column Matrix. A matrix having only one column and any number of rows i.0!

. . . J2
matrix of order m X 1 is called a column matrix. e.g. 0| is a column matrix.

, 1 '
(5) Null Matrix. A matrix in which - or VOl
. : [ each ele : . trix 0!
matrix or a zero matrix. A null matrix of order nn; exnf,,ls zerods callod s nullas

is denoted by O

mXxn’



MATRICES

00 |
_ 000 0

(6) Sub-matrix. A matrix obtained from g given matrix A by deleting some of its rows
or columns or both is called a sub-matrix of A,

3 o], 0 -1 2 5
Thus, B=[1 4:| 1s a sub-matrix of A=|8 5 o 7

_ 1 6 4 -2
obtained by deleting the first row, second and fourth columns of A,
(7) Diagonal Matrix. A square matrix
called a diagonal matrix. :

Thus, A = [a;], ., is a diagonal matrix if ;=0 forisj,

in which all non-diagonal elements are zero is

. For example, A = is a diagonal matrix.

L 0

An n-rowed diagonal matrix is briefly written as diag. [d;, dy, ..., d,], where
dy, dy, ..., d, are the diagonal elements. Thus, the above diagonal matrix A can be written as
diag. [2, -1, 0].

(8) Scalar Matrix. A diagonal matrix in whi
scalar, say k, is called a scalar matrix.

Thus a scalar matrix is a square matrix in which all non-diagonal elements are Zero
and all diagonal elements are equal to a scalar, say k.

ch all the diagonal elements are equal to a

0 whenizj

ve,  A=[a] . isascalar matrix if ;= {k when i = f

are scalar matrices.
00 2 0 0 -5 0
0O 0 o0 -5

(9) Unit Matrix or Identity Matrix. A scalar matrix in which each diagonal element
y (i.e., 1) is called a unit matrix or identity matrix.

_ Thus, a unit matrix is a square matrix in which all non-diagonal elements are zero and
all diagonal elements are equal to 1.

2 00 'g ._g 8 0
‘For example, [0 2 0

1s unit

; i ; J ..o _ |0 wheni#j
Le,  A={ay], ., is a unit matrix if ;= {1 when i = j .
A unit matrix of order n is denoted by I,. If the order is evident, it may be simply
dehoted by I. : ' N
100
Thus’ . [:1 0] = I2’ 0 1 0= Iq
0 1 .
0 0 1

(10) Upper Triangular Matrix. A square matrix in whic}} all the elements below the
Principal diagonal are zero is called an upper triangular matrix.
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%
a;=0fori>].

Thus, A = [a;], « , 1S an upper triangular matrix if

For example, 5| is an upper triangular matrix.

LLO
(11) Lower Triangular Matrix. A square matrix in whif:h all the elementg aboye the
principal diagonal are zero is called a lower triangular matrix.

Thus A =[a;], «, is a lower triangular matrix if a; = 0 for i <.

For example, | 5 is a lower triangular matrix.

| | 3 2 0
(12) Triangular Matrix. A square matrix in which all the elements either beloy (,

above the principal diagonal are zero is called a triangular matrix. Thus, a triangular matyjy
is either upper triangular or lower triangular.

(13) Equal Matrices. Two matrices A and B are said to be equal (written as A = B) if
and only if they have the same order and their corresponding elements are equal.

Thus, if A=[a and B=[b,],, then A=Bif and only if

@) m=pandn=q @) a;= bij for all 7 and j.

jdmxXn

(14) Single Element Matrix. A matrix having only one element is called a single element
matrix. Thus any matrix [3] is a single element matrix.

(15) Singular and Non-singular Matrices. A square matrix A is said to be singularif
| A | =0 and non-singular if | A|=0.

2 -3 4
For example, A = [2 -3 4} is a singular matrix since | A | =0.
0 -1 1

. (16) Tri(.liagonal Matrix. Tridiagonal matrix is the matrix having non-zero entries
only in the leading diagonal, sub-diagonal and super diagonal. In other words, we can definelt
as:

A real matrix A = [a,] is said to be tridiagonal if a;=0for | i—j|>1

ay ap 0 0
For example, A =| %21 %22 Qg3 0. .1 .
Q3 Q33 Qg4 1s a tridiagonal matrix.
0 0 ay5 ay
(17) Stochastic Matrix. A square matrix A i i if all its ¢
: . rix A is call : if all its &
ments are non-negative and the sum of the elements igdegcitorcglvisitsmlm%gli, the atr

el
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n
A—_-[aij]nmwﬂlbeastochasticmatrixifaijzOforOSiSn, OSanandZ %Gj=1fori=1,2,

=1
2/3 1/3]. :
o n.eg, A= [1 /4 3/ 4] 1s a stochastic matrix.

1.4. ADDITION AND SUBTRACTION OF MATRICES

Two matrices are said to be conformable for addition and subtraction if they have the same
order.

If A and B are two matrices of the same order, then their sum A + B is a matrix each
element of which is obtained by adding the corresponding elements of A and B.

In general,.if A=la;], «,and B= 6], %, thenA+B=C= [C;lm x n» Where ;= a; + b,

Similarly, if A and B are two matrices of the same order, then their difference A — B is

a matrix whose elements are obtained by subtracting the elements of B from the correspond-
ing elements of A.

In general, if A= [aij]m xnand B= [bi]-]m xp thenA—-B=C= [cij]
For example, if A= [2 o _1:\ and B = [_ el 2}

mxn Where ¢;=a;—b,.

30 4 2 517
' _[2+1 5-6 -1+2] [3 -1 1
then A+B‘[3—2 0+5 4+7]‘[1 5 11]
_[ 2-1 5-(-6) -1-2]_[1 11 -8
and A—B_[3—(—2) 0-5 4-7}‘[5 -5 —3]-

1.5. MULTIPLICATION OF A MATRIX BY A SCALAR

The product of a matrix A = [aij] by a scalar.k is denoted by kA and is obtained by multiplying
every element of A by k.

Thus, kA = [ka;]

ka, ka, ka
_lay ay as _ 1 2 3
I A_[bi b, bg] . Jen kA'[kbl kb, kb3:\

= —a, —agl-
In particular, —A=(—1)A=|:_(Z1 _bz —bﬂ'

1.6. PROPERTIES OF MATRIX ADDITION

()) Matrix addition is commutative i.e., A+B=B+A
(i) Matrix addition is associative i.e., A+B)+C=A+ B+ ()
(i) For any matrix A, there exists a null matrix O of the same order as A such that
A+O0=0+A=A.
(iv) For any matrix A, there exists a matrix — A of the same order as A such that

A+(-A=-A+A=0.
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ILLUSTRATIVE EXAMPLES
Examplel.Findx,y,zandef3[z wlTl=1 2w 24w 8 |
. [3x 8y x+4 6+x+y]
Sol. The given equation is [Bz swl=|-1+2z+w 2w+3
Equating the corresponding elements on the two sides
3x=x+4, 8y=6+x+y ~B8z=-1+z+W, Sw=2w+3
= 2x = 4, 2y =6+ x, 2z=-1+w, w=3
= x=2, y =4, z=1, w = 3.
2 5 -7 . .
Example 2. Express |-9 12 4| as thesum of a lower triangular matrix anq an
15 -13 6
upper triangular matrix with zero leading diagonal.
a 00 0 p g
Sol. LetL=|b ¢ 0] bethe lower triangular matrixand U=|0 0 r | be the upper
d e f . 0 00O

triangular matrix with zero leading diagonal such that

2 5 -7 [¢ 0 0| [0 p ¢q a p q
-9 12 4|=|b ¢ 0|+|(0 O r|(=(b ¢ r
15 -13 6| |d e f| [0 0 O d e f

Equating the corresponding elements on the two sides
2=a, 6=p, -T=q, —-9=b, 12=¢, 4=r, 16=d, —-13=e, 6=f

2 00 0 5 -7
L=(-9 12 0|{andU=(0 0 4/,
15 -13 6 00 O

1.7. MATRIX MULTIPLICATION

Two matrices A and B are said to be conformable for the product AB (in this very order of

A and B) if the number of columns in A (called the pre-factor) is equal to the number of rows
in B (called the post-factor).

Thus, if the orders of A and B are m X n and p x g respectively, then

(i) AB is defined if number of columns in A = number of rows in B,ie.,ifn=p

(i1) BA is defined if number of columns in B = number of rows in A, i.e., if g = m.

Let A=[a;], «,, and B= [b;,,x , be two matrices conformable for the product AB, then
AB is defined as the matrix C = [¢

n
1

. . nth k=
Le, (i, )" element of AB = sum of the products of the elements of ith row of A with the
corresponding elements of jth column of B, ‘
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The rule for multiplication of two conformable matrices is called row-by-column
method.

@11 Q12 Qg3 by by
Consider A=|ag g ay3|and B=[by by
Q31 Qgy Qgg by by,
Orders of Aand Bare3x 3 and 3 x 2 respectively. AB is defined and is of order 3 X 2.

C11 Ci2
AB=C=|Cy; cCg

C31 Csg
where ¢;; = sum of products of elements of 1% row of A and 1¢ column of B
by |
=lay; @y ay9] | by | = ay10y4 + ayyby, + by,
L_b31_ )
¢1o = sum of products of elements of 1% row of A and 2" column of B
[b1g]
=lay apay] by | = A11019 + @by, + aygby,
bz A
Cy1 = sum of products of elements of 2" row of A and 1%¢ column of B
[b11 ]
= [ag; agy agyl 221 = Ay 04y + agyby; + aygby,
L“31 ]
Cyo = sum of products of elements of 214 yow of A and 2" column of B
: by
= lag; agy gyl | by, | = Ag1015 + Agyby, + ayyb,,
 bsa]
¢g; = sum of products of elements of 3'4 row of A and 1° column of B
(by1 | »
= [ag; @y, agyl 221 = Qg byy F dggby; + aggby,
- | 0s1]
C3p = sum of products of elements of 3'4 row of A and 2 column of B
(b1 |
= [ag; agy ayy] | by | = agibyg + agybyy + agyby,
| b3 '
a11b11 +ay9bg; +a1gbs1  A1b1 + Agabyy + ay3byy
Thus, AB = | @g1by1 + agobyg; + aggbs;  @g1byp + Agoboy + aogbyy
ag1b1; + Qgobg; + agaby;  agibip + 032522 + @333y
1-<9 -8 , {1 0 2 .
Example 8. IfA=| 2 3 —1|andB=|0 1 2|, Obtain the products AB and BA
w8 - 1.:149 120
and show that AB = BA.
1 -2 3|1 0 2
-3 1 2{{1 2 0
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T 1(1) - 2(0) + 3D 1(0) — 2(1) + 3(2) 1(2) — 2(2) + 3(0) 4 4 _
= 2+30)-11 2(0) +3(1) - 1(2) 2(2) +3(2) - 10) |=| 1 113
—_3()+10)+2(1) - 300)+ 1) +22) - 3(2) +12)+20)] |[-1 5 _ i
(1 0 2 1 -2 3
BA=(0 1 2 2 3 -
1 2 0f[- 3 1 2
1(1) +0(2) +2(=3) 1= 2) +0(3) + 2(1) 13)+0-D+2@2)| [-5 0 7
=0+ 12 +2(-3) 0(=2) + 1(3) + 2(1 0@)+1-1D+22)|=|-4 5 3
| 1(1) +2(2) + 0-3) 1-2)+23)+ 0() 18)+2(-1D+0(2) 5 4 1
Orders of AB and BA are the same but their corresponding elements are not equal,
Hence AB # BA.
1.8. PROPERTIES OF MATRIX MULTIPLICATION :

n is not commutative in general i.e., AB # BA.
, (AB)C = A(BO).

th respect to matrix addition i.e.,

(1) Matrix multiplicatio
(i1) Matrix multiplication is associative i.e.
(ii1) Matrix multiplication is distributive wi
AB+C)=AB+ AC.
are matrices of the same order, then Al =TA =A.

(iv) If A and I are squ
AZ AXAXA=A3 AXAXA. .m

(v) If A is a square matrix of order n, then A X A =
times = A™ are all square matrices of order n.

Also, we define A°=1.

(vi) For any positive integer n, I" = L.

} =2 3
Example 4. Evaluate A%~ 3A + 91, if I is the unit matrix oforder 3and A=| 2 3 -1,
-3 1 2
| 1 -2 3[1-2 3] [-12 -5 11
Sol. AT=AxA=| 2 38 -1f| 2- 8 -1|=| 11 4 1
=8 1 2||-8 ;1.2 -7 11 -6
=12 w5 - 1l L=y -8 100
A2_3A+9L,=| 11 4 1/-3/ 2 3 -1/+9/0 1 0
-7 11 -6 -3 1 2 00 1
~12 -5 11 3 -6 9][900] [-61 2
=| 11 4 1|-| 6 9 -3[+|0 9 0|=| 5 4 4|
-7 11 -6] |-9 3 6] [0 0 9 2 8 -3
1.9. MATHEMATICAL INDUCTION
__/
s If

i\;[lztizrlﬁit:;:ileigil:,c:éqi isla very u}sleful device for proving results for all positive integer
: ’ . involves n, where n is a positive i '
| induction consists of the following two steps: positive integer, then the proof by mathematicd
Step 1. Verify the result for n = 1.
Step 2. Assume the result t
ob = : it i
vy e true for n = k and then prove that it is true for
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Now the result is true forn =1

Using step 2, the result is true forn = 1 + 1=29

= Theresultistruefor n=2+1=3

= Theresultistruefor n=38+1=44gng 50 6h!

Hence, the result is true for all positive integers 7.

Example 5. By mathematical induction, prove that if
A= [? _ ﬂ, then A" = [1 +n2n 1‘_42’7',1:] where n is any positive integer.

Sol. We prove the result by mathematical induction.

Whenn=1, An=|:1+2n —4n-|

n  1-2n]
- 1+21 -417 [3 —4
1— = i~
= A“[ 1 1—2.1}‘[1 —1}‘A

= The result is true when n =1,

Let us assume that the result is true for any positive integer k.

_ 1+2k -4k
e, let . Ak=[ 3 1—2k:| e
1+2% —4k7[3 -4 .
Now, Ak”:Ak.A:[ * 1—2kjl[1 i } [Using (1)]
_ | 3(1+2k) - 4F —4(1+ 2k) + 4F _|3+2k —-4-4F
| 3k+1-2k —4k-1+2k || 1+2 —-1-2k

_|1+2(B+1) -4+
- k+1 1-2(k+1)

= Theresultistrueforn=%+1

Hence, by mathematical induction, the result is true for all positive integers n.

- 1.10. TRANSPOSE OF A MATRIX

Given a matrix A

, then the matrix obtained from A by changing its rows into columns and
columns into row

s 1s called the transpose of A and is denoted by A’ or Al

1 2

. ,_[1 025 ,=[0 -1
Forexample,lfA—[2 _1 3 7],thenA— 2 3
5 7

Clearly (i) if the order of A is m X n then order of A’ is n X m.
(i) G, j)™ element of A’ = (j, i)h element of A.
In symbols, if A = [aij mx e then A’ = [0, x > Where b; = a;

1.11. PROPERTIES OF TRANSPOSE OF A MATRIX
If A’

and B’ denote the transposes of A and B respectively, then A
(@) (A) = A i.e, the transpose of the transpose of a matrix is the matrix itsell.
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10 £ two matrices 18 equa] ¢, th
€

um O
.e., the transposeé of the 8

(i) (A+B) =A"+ B'i
sum of their transposes. o

(iii) (AB)' = B'A" i.c., the transl’,“teh pfon
product of their transposes taken 10

ATRIX
1.12. SYMMETRIC M A i.c., if the transpose of the matyjy ;

g said to be gymmetrl

, cif A'=
A square matrix A = {a;}1

equal to the matrix itself. . o g
Thus, for a symmetric matrix A = [a]; i~

a h & . o
L b f|are symmetric matrices.

For example, g f ¢

.SYMMETRIC MATRIX)
if the transpose of the

—

1.13. SKEW-SYMMETRIC MATRIX (OR ANTI
ew-symmetric if A =-Ai.e.,

= {a;} is said to be skew
he negative of the matrix. _
Thus, for a skew-symmetric matrix A= [a,;j], a; ==
Putting j=i, a;=-0a; = 2a,=0 or a@;= 0 for all i.
Thus, all diagonal elements of a skew-symmetric matrix are zero.

0 2 -3 0 h —-g , ,
For example, (-2 0 1|s|-A 0 f|8re skew-symmetric matrices.
g -f 0]

3 -1 0

1.14. EVERY SQUARE MATRIX CAN UNIQUELY BE EXPRESSED AS THE SUM OF
A SYMMETRIC MATRIX AND A SKEW-SYMMETRIC MATRIX

A square matrix A
matrix is equal to t

Let A be any square matrix.
Consider B=1(A+A)andC=1l(A-A)

B+C=1A+A)+1(A-A)=A
Also B/=%(A+AI)’=_2L[A’+(AI)I]=.%_(A’+A)=B

= B is a symmetric matrix.
" AN = 1A/ Y
| C=g@-AY=3[A-A)Y]= 1A - 4] =—lA-A)=-C
= Cis a skew-symmetric matrix, 2 23
Hence every square matrix A can be expressed
ed as A =

is as mmetric ¢ i '
y Illdtrlx and 2 ( ') 1 S mmetl"
(: A A 8 a SkeW 9 1C ma

, X 1 One y i “ ‘N’ 'ch A ] n ,n

B+ C, where B= (A +4)

trix.
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A=P+Q (1)
is another such representation in which P is g Symmetric matrix, and Q is a skew-symmetric
matrix _
ie. P=Pand Q' =-Q
Then A’=(P+Q)’=P’+Q'=P—Q

From(1)and (2), A+A’=2Pand A-A’= 2Q

P=3(A+A)=BandQ=2(A—A)=

CsothatP+ Q=B +C
Hence the result.

1.15. ORTHOGONAL MATRIX

A square matrix A is called an orthogonal matrix if AA’

=A’A=Tor A’ = A,
Note.

If A and B are any two orthogonal matrices, AB will also be an o

1.16. NILPOTENT MATRIX

rthogonal matrix,

0 0
It will be of index p if p is the least positive integer such that AP = O.

1.17. IDEMPOTENT MATRIX

A square matrix A is said to be nilpotent if A2 = O eg A= [0 1]

0 1

idempotent of period 7 if 7 is the least positive integer

A square matrix A is idempotent if A2=A eg A= [1 0}

A square matrix A is said to be
such that A+l = A,

1.18. INVOLUTARY MATRIX

A square matrix A is said to be involutary if A2 = I where I is a unit matrix.
-5 -8 0
e.g. A=| 3 5 0].
1 2 =1

Example 6. If A and B are symmetric matrices, prove that AB — BA is a skew-symmetric
matrix.

Sol. A and B are symmetric matrices.

= A’=A and B’'=B ...(1,)
Now, (AB - BAY = (ABY — (BAY r:(A—B)=A—B}
 =BA’—A’B’ [ (AB) =B’A’]
=BA - AB [Using (1)]

=—(AB - BA)

(AB - BA) is a skew-symmetric matrix.
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. mmetric and a skey.-
Example 7. Express the following matrix as the SUm of asy eW-symme e

matrix,
-] ¥ 1
2 3 4].
5 0 5

17 1 =128
- " & 7 3 0
Sol. Given matrixis A=| 2 3 4| ~ A 4 5
50 5 1
—1 9/2 3
1 ~_l92 38 2
Now, B='2'(A+A)—_3 2 5
y -0 52 -2
c=-(@A-A)=|-52 0 2
2 2 -2 0
-1 92 3 0 52 -2
A=B+C= 9/2 3 2|+ —'5/2 0 2
| 3 2 5 2 -2 0

where B is symmetric and Cis a skew-symmetric matrix.

1.19. ADJOINT OF A SQUARE MATRIX

The adjoint of a squafe matrix is the transpose of the matrix obtained by replacing each
element of A by its co-factor in | A |. Adjoint of A is briefly written as adj. A.

a; by ¢ Ay By G Ap Ay Ay
Thus, if A= {ag by cz} then adj. A = transpose of {Az B, C,|=|B; B; Bj
ag by c3 A; B; C;| |C; € G
where the capital letters denote the co-factors of corresponding small letters in

a]_ bl Cl
ag by cy
ag by c3

[A =

Note. If A is an n-rowed square matrix then
A (adj. A)=(adj. A) A= |A| L:
1.19.1. Properties of Adjoint

(1) If A and B are two non-singular square matrices of
j the same ord
adj. (AB) = (adj. B) (adj. A). order then
(2) If A is a non singular matrix of order n then
@) ladi. A|=1AP (i) adj. (adj. A) = | A 2 A (Gid) adj. AT = (adj. A"
1.20. INVERSE (or Reciprocal) OF A SQUARE MATRIX

Let A be an n-rowed square matrix. If there exists an -~

AB=BA =1 n-rowed square matrix B sugh that
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then the matrix A is said to be invertible and B is called the inverse (or feciprocal) of A.
The inverse of a square matri:; ifit exi'sts is unique. The necessary and sufficient condition for
a square matrix A to possess inverse is that A is non-singular i.e., |A| #0.

Note 1. Inverse of A is denoted by A, thus B = A~ and AA-1 = A-IA = 1.

dj.A
aIJAl ;| A =0. Note 3.|A1|=|A [

Note 2. A1 =

1.21. PROPERTIES OF INVERSE

(1) If A is invertible then so is A~! and (A1)l = A_
(2) If A and B are two non-singular square matrices of the same order then

(AB)1 =B-1 AL, (UKT.U, 2011)
(3) If A is a non-singular square matrix then so is A’ and (A’ = (ALY,
3 -3 4
Example 8. IfA = 3 -3 4|, @) find A1 (i) show that A3 = A1,
-1 1
3 -3 4
Sol. (7) |A| ={2 -8 4|=1 . A-lexists
0 -1 1

121" 0]
adj. A=|-2 3 -4
-2. 8 -3

. 1 <1° 0
A_1=adJ.A= 9 3 _
AL g - gl
3 -3 4][3 -3 4 3 -4 4
(ii) A2 =AxA=|2 -3 4||2 -3 4|=|0 -1 o0
. 0 -1 1/{0 -1 1| |-1 2 -3
3 -4 4|[ 83 -4 4] [10 0
CAt=AZxA2=|0 -1 0|l 0 -1 o0|=|0 1 0]=1
- CER g g o taga dggging
Now, A-A3S=A3-A=1 = A3=A-1l
TEST YOUR KNOWLEDGE
L. If Ais a square matrix, prove that
(@) A + A’ is symmetric. ' (i) A — A’ is skew-symmetric.

2. Prove that ,
(@) if A, B are symmetric, theniso is A+ B (ii) if A, B are skew-symmetric, then sois A + B
(iii) if A is a square matrix, then AA’ and A’A are both symmetric.
(iv) if A is symmetric, then B’ AB is symmetric.
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3. IfA=|a 0 4|andadj (adj.A)=A, finda. T.U 207
111 1
1 2 -1] 100 _ » o Rk
4 IfA=|3 0 2|andB=|2 10 , verify that (AB)' = B'A”
‘L4 5 0] 013
5. Prove that the following matrices are orthogonal. ;
| 8 4 1
-2 1 2] 1
(l)l 2 1 (i) g| 1 4 ‘8]
1 £ 3 4.7 4
6. Express each of the following matrices as the sum of a symmetric and a Skew'symmetric
matrix: . '
4 2 -3 ‘ NE a b
G| 13 -6 @) |c b b}
-5 0 -7 c a ¢
Answers
3. 3
4 3 -4 0o 2
6. | & 38 -3|+|-3 0 -3
—4 -3 -7 |-1.8 o0
a ta+o 106+0 0 Lt@-0 306-09
@) |ia+o b La+b|+|ie-a 0 F0-0
%(b+c) —%—(a+b) c %(c—b) %(a—b) 0

1.22. ELEMENTARY TRANSFORMATIONS (or Operations)

Any one of the following operations on a matrix is called an elementary transformation
(or E-operation).

(i) Interchange of two rows or two columns.
The interchange of it* and jt" rows is denoted by R
The interchange of it? and jth columns is denoted by C

(i1) Multiplication of (each element of) a row or column by a non-zero number k.
The multiplication of i*® row by & is denoted by R, (k).

The multiplication of i** column by % is denoted by C. (R).

(iif) Addition of k times the elements of a row (or column) to the correspondlng
elements of another row (or column), k # 0.

The addition of k times the jt* row to the ith row is denoted by R..(R).
- - - - Lj
The addition of k times the j*h column to the ith column is denoted by C;(k).

If a matrix B is obtained from a matrix A by one or more E-operations, then B is said to
be equivalent to A. Two equivalent matrices A and B are written as A ~ B.
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1.23. ELEMENTARY MATRICES

The matrix obtained from a unit matrix I by subjecting it to one of the B-operations is called
an elementary matrix.

10 0‘
eg. Let I=/0 1 O

0 01
100
Operating Ry; or Cy3 on I, we get the elementary matrix |0 0 1 . It is denoted by E,..
010

1.24. THEOREMS ON THE EFFECT OF E-OPERATIONS ON MATRICES

(a) Any E-row operation on the product of two matrices is equivalent to the same E-row
operation on the pre-factor.

If the E-row operation is denoted by R, then R(AB) =R(A) . B.

(b) Any E-column operation on the product of two matrices is equivalent to the same
E-column operation on the post-factor.

If the E-column operation is denoted by C, then C(AB)=A.C(B).

(c) Every E-row operation on a matrix is equivalent to pre-multiplication by the
corresponding E-matrix.

Thus, the effect of E-row opération Ru onA=E i - A
The effect of E-row operation R(k)onA=E(k) . A
The effect of E-rowr operation Rij(k) on A= Eij(k) .A.

(d) Every E-column operation on a matrix is equivalent to post-multiplication by the
corresponding E-matrix.

Thus, the effect of E-column opération Cij onA=A. Eij
The effect of E-column operation C(k)onA=A. {E:(R)}
The effect of E-column operation Cij(k) onA=A. Eij’(k).

(e) The inverse of an elementary matrix is an elementary matrix.

ILLUSTRATIVE EXAMPLES

; 1 3 3 -
Example 1. Transform {2 4 10‘.| into a unit matrix by using elementary transformations.

3 8 4.
(U.K.T.U. 2011)

' ; 1 3 3
Sol. We have 2 4 10
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-
b ooy
A—l: — 3 -1].
5/2 -3/2 12
Example 4. Find the inverse of the matrix M by applying elementary transformatiop,
| 02 1 3]
11 -1 -2
M=\|j12 o If
-1 1 2 6
Sol. Let M~1,

o= OO

= o OO
| ——

oo m~=O

o OO

O OO
===

»I—an—&ov—l
= DN DN =

|
N O = =

|
M = WO N
e )

3

—
SO O
O OO =

11-1-2][o 100
02 1 38/ |1 000
o1 1 3/7|lo -110
02 1 4| |0 1 01

Operating R, 1), Ry3(D)

1201 0O 010
0213 (1 000
0 113 0 -110
0001 |[-1 101
Operating Ry, (= 1)

1201 O 0 10

0100 |1 1-10

0 113 0 -1. 1.0

0 0 1 |-1 1 o0 1

Operating R,, (- 2), R32(¥ 1)

1] [-2 -2 3
ol | 1 1 -1
3| |-1 -2 2
1] [-1

cooOoH+
OO = O
OoO=OO
= = =]
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" Operating R,, (- 1), R;,(-3)

Hence,

1000] [-1 -3 3 _1
0100{ |1 1-1 o
00107 2-5 2 _3
000 1| |[-1 1 o 1

I~M-1
1 -3 3 -1
1 1 -1 o0

Mi=| o 5 9 _3

1 1 0 1
TEST YOUR KNOWLEDGE

312

1 2 3
1. Reduce the matrix A to triangular form, A = [2 5 7:| .

2. IfX, Y are non-singular matrices and B = [X 0] , show that B-1 = [X(;

0.Y

where O is a null matrix.

@

(iv)

(vit)

()

(aiz)

(xvi)

1 T
O WH. HN

1T

B DN 00

0)

1
Yl

1
2

gt ot O

14 14

10k
3. Find theinverse of the matrix|{0 1 0
' 0 01 0 1{|0 0 1
4. Find the inverse of the following matrices by using elementary row operations:

2 0 -1 2 1 -
51 0 @) |0 2 1 ((22))
0 1 3 5 2 -
T8 -1 1 2 1
-15 6 -5 |3 2 3 (vi)

5 -2 2 112
(3 -8 4 (12 5
2 -3 4 i) | 2 3 1 (i)
0 -1 1 -1 11

(A.K.T.U. 2014, 2019)

[1-8 :8] F1. 2 1]
1 4 3| )3 1 2 (€23
(1 3 4] [0 1 2]
1 2 3] (2 3 4] : .
2 4 5| (xiv) |4 3 1|(AKT.U. 2021) (xv)
3 5 6] 12 4
(1 1 1]

3 5 17 3 :

1 1 1 y i 1 2
5 7T 11 (xvu) 2 0 2
R -1 0 1
7 11 13|

(1.0 0][1 0 O
0 1 s||0 p O0]withoutfirst evaluating the product.
0

(8 4 3
1
1

0 -1
5
-6 -7
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find the inverse of the following nop.

5. Employing elementary row transformations, Singular
matrices:
- 2 1 -1
1231 1 -10 2 9
|13 32 al? 111 Gip| 7 2 2 -3
1111 3 -2 1 6 2 -3 -1 4
Answers
12 3 [1 0 =
. |01 1 3.0 1/p -s/p
00 -2 0 0 1
| g =1 = 1 -2 -1
T8 -1 1 8 -1 -3 o 1
4. G)|-15 6 -5 @|-5 1 2 @G| 1 -5 2
5 _2 2 (10 -1 -4 -3 12 o0
2 0 -1 ~1/4 38/4 -1] [ vio 310 ys
Gvy|5 1 0 w]| 84 -1/4 0 (vi) | 21/20 -17/20 -2/5
01 3 -1/4 -1/4 1) ' [-9/10 -3/10 /5
1 -1 0] 12 3 -13] 3 2 6
i) |-2 3 -4 . i) —|-3 6 9 (x)|1 1 2
_2 3 -3 21| 5 -3 -1 2 2 5
[ 7 -3 -3] Jo 38-3 1 o2 -1
@[-1 1 0 (xi)=| 6 -2 - . (xii) [-4 -7 4
-1 0 1 9-1 1 -5 -4 -9 5
[ 1 -3 2] A -10 4 9
(i) |-3 8 -1 (@) = 15 -4 -14
2 -1 0] 5 1 6
-5 a8 e 55125 - 48510 - 45045
@ | 1 3 65 2/5| @) 5335 48510 105875 - 35035
2 _3 35 15 -45045 -35035 154154
40 1-2
(xvit) —|-4 3i 2
41 0 1 2
5. () - - -5 -3 1 1 wn 11’52 5§ -2
- g % o @2 3 -1 o G 3gl-7 5 11 10
- -3 8 -3 -1 0 1 1 -2 10 5

1.26. RANK OF A MATRIX

~ . . . s
et Abeanymx n matrix, It has square sub-matrices of different orders. The determinants of
these square sub-matrices are called minors of A.

A matrix A is said to be of rank r if
(¥) it has at least one non-zero minor of order r.

(ip) all tl.le minors of order (r + 1) or higher than r are zéro.
Symbolically, rank of A = r is written as p(A) = r.
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From the definition of the rank of a matrix A, it follows that:
(i) If A is a null matrix, then p(A) = 0. [
(i7) If A is not a null matrix. then p(A) > 1.
(i1i) If A is a non-singular n X n matrix, then p(A) = n.

every minor of A has zero value.]

[~ TA] # 0 1s the largest minor of A.]
IfI isthe n X nunit matrix, then | I, | =120 = p(I,) = n.

(iv) If A is an m X n matrix, then p(A) < minimum of m and n.
(v) If all minors of order r are equal to zero, then p(A) < r.

1.27. METHODS OF FINDING RANK

To determine the rank of a matrix A, we adopt the following different methods:

(1) Start with the highest order minor (or minors) of A. Let their order be r. If any one
of them is non-zero, then p(A) =r.

If all of them are zero, start with minors of next lower order (r — 1) and so on till you
get a non-zero minor. The order of that minor is the rank of A.

This method usually involves a lot of computational work since we have to evaluate
several determinants.

(2) Normal form method. If A is an m X n matrix and by a series of elementary (row or

column or both) operations, it can be put into one of the following forms (called normal or
canonical forms):

0:0

Since the rank of a matrix is not changed as a result of elementary transformations, it
follows that

I, : O] (I,
{ ............ jl , {J 8 -0], (L], where I is the unit matrix of order r.
: 0

p(A) =r. [~ r*forder minor | I | =1#0]
This method is also called sweep out method or pivotal method.

Procedure to obtain normal form

(1) Interchange rows (or columns) to obtain a non-zero element in I row and I column of
given matrix.

(it) Make this non-zero element as 1.
(i) Obtain zeros in the remainder of I row and I column.
(iv) Repeat the above three steps starting with element in II row and II column.

(v) Continue the process down the main diagonal either until the end of diagonal is
reached or all the remaining elements of matrix are zero.

(3) Echelon form method. In this form of the matrix, each of the first r elements of
the leading diagonal is non-zero and every element below this diagonal/r*® row is zero. A matrix
is reduced in Echelon form as |

(i) The first non-zero element in a row should be unity (if possible).

(i7) All the non-zero rows, if any, precede the zero rows.

The rank of the matrix is equal to the number of non-zero diagonal elements or the
humber of non zero rows (as the case may be) when it has been reducedl to Behelon form,

In other words, a matrix A = [aij] is an Echelon matrix or is sgud to be in Echelon
form if the number of zeros preceding the first non-zero entry of a row increases row by row

until only zero rows remain.
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In row reduced Echelon form (row canonical form) of the matrix, the first nop
entry of a row is unity and are the only non-zero entry in their respective co]

Umng,
Further, any matrix can be transformed to a column Echelon form (CEF) b,
of elementary column transformations.

We say that a matrix is in CEF if Y Sequeng,
(i) all zero columns are on the right

(ii) the first (if we go down from the top) non-zero entry in each column is 1.
(iii) if j > i, then the Jeading one of the column c; appears below that of ..

1 0 O O 0 0 () 0
0 1 0 ’ 1 0 ’ [1 () 0]

A matrix is said to be in a column reduced Echelon form if it is in CEF and additi onally
any row containing the leading one of a column consists of all zeros except this leading one, 1,
above examples, first and third matrices are in column reduced echelon form.

1.28. FOR AN m x n MATRIX A, TO FIND SQUARE MATRICES P AND Q OF ORDERS
m AND n RESPECTIVELY, SUCH THAT PAQ IS IN THE NORMAL FORM

—

.zero

Method. Write A = TAL

Reduce the matrix on LHS to normal form by affecting elementary row and/or column
transformations.

Every elementary row transformation on A must be accompanied by the same transfor-
mation on the pre-factor on RHS.

Every elementary column transformation on A must be accompanied by the same trans-
formation on the post-factor on RHS.

1.29. RANK-NULLITY THEOREM (A.K.T.U. 2021)

If A is an m x n order matrix over some field then
rank (A) +nul (A) =n

This applies to linear maps also. Let V be a finite dimensional vector space and W be a
vector space over some field. Let T:V — W be a linear map, then

rank (T) + nul (T) = dim (V)

where the rank of T is the dimension of the image of T and nullity of T is the dimension
of the kernel of T.

ILLUSTRATIVE EXAMPLES

Example 1. Find the rank of the matrix

(i)[1234] 1 2 3
-2 0 5 7 Gi)|1 4 2
12 6 5 :
2 3 4 -1 2 3 -1 -1
Gi)| &5 2 0_1} iy |1 71 -2 -4
-4 5 12 -7 3- 1 8 -2f
|6 g 97

1
L

~
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> Sol. (l) Here, A_I:_z 0 5 7]

Operating R,, (2)
12 38 4
0 4 11 15

p(A) = number of non-zero rows =

1 2 3
A=|1 4 2
2 6 5

Al =0 - pA)=3

which is Echelon form.

(i7) Here,

A 2 X 2 order minor is i il=2¢0
p(A) = 2
2 3 4:-1
(tit) Here, A=| 52 0 -
-4 5 12 -1

Operating Ry, - 2)

. 2 3 4 -1]
~ 1 -4 -8 1
-4 5 12 -1
Operating R,

1 -4 -8 ﬂ
~1 2 3 4 -1

-4 5 12 -1
Operating R,, (- 2), Ry, @
(1 -4 -8 1
~10 11 20 -3
, |0 -11 -20 3
Operating Ry, (1)

1 -4 -8 1
~10 11 20 -
0

which is Echelon form.

pA) = 2
| 2 3 -1 -1
(iv) Here A=|L ~Ll. =3¢

3 1 3 _9 is a 4 X 4 matrix.

6 3 0 -7

23

| By definition

p(A) < 4.
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Operating R,
1 -1 -2 -4
2 3 -1 -1
A-lg 1 3 -2
6 3 0 =T
Operating Cy,(1). C,,(2), C,(4)
10 0 O]
|25 8 7
3 4 9 10
6 9 12 17
Operating R, (- 2), Ry, (- 3), R, 6)
‘10 0 O]
05 3 17
“lo 4 9 10
0 9 12 17]
Operating Ry, (- 1), R;3(-2)
10 0 O
0 1-6 -3
“lo 4 9 10
0 1 -6 -3
Operating C,,(6), C 12(3)
10 0 O]
o1 0 0
0 4 33 22
0 1 0 0]
Operating R,,(— 4), R,(-1)
10 0 O]
o1 0 o0
0 0 33 22
00 0 O
. 1
Operating C, | —
perating C, (33)
100 0
o010 0
0 0 1 22
000 o
Operating C 43(— 22)
1 0 0 : 0
010 :o0f (I Oy,
RS RE { ............... ? }
.................... 0
000 :o|l " 7 Oua

which is normal form.
p(A) =3.
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Example 2. Use elementary transformations to reduce the following matrix A to
triangular form and hence find the rank of A. :

[2 3 -1 -1

|1 -1 -2 _4

A=l3 1 3 _»

6 3 o0 -7

Sol. We have,

[2 3 -1 -1]

_|1 -1 -2 —4

A= 3 1 3 -2

6 3 0 -7

Operating R,

|2 8k-3iq
3 1 3 -2
6 3 0 -7

Operating R,; (- 2), Ry,(- 3), R, (-6)
1 -1 -2 —4]

_lo 5 3 7
0 4 9 10
0 9 12 17

Operating R,,(- 1)
‘ (1 -1 -2 -4]
0 1 -6 -3
“l0 4 9 10
0 9 12 17

Operating Ry,(- 4), R (- 9).

(1 -1 -2 —4]
|0 1 -6 -3
0 0 33 22
0 0 66 44

Operating R (- 2)
[1 -1 -2 —4]
0 1 -6 -3
{0 o0 33 22
0 0 0 o

which is upper triangular form.
; RN p(A) = 3.
Example 8. Find the rank of matrix

2 3 -2 4
| 83 -2 1 2
A'3234

-2 4 0 5
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Sbl. We have

~ Operating Ry; (= 1)

Operating R,y

Operating R, (- 2), Rq,(-

Operating R,, (2) -

9 38 -2 4
g -2 1 2
3 2 38 4
-2 4 065
9 3 -2 4]
1 -5 8 -2
g 2 38 4
-2 4 0 5
-1 -5 3 -~2]
9 8 -2 4
3 2 38 4
-2 4 0 5
3), Ry(2)
1 -5 3 -2
0 13 -8 8
0 17 -6 10
0 -6 6 1
1 -5 3 -2
0 1 4 10
0 17 -6 .10
0 -6 61

Operating R, (- 17), R,,(6)

~

5
Operating R,, (E]

Operating R,; (- 30)

which is Echelon form.
pA) =

1 -5 3 -2
0 1 4 10
0 0 -74 -160
0 0 30 - 61

1 -5 3 -2

0 1 4 10
00 0 1 -15/2
0 0 30 61
[1 -5 3 -2

0 1 4 10

0 0 1 -15/2

0 0 0 286|
4.

W
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Example 4. (1) Reduce the matrix A to its normal form when
1 2 -1 4
_| 2 4 3 4
A=l 1 2 3 4|
=1 =@ & ~F
Hence find the rank of A.

(A.K.T.U. 2019)
(it) Reduce the matrix A to its normal form and hence find its rank, where

2 1 -3 -6
A=|3 -3 1 2|
1 1 1 2
Sol. (i)

Pivot element 4_ 2 -1 4
Al 2 4 3 4
4
7

1 2 3
-1 -2 6 -
Operating R, (- 2), Ry, (- 1), R,,(2)
12 -1 4
10 0 5 -4
00 4 0
00 5 -3

Operating C,,(-2), C;, (D), C a4

100 0
- 10 0 5 -4
004 O
0 0 5 -
Ope-arating Con
1 0 0 O0f.
|0 5 0 -
040 O
0 50 -
Operating Ry,-1)
S 100 O
Pivot element 0 0 -
1040 0
0 56 0 -

Operating R,,(- 4), R 49(—5)

(el B e I )
I ’
Pt
el o
_ 1

OO K=
SO O
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Operating C,,(4)
100 O
o010 0
“lo 0 0 16
0 0 0 17
Operating C,
10 00
{01 00
0 0 16 0
0 0 17 0
: 15
.Operating R.,, | -—
P g 34( 17)
10 00
o1 00
Pivot element - l_g 8J1; |g

Operating R, (- 17)

--------------------

0 0 0 : 0]
[ 1, 0]
S which is normal form.

|0 : 0

Hence p(A) =3.
2 1 -3 -6]

(i) A=|3 -3 1 2
1 1 1 2

Operating R, 4

1 1 1 2]
~13 -3 1 2
2 1 -3 -6

Operating R,, (- 3), R;,(- 2)

1 1 1 2
~|0 -6 -2 _4
0 -1 -5 -10
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Operatmg Cn( 1), C; (= 1), 041(— 2)

1 0 0 0
~10 -6 -2 -4
0 -1 -5 -10
Operating R,(- 1), Ry,(- 1)
(1 0 0 0]
~10 6 2 4
0 15 10
Operating R,,
[1 0 0 0]
~10 1 5 10
0 6 2 4]
Operating R,,(- 6)
(1 0 0 0]
~10 1 5 10
0 0 -28 - 56 |
Operating C,.(- 5), C 42(— 10)
10 0 0]
~10 1 0 0
0 0 -28 -56]
opesting 2, (1)
perating “28
(1 0 00
~/10 1 0 0
0 0 1 2
Operating C;-2)
fL 00 :0
~{0 10 : 0
001 : 0f
~ I, OI which is normal form.
Hence p(A)

Example 5. For the matri» A =

Sol. We write

r
I
4
l

1
1
0

that PAQ is in the normal form.

1
2
b |

Operating C, = 1), C (-

1
1 . find non-singular matrices P and Q such
L0

-—-**"‘—1
~ o~

bt

A=LAIL,

21 [1 00 100
3[=10 1 0[A(0 1 0
-1/ [0 0 1 0 01

2) (subjecting the post-factor on RHS to same operations)
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1 -1 -2

1 0 O 100
_lo 1 0[A|O 1. 0
[111}{ D g o1

0o -1 -1 0 01

1) (subjecting the pre-fac

-1 -2
1 0 O 100 1
0o -1 -1 oo [0 0 1
1) (subjecting the post-factor on RHS to same operation)

1 00 10 o] 1 -1 -1
o 10|/=[-110 Al0o 1 -1
0 -10 00 1_‘ o 0 1
g the pre-factor on RHS to same operation)

tor on RHS to same operation)

Operating Ry, (-

Operating Csy(—

Operating Rg,(1) (subjectin,

00 [100] [1-1-
0 1 0l= -1 1 0 A O 1 -
000l |-110 [0 0 1
. (') 100 1 -1 -1
= I:OZ 02XJ}=PAQ where P=[-1: 10 andQ= 0 1 -1]§.
ixz Y1 - -1 0 0 1
¥y 3 -3 4
Example 6. IfA = g ~3 4|, determine two non-singular matrices P and @ such that
: =11

PAQ =I. Hence find A7
Sol. Let A=1,Al

3 -3 4] |1 0 0] |1 0O
2 -3 4(=|/0 1 0[A|0 1 O
0

-1 1] [0 01] [0.01

1 OO:IF]__]_O 10 0
2 -3 4/=[0 1 0|A|0 1 0
EHSNH
- OO}Pl—IO 100
-3 4/=1-2 3 0|A|0 1 0
0 -1 1] [0 OJ[OOIJ
Operating R,, (— 4) ‘

1 00
0 1 0|=|-
0 -1 1

Operating R;,(- 1)

" Operating R, (— 2)

o o
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Operating Cy,(1)

100 [1-1 0] 100
0 10|=[-2 3 —4|Al0 1 0
0 01 0 0 1 011
B I=PAQ
S Y
=|-2 3 —-4| and =
where P - nd Q 511
Now, PAQ-=I
Pre-multiplying by P,
P-1 PAQ = P!
AQ=P1 |+ P1P=]
Post-multiplying by P,
AQP =1
Pre-multiplying by A1,
QP =A"1

100l 1 -1 o 1.=1; 0]
Al=10 1 0||-2 3 —-4|=|-2 3 —4/.
011l 0 o 1 iy AR e

Example 7. Prove that the points (x » Y1 (&g ¥,5) and (x4, y,) are collinear if and only if

x1 ¥ 1
the rank of the matrix |x, vy, 1| is less than three.
X3 ¥z 1

Sol. The condition is necessary

We are given that the points (x,5);i=1,2, 3 are collinear. We are to prove that the

x y1 1
rank of matrix |x, y, 1|isless than three.
x3 y3 1

Since the points are collinear, therefore, the area of the triangle formed by these points
1S zero.

11%1 7 1‘ 1 y1 1
Hence Exz Yo 11=0 : = Xo Yo 1/=0
X3 Y3 1| xg y3 1
[xl Y1 1}
= The rank of matrix [x, 1y, 1|islessthan 3.
x3 y3 1

Hence the condition is necessary.
The condition is sufficient.
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that the points (x, ¥;) 5 1 =

hence

X1
X9
X3

X

= 1x1
= | X2
2

X3

)1
Y2

Y3

‘y1
Y2
Y3

Xy N

We are given that the rank of the matrix \sz b2
x3 V3

x; yp 1
1, 2, 3 are collinear. Since rank of matrix {xz Y9 11\ is less t

Hence the given points are collinear.
The condition is sufficient.
Example 8. Show that:

@) rank (AA) =rank (A)

Sol. (i) Let B=AA’, then

Now,

From (1) and (2),

(ii) Let

Again,
=
Now,

Combining (1) and (2), we get

=

P(A) =p(C)
P(A) = p(AA¥).

1
1| is less than 3 and we
i\ are tg prOVe

h
xg ¥z 1 ang,

(ii) rank (A) = rank (AA¥).

p(B) = p(AA)
<p (A | *~ Rank of a product of two matrices cannot
exceed the rank of either matrix.
p(B) < p(A) (1)
- B=AA’
A IB=A'
p(A) = p(A) = p(A~1B) A matrix and its transpose
<p(B) : have the same rank.
- pA) <p®B) 2
p(A) =p(B) = p(AA).
C =AA*
p(C) = p(AA*) < p(A)
p(C) <p(A) e
C = AA*
A-IC = A*
P(A) =p(A*) =p(A~10) | p(a)=p@”
<O
p(A) <p(C) (2
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TEST YOUR KNOWLEDGE
Find the rank of the matrices
9 -1 0 5 ;-2 8 184 & 3439
(i)[o "3._1 4} (1) g g 17 @)y |1 2 6 7 @)|3 g 1 3
0
| 150 10 . 68 7 5
. Find the rank of
: l -12 -3 o
[3-12 14 10 2 iy
@|-6 2 4 ) (iii) 1 1]
_3 1 9 0 30 4 31 0 2
0 10 2 11-2 o
(UK.T.U. 2012)
Find the rank of the following matrices:
12 2 2 - 2
3 11 1 5 2223242 5 3 14 4
) W [29 3% 4% 5
@ 5 13 -1 -11 (i) g2 42 g2 g2 @)lo 1 3 1f.
1 15 -1 2 1)
) ) -1 1 -3 -3 . 1.
() Reduce the matrix A = 1 0 1 g9t column echelon form and find its rank.
1 -1 3 3
(t7) Reduce A to Echelon form and then to its row canonical form
1 3 -1 2
0 11 -5 3
where A=lg _§ 3 1
4 1 15
Hence find the rank of A. . (U.P.T.U. 2015)
Using elementary transformation, reduce the following matrices to the canonical form:
0 0 0 0 0 K 4 -12 8 9 120 -1
10 1 2 38 4 |0 2. -6 .2.-5 4 1 9
©lo 2341 @lo 1 -3 6 4 b 5
0 3 4 1 2 0 -8 24 3 1
120 e
Gv)|3 4 1 2 (v) : . : (UK.T.U. 2010)
4312 L & o4 4
Z : -1 -2 6 -7

(1) Find non-singular matrices P and Q such that PAQ is in the normal form for the matrix

1 -1 -1
A=(1 1 1
3 1 1

() Find non-singular matrices P and Q such that PAQ is in normal form of the matrix and

1 2 3 =2
hence find the rank of matrix A = [2 -2 1 3 (U.P.T.U. 2015)

3 04 1
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. ivalent to A =
(iii) Obtain a matrix N in the normal form equiva

cocoo

r matrices P an

1 -singula
Hence find non-sing e Q suc

(iv) Find non-singular matri

11 2]
011 'U'2021)
7. Find the rank of the following matrices using elementary transformations:
3 4
) 4 5 Lo
1 -3 1 2 1z 3 | 2 43
@Glo 12 3 (w)[2 3 ‘i 12 ; 1 g6 2
3 4 1 -2 . 5 8 1 1 -1 29 -3
(G.B.T.U. 2010)
g -1 3 -1
1 2 3 1 1 2 -3 -1
Gv)|2 4 6 2 | 1 0o 1 1f AKTU 201y
12 3 2 0o 1 1 -1
8. TFind the rank of the following matrices by reducing it to normal form (or canonical form):
FE 1282 22 -1¢ 3
Wlg 1 12 (i) ? g Z 51 @171 233
1 2 01 . 02 52 -3
3 2 -1 0 1 2 -2 1 2 -1 3
) |4 2 6 (v) |4 2 6 )| 2 4 -4 7
7 4 5 2 13 1 -1 -2 -1 -2
(A.K.T.U. 2016)
_ 0 1 2 -1
5 3 14 4 121 0 18 1.1
wiplo 1 2 1 (i) |-2 4 3 0 @37 o af
1 -1 20 10 2 -8
- - 11-2 0
(G.B.T.U. 2011) (U.P.T.U. 2015) (AK.T.U. 2019
(6 1 3 8 1 1 2 3 |
-1 -3 3 -1
4 2 6 -1 . |1 3 0 3]
@l 3 9 7 )] _9 _3 _3] (i) | 1 35[ ‘é _g
16 4 12 15] 12 3J -

1 1 1

a® b3

1

d Q such that PAQ =N.
h that PAQ 1s1n normal form for the Matry X
Whel‘e

(=R R )

9. Find the rank of the matrix A = { a b c J ; @, b, ¢ being all real
3|’ 7 .

10. S}.IOW- that the rank of a skew-symmetric matrix cannot be unity.
11. () Find all values of p for which rank of the matrix

p -1 0 0

A=| O B -1 o],
0 0 p -1 1s equal to 3.

-6 11 -6 1

A
THEMATIQS

0
0
=1
1

O~ OUlO
N O O

1

p—t

(U.P.I.U. 2010
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12.

13.

14.
15.

16.

o N

(ii) Find the value of P for which the matrix

3 PP
A=|P 3 P
P P 3

is of rank 1.

Under what condition, the rank of the following matrix A ig 3?
Is it possible for the rank to be 1? Why?

A=

2 2 2

3 3 3

15 4
2 3 10

2 4 2
3 1 2{.
1 0 «

M.T.U. 2012)

111 '
}, B= { }, find rank of A, rank of B, rank of A + B and rank of AB.

Show that if A is a non-zero column matrix and B is a non-zero row matrix then p(AB) = 1.
(1) Show that the rank of the transpose of a matrix is the same as that of the original matrix.
(i) Prove that for a m X n matrix, whose every element is 1, the rank is one.

Find the rank of the matrix -

by reducing it to normal form.

@) 2
@) 2
@) 3
(i) 2

@) 2
() 4
@) 3
@) 2

.....................

= O

0
-1
10
0

LivoQ]
5 -4
-50 41|’
0 0

@) P=

1
-1

I 00
1 0],
[ 1 -1 1

(i) 2

(v P=

(@) 3

co D W B

OREH=HOO

o N NN

.....................

.....................

() 3-

(iid) [T

o O O
|

o O o=

! —

ocn|;—ac>|»-¢cn|"‘

1
0
0
0
0

34
- 659
-351

@iv) 2

(A.K.T.U. 2020)

3" ng1]

(3]
[ ) c:l»—*»—*l"‘

1p(A) =2

v) 3
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8 (3 (i) 2 (iii) 3 (i) i ) 2
(vi) 2 (vii) 8 (viii) 3 (i) @) 2
(xi) 3 (xii) 3
‘ 20 =
‘, 9. pA)=8ifarbzcandatb+c=0; p(A)—-21fa-¢b-¢canda b+ec=0
| Also p(A) = 2if a = b # ¢ while p(A) = 1 ifa=b=¢ "
1L (Op=123 (i) P=3 12, x = 8/6 ; No
18. p(A)=8,p®B)=1,p(A+B)=8,p@AB) =1L
16. 3 :

1.30. SOLUTION OF A SYSTEM OF LINEAR EQUATIONS

ax +byy+c1Z2= dy
Consider the system of equations apx + byy + €2 = d

agx + bsy +Cg2 =d3
In matrix notation, these equations can be written as

(3 equations in 3 unknowng)

ap b c|[x] |9
Qg by cy||Y|= d2
Qg b3 C3 [L”. dS
or

AX=B
ap by ¢ | , _ .
« where A =|ag by cy|is called the co-efficient matrix, X = | ¥ | is the column matrix of
Qg bs Cg 4
d, _ '
unknowns, B = | d, | is the column matrix of constants.
dg |

Ifd,=dy,=dy=0,thenB= O and the matrix equation AX = B reduces to AX =0,

Such a system of equations is called a system of homogeneous linear equations.
If at least one of d;, d,, dg is non-zero, then B # O.

Such a system of equations is called a system of non-homogeneous linear equations,

§
| Y
x| [o o
such that X = [y]=[ﬁi\ .Thenx=o0,y=08,z=1. 4 |
z Y

The matrix equation AX = B need not always have a solution. It may have no solution 0f
a unique solution or an infinite number of solutions.

. A o
Solving the matrix equation AX = B means finding X, i.e., finding a column matrix[ J

A system of equations having no solution is called an inconsistent system of equations

.A system of equations having one or more solution is called a consistent system of
equations.

For a system of non-homogeneous linear equations AX = B.
(@) if p[A : B] # p(A), the system is inconsistent.

@i1) if p[A @ B] = p(A) = number of unknowns, the system has a unique solution.

@iit) p[A: B] =p(A) < number of unknowns, the system has an infinite number of solution®

-

—
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The matrix [A : B] in which the elements of A and B are written side by side is called the
augmented matrix.

A system of non-homogeneous linear equations

AX=B

Find p (A) and p [A : B]

p@A)=plA:B] pA)#p[A:B]

Solution exists, system
is consistent

l

pA)=p[A:B] p (A) =p [A: B] <n (no. of unknowns)
= n(no. of unknowns)

No solution, system
is inconsistent

Unique Infinite no. of .
solution solutions

For a system of homogeneous linear equations AX =0

() X =0 is always a solution. This solution in which each unknown has the value zero

is called the Null Solution or the Trivial Solution. Thus, a homogeneous system is always
consistent.

A system of homogeneous linear equations has either the trivial solution or an infinite
number of solutions.

(i) if p (A) = number of unknowns, the system has only the trivial solution.

(iii) if p (A) < number of unknowns, the system has an infinite number of non-trivial
solutions.

A system of homogeneous linear equations
AX=0

v

Always has a

solution
find p (A)
\
p(A) = n(no. of unknowns) p (A) < n (no. of unknowns)
Unique or trivial Infinite no. of non-trivial
solution : solutions
(each unknown equal to zero)
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| %
ILLUSTRATIVE EXAMPLES i

the simultaneous equations:

Example 1. Solve, with the help of matrices, o
x+y+z=3 x+2y +832=4,x+4y+92=6.

111 :3
123 : 4

Sol. Augmented matrix [A: B] = L 496

Operating R, (- 1), Ry, (= 1)

111 :3
~01 2 :1
0 3 8:3

Operating R32(— 3)

=

111 :
~(0 1 2 :1
002:0
p[A:B]=3. Alsop(A)=3.

Smce p[A : B] =p(A) = 3 (number of unknowns).
Hence the given system of equatmns is consistent and has a unique solution.

Equivalent system of equations is

x+y+z=3
y+2z=1
2z=0
= x=2,y=1,z=0.
Example 2. Solve the system of equations using matrix method:
2%, + %y +2x5+%,=6, 6x; — 6x, + 6x5 + 12x, = 36,

dx,+ 3%y + 32, - 3x,=-1, 2x1+2x2—x3+x4=10.

Sol. Augmented matrix,

219 1V g
6 -6 12 : 36
[A:Bl=14. 3 3 _3: _1
2 2 -1 1: 10

Operating R21(— 3), R31(— 2): R41(_ 1)

2 1 2 1: ¢
0 -9 0 9 : 18
0 1 -1 -5 : -13
0 1 -3 0: 4

~
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Operating R, (— él-)

(2 1 2 1 : 6
o1 0 -1 —g
01 -1-5:-18
01 -3 0: 4
Operating Ra,(— 1), Ry (= 1)
(2 1 2 1 : 6
o1 0 -1 2
0 0 -1 -4 -11
00 -3 1: &6
Operating R 4(— 3)
2 1.2 6
o1 0 -1 -2
0 0 -1 -4 : —-11
0 0. 0 13 : 39

which is echelon form
-3 p[A:B]=4. Alsop(A) =
Since p[A : B] = p(A) = 4 (number of variables).
Hence the system of equations is consistent and has a unique solution.
Equivalent system of equations is
2%, tx,+2x,+x,=6

Xog— %y =—2
—x;—4x, =-11
13x, =39
On solving, we get x,=2,%=1x=-1x,=3.

Example 3. Using matrix method, show that the equations
Bx+3y+22=1,x+2y=4,10y +32=-2,2x-83y—2z=5
are consistent and hence obtain the solutions for x, y and z. [U.K.T.U. 2010]
Sol. Augmented matrix '

3 3 2 1

m_l1 2 0 4

A:BI=19 10 3 i -2

2 -3 -1 5

Operating R,,

1 2 0: 4
13 8 2: 1
0 10 3 : -2
2 -3 -1 : b
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Operating R, (- 3), R, (-2)

1 2 0 : 4
0o -3 2 : -11
“lo 10 3 i -2
0o -7 -1 - 3J
Operating Rg,(3), Ro(—2) ]
1 2 0 : 4
0 -3 2 : -11
~lo 1 9 : -3b
0 -1 -5 ¢ 19]
Operating R, (- 2), Ryq(3), Ry3 (1)
1 0 -18 : 74
00 29 : -116
o1 9 - 35
0 0 4 : -16
Operating Ryg R, G:)
10 -18 : 74
0 1 9 : =35
“lo 0 29 : -116
00 1 . -4
Operating R, [_ _l_j
29
1 0 -18 74
_10 1 9 -35
0 0 29 -116
00 0 0

which is echelon form.
p[A:B]=3 and pA)=3
Since p[A : B] = p(A) = 3 (number of variables).
The given system of equations is consistent and has a unique solution.
Equivalent system of equations is
x —18z2="74
y+9z=-3b6
29z=-116
= x=2,y=1,z=-4,
Example 4. Test the consistency of following system of linear eduations and hence
find the solution, if exists:
| @ dxy - x5 = 12 (&) Ta; + 2%y + 3x3 = 16
| - %X, + 6%y -2x3=0 . 2%y + 11xy + bxg = 25
| - 2%y + dx3 = - 8 X, + 3%, + 4x, = 13
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Sol. () Augmented matrix

[A:Bl=|-1 5 -2 ¢ ¢

4 -1 0 12
| 0 -2 4 i -8

Operating R;5(3)

~|-1 5 -2 i 0
| 0 -2 4 : -8

1 14 -¢ 1?}
Operating Ry,
~lo 19 -8 : 12

0 -2 4 : -8

Operating R, (9)

~10 1 28 : -60]

1 14 -6 : 12
0 -2 4 : -8

Operating R, (2)

~10 1 28 : -60
0 0 60 : -128

1 14 -6 : 12]

which is echelon form.
A p(A:B)=3 and pA) =3
Smce p(A) = p(A : B) = 3 = number of variables,
The given system of equations is consistent and has a unique solution.
Equivalent system of equations is
% + 14 x, — 6x3 = 12
 x, + 28x, = — 60

60x, = — 128
_ 32 4 _44

(if) Augmented matrix
7 2 3 : 16
[A:B]=|2 11 5 i 25
3 4 : 13
Operating R,
1 3 4 i 13
~12 11 5 : 25
7 2 3 : 16
Operating R,, (- 2), R,, (= 7)

1 3 4 : 13
~10 5 -3 : -

0 -19 -25 i -75
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Operating R,(4)

1 3 4 I3
0 20 -12 i -4
~ 0 -19 ~-26 ~ 75

Operating R,.(1

perating R,,(1) 9 ] 4 13
~ 10 1 -87 : -79
0 -19 -26 : =75

Operating R,, (19)

13 4 i 13
~(0 1 =387 : -T79
0 0 -728 i 1576

which is echelon form

% p(A:B) =3 and p(A) =3

Since p(A) = p(A : B) = 3 = number of variables, hence the given system of lingg,
equations is consistent.

I

Equivalent system of equations is
x; + 3x, + dx, = 13
Xg — 3Tx3 =179
~ 728 x, = 1576
o197 100 9
91772 917717 91
Example 5. Show that the system of equations

X+ty+z=-3 3x+y-22=-2 9« t+4y + 7z =7 is not consistent.
Sol. Augmented matrix,

=

[A:B]Z[

DN WO
e e
|
~N DN

(.
B0 e

Operating R, - 3), R, (-2
11 1 _
~10 -2 -5 : 7J

Operating R, (1)

which is echelon form,

- PLA:B]=3 and p(A) =2
We observe that

P(A) = p(B)
Hence the system of given quations is inconsistent and has no solution.
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Example 6. Investigate for consistency of the following equations and if possible, find
the solutions: .

4dx -2y + 62 =8
x+y-3z=-1
15x -3y + 9z = 21.
Sol. Augmented matrix,
4 -2 6 : 8
[A:B]J={ 1 1 -3 : -1
15 -3 9 : 21

Operating R,
1 1 -3: -1
~14 -2 6 : 8
15 -3 9 : 21

Operating R,, (- 4), R, (- 15)

1 1 -3 : -1
~10 -6 18 : 12
0 -18 54 : 36

Operating R,,(-3)

1 1 -3 : -1
~10 -6 18 : 12
0 0 o0: o
; p[A:B]=2 and pA)=2
Since p[A: B] =p(A) =2 (< number of variables).

Hence the given system of equations is consistent but has infinite number of solutions.
Equivalent system of equations is

x+y—-3z=-1 ...(1)
—6y+182=12 | (2
Let z =k then from (2), y=3k-2 |
From (1), x+8k-2-8k=-1 = x=1
Hence the solutions are

x=1,y=3k—2 and z=k where k is arbitrary.

Note. If the system of equations reduces to only one equation, we let any two unknowns as
arbitrary constants.

Example 7. (i) Apply the matrix method to solve the system of equations -
x+2y —2=3,3x-y+22=1,2x-2y+32=2,x-y +z=-1. (UP.T.U. 2014)
(ii) Test for the consistency of the following system of equations:
X, +2x,+3x, +4x, =5
6x, + 7x, + 8x, + 9x, = 10
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1lx, +12x, + 13x,+ 14%,= 15

16x, + 17k, + 18x3 + 19x, =20

2lx, + 22x, + 23x,+ 24x, = 25.
Sol. (i) Augmented matrix,

i 2 -1 3
|13 -1 2 : 1
[A:B]= 2 -2 8: 2
1 -1 1: -1
Operating R, (- 3), Ry, (- 2), R (= 1)
1 2 -1 3]
0o -7 5 : -8
“lo -6 5 i -4
0 -3 2 i —4]
Operating R, (=1)
1 2 -1 3]
0 -7 5 -8
“lo 1 0 4
0 -3 2 -4
Operating R,
1 2 -1 3]
0 1 0 4
10 -7 5 : -8
0 -3 2 i —4]
Operating R,,(7). R,, (3)
R RS TR |
|01 0 4
0 0 5 1 20
00 2 : 8
Operating R,; (— 2/5) -
[1 2 -1 : 3]
" |01 0 : 4
00 5 : 20
0 0 0 0]

which is echelon fé)rfn. L ‘
- | p(A:B)=3 and p(A)=3
Since p(A : B) = p(A) = 3 (= no. of variables).
Hence the given system of equations is consistent and has a unique solution.

Equivalent system of equations is

x+2y—2z=3 (1)
y=4 .2
5z = 20. ..(3)
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On solving, we get x=—1,y=4,2=4,
(if) Augmented matrix,
(1 2 3 4 ! 5]
6 7 8 9 i 10
|11 12 13 14 : 15
[A:Bl=|16 17 18 19 : 20
121 22 23 24 : 25 |
Operating Ry, (- 1), Ry; (- 1), R; (= 1), R;; (- 1)
(1 2 3 4 : 5]
5 5§ 5 5 : 5
~110 10 10 10 : 10

15 15 15 15 : 15
20 20 20 20 : 20

Operating Rg, (- 2), Ry, (- 3), R, (- 4)

12 3 4 : 5]
5 56 5 5 : 5
~10 000 :0
0 00O0GC:0O0
00 00 : 0]
Operating R,, (- 5)
1 2 3 4 : 5]
0 -5 -10 -15 : -20
~10 O 0 0 : 0
0 O 0 0 : 0
0 O 0 0 : 0]

which is echelon form.
s~ pA:B)=2 and p(A)=2
Since p(A : B) = p(A) = 2 (< no. of variables)
The given system of equations is consistent and has infinite number of solutions.

Example 8. Investigate, for what values of A and L do the system of equations
xXty+z=6, x+2y+32=10, x+2y+Az=p _
have (i) no solution (it) unique solution (iii) infinite solutions? (A‘.I'(.T.U. 2016, 2018)

1 11: 6
Sol. Augmented matrix [A:B]=|1 2 3 : 10,

12 A : pn
Operating R,,(- 1), Ry, (— 1)

11 1 : 6
~lo1 2 : 4
01 A-1: p-=86
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Operating Rg(— 1)

S O+
O =

1 4 6
- g 4
o p—10
CaseI.Ifl=3,p¢1O

p(A) =2, p[A:B]=3
p(A) # p[A:B]

The system has no solution.

Case IL If A # 3, p may have any
p(A) = p[A:B]
The system has unique solution.

Case IIL IfA=3, 1 =10
p(A) =p[A:B]
The system has an infinite number of solutions.
Example 9. Determine the values of A and N such that the sy.s't'errz 2_x —-5y+2:=¢g
2x+ 4y +62=5,x+ 2y +A\z =W has (i) no solution (ii) @ unique solution (iit) infinite number of

solutions.
Sol. Augmented matrix,

value
= g = number of unknowns.

— 9 < number of unknowns.

2 -5 2 ; 8

[A:B]=|2 4 6 ! 5
1 2 % i
1

Operating R, (_ l)

& 2

| 0 0 -3 : p-
Case L If A=3 1x5 H—5/2

P(A)=2,p(A:B)=3
P(A) = p(A : B)
The system has no solution.
Case IL. If L # 3, K may have any value
- Sp;il; ;;(aAS :aB) =.3( = To. of variables).
Case IIL If A = 3, p= 151/1;1"1“9 e
P(A)=pA:B)=

2 "
The system has an in (<no. of variableg).

finite no, of solutiong
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| _ 3 -2 1|[x b
Example 10. Determine the values of a and b for which the system 5 -8 9 = }

y 3
2 1 a

/ Zz 1

has . . o
(i) @ unique solution (it) no solution (iii) infinitely many solutions.

3 -2 1:
Sol. Augmented matrix [A:B]=|5 -8 9 : 3
2 1 a @ —

1 -3 1-a : b+1
~|5 -8 9 3
2 1 g fa=]
Operating R,;(- 5), Ry, (= 2)

Operating R;; (= 1)

1T =8 . deayi © 5all
~l0 7 4+Ba i Zgp-9
0 7 -2+3a i -%-3

Operating R,,(— 1)

11 w8 o Lsghd ool
~10 7 4454 @ —Bb-2
0 0 -6-2a i 3b-1

Case L. If ¢ # — 3; b may have any value
p(A) = p[A : B] = 3(= no. of variables).
The system has a unique solution.

1
CaseIL. Ifa =—3 andb;tg then p(A) =2 and p(A:B) =3

p(A) #plA : B]
Hence the system has no solution.

CaseIIl. Ifa =—3 and b = %, then
p(A) = p[A : B] = 2(< no. of variables)
The given system has infinitely many solutions.
Example 11. Test whether the following system of equations possess a non-trivial solution:
Xp+%Xy +2x5+3x,=0 »
3x; + 4x, + 73+ 10x, =0
Sy + Txg + 11xy + 17x, =0
6x; + 8x, + 13x, + 16x, = 0.

Sol. The given system is a homogeneous linear system of the form AX = O
Coefficient matrix,

11 2 3
34 7 10
A=lg 7 11 17
6 8 13 16
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Operating R,,(- 3), Rygy(=5), Ry(-6)

Operating Ry, (- 2), Ryy (=

Operating R,4(-= 1)

B
AT|Qs

112 3

o011 1

021 2

02 1 -2

2)

(11 2 3]

o1 1 1

0o0-1 0

0 0 -1 —4]

11 2 3]

01 1 1

00 -1 0

LO 0 0 —4_

p(A) = 4(= no. of variables),
Herice the given homogeneous system of equations has trivial solution.

x,=0,x,=0,23=0 and x,=0.

Example 12. Solve the equations using matrix method:
X+ 3%y +2x5 =0, 2x; - %y + 3%5 = 0, 3%, —bxy+4x3=0, %, + 17x, + 4, =0,

Sol. Coefficient matrix,

A=

Operating R,, (- 2), Ry, (-

Operating R, (- 2), Ry, (2)

~

1 3 2

2 -1 3

3 -5 4

1 17 4
3), R, (= 1)

18 2
0 -7 -1
0 -14 -2

0 14 2 .
Lo 302
0 -7 =1
0 0 o0
0 0 o0

P(A) = 2 (< no. of unknowns)

The system has an infinite number of non

X1+ 3%+ 2x,=0
-Txg-%3=0

-trivial solutions given by

A2)

Letx, = k then from (2), Xg=-Tk
From (1), ¥, +3k-14k =0 = %, =11k

Hence, X, =11k, x, =k, Xy =
solutions.

=~ Tk where k 1s arbitrary. Different values of k give differer"
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Example 13. Find the values of k for which the system of equations
Bk-8)x+3y+32=0
3x+(3k-8)y+32=0
3x+3y+(Bk-8)z=0

has a non-trivial solution. (A.K.T.lU. 2022)
Sol. For the given system of equations to have a non-trivial solution,
p(A) <3
3k-8 3 3
where A= 3 3k-8 3 |isthe coefficient matrix.
3 3 3k -8
For this, o |lA]=0
' 3k -8 3 3
= 3 3k—-8 3 =0
3 3 3k—-8
Operating C, + (C, + C,),
k-2 3 3

3k-2 3k-8 3 |=0
3t-2 3 3-8

1 3 3
1 3-8 3 =0
1 3 3k—8

Operating R, — R,-R;,R; > R, - R,, we get

= (8%k~2)

1 3 3
(Bk—-2)|0 38k-11 0 =0
0 0 3k-11
= : Bk—-2)(Bk—-11%2=0
= k=2/3,11/3, 11/3.

Example 14. Find values of M for which the following system of equations is consistent
and has non-trivial solutions. Solve equations for all such values of \:

A=Dx+@Br+1Dy+2Xz=0

A-Dx+EA-2)y+AL+3)z=0

v 2x+Br+ Dy +3(h-1)z=0.
Sol. For the given system of equations to have a non-trivial solution,

A—=1 3A+1 2\
P(A)<3 where - A=|A-1 4L-2 A+3
2 3L+1 3(A-1)

For this, |Al =0
A-1 3A+1 2)

A-1 4A-2 A+3
2 3r+1 3A-1D

=0
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ing R, & R~ Ro -
Operating vy 1 43 % =8
_1 4-2 M3 =1
9 A+l 3) -3
Operating C; = Gy * Gy
0 O ' }\«"‘3
A-1 BA+1 A+3 =0
9 B6A—2 3\ -3
=0
_ _1) (61— 2) - 2(5A + 1]
-, -3 [-1 A=0,3
=

Putting A = 0, we get

Operating Ry; (-1), Rgy (2)

-1 1 0
1 s 3J
. 0 3 - 3
Operating Rg,(1) '
' -1 1 0}
~ 0 -3 3
, 0 00
Equivalent system of equations is
' —x+y=0 w1
-3y+3z2=0 ()

Let z = &, then from (2), y="F;
From (1), x = k,
Infinite solutions are given by x = &, y = k,, z = k, where &, is arbitrary.

Putting A = 3, we get

_ 2 10 6

A= |2 10 6

2 10 6

Operating Ry, (- 1), Ry, (- 1)

2 10 6
~10 0 0
0 00

Equivalent system of equations is
2+ 10y + 62 =0
Letz=Fk,y= k4 then from (3),
. . X =—bky -3k
Hence infinite solutions are given bif

x=—5k3—-3k2,y=k3’z___k

where £k, and &, are arbitrary, 2
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Example 15. Show that the homogeneous system of equations
X+ycosy+zcosPB=0
xXcosy+y+ zcosa=0
xcosB+ycosa+ z=0
has non-trivial solution if a + B +y=0.
Sol. If the system has only non-trivial solutions, then
1 cosy cosP

cos Y 1 cos o
cosf cosa 1

1 — cos® o + cos Y (cos & cos B — cos ) + cos B(cos y cos o — cos B)=0

=0

=
= sin2(x-0052B—cos27+2cosoccos[300sy=0
= —(coszﬁ—sinzoc)—cos27+2cosoncosBcosy=0
=5 —cos(a+B)cos(B—oc)~cos27+2cosoccosBcosy=0
lifa+B+y=0
b, —cos(—y)cos(B—oz)—cos2y+2cosoccosBc‘osy=0
= —cosy[cos(B—a)+cos([3+oc)]+Zcosoccos[3cosy=0
= —2cosBcosacosy+2cosacosBcosy=0
which is true. '

Hence the given homogeneous system of equations has non-trivial solution if o + B+y=0.
Example 16. Find the value of A such that the following equations have unique solution:
M+ 2y-22-1=0,4x+2\y-z-2=0, 6x+6y+Az2-3=0

and use matrix method to solve these equations when \ = 2. (M.T.U. 2013)
Sol. The system will have a unique solution if coeff. matrix Ais non-singular. ‘
‘ A2 -2
Le., 4 20 -1(#0
6 6 A
=5 A-2)A2+20L+15)#0 = X2

The solution can be found by Cramer’s rule.
In case when A = 2.

2 2 -2 : 1
Augmented matrix, [A:B] =4 4 -1 - 2
|6 6 - 2 : 3

Operating R, (), Ry 1), Ry(3)
11 -1: 172
~{1 1 -14 : 12
111 13 : 12
Operating R,,(-1), R,,(-1) ‘

M1 -1 : 12
~10 0 34 : 0
00 43 : 0
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Operating Ry(4), Ry($)
11 -1 ¢ 12
oo 1 0
oo 1: O

plA :B] =2=p(A) (< 3)
Equivalent system of equations is

X+y—-2= and z=0

x+y =

p|= o=

Lety =&, thenx = —;— ~-ky

1

Hence solutions are x= -~ ky,y = ky and z = 0 where k, is arbitrary.

Example 17, Show that the equations
-2x+y+z=0
x-2y+2z=>b
; x+y-2z=cC
have no solution unless a + b + ¢ = 0. In which case they have infinitely many solutions? Find
these solutions whena=1,b=1,¢c=-2. «

Sol. Augmented matrix,
-2 1
[A:B]l=| 1 -2
1 1
Operating R4

Operating R,,(- 1), R4,(2)

Operating R32(1)

CaseL.Ifa+b+c#0
p[A:B] =3 #p(A)
where A is the coefficient matrix.
Hence the system, being inconsistent, have no solution.
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CaseIl. Ifa+b+c=0

p[A:B] =2=p(A)
Hence the system has infinite number of solutions.
Equivalent system of equations is

x+y—2z=-2
-3y+3z2=3

Let z = k, k being an arbitrary constant.

y=k-1
x=k-1

(<3)

Hence the solutions arex =k -1,y =k -1,2 = %. |
Example 18. For what values of k, the equations x +y + z = 1, 2x + y +dz=h dx+y

+ 10z = k? have a solution and solve them completely in each case.

1]
k
k2

Sol. Augmented matrix,

111

4 1 10

Operating R,, (= 2), Ry, (— 4)

. : r 1
~10
0

- Operating R, (- 3)
1
~10
0

1
o !
-3

1
-1
0

=

1 :
2
I 0 i k2-38k+2
If the given system has solutions, then

1
k-2
k% -4

1
k-2

B2-3k+2=0 = k=1,2

Case I. When % = 1, we have

Lety=Fkthenz = 2
k-1

From(1), x+k+— =1 = x=§(1—k)

2
Hence solutions are x =

Case IL. When % = 2, we have
x+y+z=1
-y+22=0

Let z = A then from (4), y = 2\

From (8), x=1- 3\

Hence solutions are

Do | o

x=1-3\y=2\2=A whereAis arbitrary.

|

(1-k),y=k,z= % (k — 1) where k is arbitrary.

| Puttingb =1,¢c=-2

whl)
-(2)

«(3)
we(4)
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TEST YOUR KNOWLEDGE ’

1. (i) Test the consistency of the following system of equations: -
. bx+8y+Tz=4,8x+26y+22=9,Tx+2y+ 11z=5. |
(1) Test for ;‘,he consistency of the following system of equations:
3 4 5 6 % 7
4 5 6 7 % 8
5 6 7 8 o 1 9
10 11 12 13 x3 14
15 16 17 18|L™ 19

(177) Show that the equations 2x+ 6y + 11 =0, 6x + 20y-6z+3=9

and 6y 182+1\
consistent. ; Uk ;%arg‘,{‘
2. Solve the following system of equations by matrix method: s
@x+y+z=8x—y+22=6,3x+5y—Tz=14
@) x+y+2z=6,x—y+2=5, 3xty+z=8
(1) x+2y+82=1,2c+8y+22=2, 8x+ 3y + 4z = 1.
3. (i) Test the consistency and hence solve the following set of equations:
Xy + 22 + x5 =2, 3y + 25— 265 =1, 4x1—3x2—x3 =3, 2x, +47C2+2x3-_4.
(i) Solve the system of linear equations using matrix method:
x+2y+3z= 5
Tx+ 11y + 132=17
19x + 23y + 29z = 31
(#71) Test for consistency and solve the following system of equations:
= 2x—y+3z=8
—x+2y+2z=4
3x+y—4z=0. : (UPT.U. a1y
4. (i) Test for consistency, the equations 2x — 3y + 7z = 5,3x+y—-3z= 13, 2x+ 19y —47>=3
(i2) Verify that the following system of e

quations is inconsistent:
x+2y+22=1 2x+

Yt+tz=-2 3x+ 2y +2z= 3, y+z=0.
(2i1) Test for consistency of the equations:
2x-3y+7z=5

3x+y—-38z=13
2x+ 19y — 472 = 32
(iv) Test the consistency and hence, solve th

e following set of equations:
10y +32z=0 )
3x+3y+z=1
2x-3y—z=
x+2y=4 AKTU. 201
5. (i) Apply rank test to examine if the following System of equations is consistent, solve them
2x+4y—z—9 3'\¢—y+5z:5,8x+2y+92:19_ ot
@) ’I}‘;sst the consistency for the following System of equations and if system is consistent: ¥
them:
x+y+z—6,x+2y

r 9019
t82=14,x+4y+7,=3¢ OETT Y
6. Show thatif A= 5, equations Sy — y + 4.
a unique solution, If \ = 5, show th :
each case.

,=-3hav
3, x+2y—382=_2 6x+ 5J’+Ll’ltionsin
at the equations are consistent. Determine the solt

el
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7.

10.

11.

12.

13.

14.

16.

17.

For what values of A, the equations
x+y+tz=1, x+2y+4z=) x+4y+ 102=)2
have a solution and solve them completely in each case.
(i) Verify that the following set of equations has a non-trivial solution:
x+3y—-2z2=0,2x—-y+4z=0, x - 11y + 14z =0.
(it) Show that the following system of equations:
x+2y-2u=0,2x-y-u=0,x+22-u=0,4x—y+3z—y =
Find the values of A for which the equations
x+A+4)y+(@Ar+2)z=0
x+2A+1)y+@Br+4)z=0
2x+ 3y + (BA+4)z=0 ;
have a non-trivial solution. Also find the solution in each case. (U.P.T.U. 2015)
() Find the values of A for which the equations
(11-AMx—-4y—-72=0
Tx—A+2y—-5z=0
10x—-4y—-(6+A1)z=0
possess a non-trivial solution. For these values of A, find the solution also.
(i) For what values of A, the system of equations _
2x—2y+z=MAx, 2x— 3y +2z=Ay, —x+ 2y + 0z = Az
possess a non-trivial solution? Obtain its general solution.

Determine the values of A for which the following set of equations may pdssess non-trivial solu-
tion 3x; + x, — Ax; = 0, 4x; — 2x, — 3x, = 0, 2Ax, + 4x, + Ax, = 0. For each permissible value of A,
determine the general solution. ' "}

0 do not have a non-trivial solution.

Find the value of  so that the equations x+y+32z=0,4x+38y+kz=0,2x+y+22=0havea
non-trivial solution. :
Determine ‘b’ such that the system of homogeneous equatlons
2x+y+2z=0
x+y+3z=0
4x+3y+bz=0
has (7) trivial solution (ii) non-trivial solutions. Find the non-trivial solutions using matrix method.
(1) Show that the system of equatlons 3x+4y+5z=aqa,4x+ 5y + 6z b, 5x + 6y + 7z = ¢ does not
have a solution unless a + ¢ = 2b.
(i) Find the values of @ and b for which the equations x+ay+z=3,x+2y+2z=b,x+5y z=9
are consistent. When will these equations have a unique solution?
(11i) Find for what value of A and U, the system of linear equations
x+y+z=6,x+2y+52=10,2x+ 3y +Az=u
has no solution and also find the solution when A = 2 and p = 10. (UK.T.U. 2011)
For what values of @ and b do the equations x+ 2y + 32=6, x+ 3y + 5z=9, 2x+ 5y + az = b have
(1) no solution (ii) a unique solution (jii) more than one solution?

Investigate the values of A and p so that the equations 2x + 8y + 5z = 9, 7x + 3y — 2z = 8,
2x+3y+ Az = pu have (a) no solution, (b) a unique solution and (¢) an infinite number of
solutions.
Solve by caiculating the inverse by elementary row operations:

x+tx, tx;¥x,=0

x1+x2 +x3—x4:4

X tx, —x;+x,=—4

X~ Xy F X ¥ 2, 52 (U.P.T.U. 2015)
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gtem of linear equ
18. For what values of A and M the 5;"’4_ Y4226
x+ 2yt b2 = 10
ox + 8y + A =1
lz?)sa unique solution (i7) no golution (ii7) infinite Solutiong
’ G _ = 8, A.
Also find the solution for A = 2 and p = 8 AKTY 0y
Answers

(ii) Consistent with many solutions.

1. (i) Consistent 8
2. (i)x=5’y=.§’z=-§- (ii)x:l,y=2,z=3 (i) % = - y=7,2:\g
13 7

35 —2.—,z=—— (uz)x=2,y=2,z=2

8. (x;=1,2,=0,23=1 (ii)x:—-l—s-,y=9 6 |
(iv) inconsistent, no solution exists

4. (i) Inconsistent  (iii) inconsistent
19,29 L k+ A , 2=k where k is arbitrary.

5. (l:) x=—§k+—lz,y=—12- 14 .
(i) x=k -2, y = 8 — 2k, 2=k, where % is arbitrary.

4 9 4-5k

6. }»¢—5,x=7,y=——7—',z=0;?»=—5,x= 7 Y=

7»=1,2;whenl=1,x=1+2k,y=—3kandz=kwhen A=

A=2,x=0,y=—0bk 2=38k; A=—2 x=4k y=k 2=k

10. ()A=0,1,2;when A=0, solution is (%, &, &) i
when A =1, solution is (&, — &, 2k) ; when A = 2, solution is (2%, &, 2k).

G)r=1,-8 , :
when A = 1,x=2k1—k2,y=k1,z=k2;when7»=—3, x=—k y=—2k z=k.
A=1,—9. For A=1, solution is x =k, y =—k, 2= 2k. For A =-9, solution isx=3k,y=9k,z=_2k;

=)
13% ,2=Fkwherekis arbitrary,

2,x=2ky= 1—3k,z=k;kisarbitrary,

11.
k is arbitrary.

12. k=8

13, () b#8 (i) b=8;x=Fk,y =—4k, 2=k, k is arbitrary.
() If @ = - 1, b = 6, equations will be consistent and have infinitely many solutions.

14.
Ifa = -1, b # 6, equations will be inconsistent.

If a # — 1, b is arbitrary, equations will be consistent and have a unique solution.

13 3
A=6, Uzl x=—,y==2,2=—,
@tir) 1) x 2 y 4 2
(ii) @ # 8, b may have any value (iii)a=8,6=15

16. (@)a=8,b#15

16. (@)A=5p#9 (b) A # 5, u arbitrary : ) A=5u=9
17. x1=1,x2=—1,x3=2,x4=—2. _

18. (i) A # 6, U is arbitrary @)A=6,u=16 Gi) A =6, =16

when A =2, u =8, solutionis x =8,y =—4 and z = 2.

1.31. VECTORS -

Any ordered n-tuple of numbers is called an n-vector. By an ordered n-tuple, we mean & set
%, be any

consisting of n numbers in which the place of each number is fixed. If Xqy Xgs oo
vector. Thus the

n numbers then the ordered n-tuple X = (x,, x,, ..., x.) is .
coordinates of a point in space can be representtlad b2y a é-vgc):tor &alj)ec:) a‘IS‘Iin':ilarly 1,0, 2-
gnd (2, 7, 5, — 3) are 4-vectors, The n numbers Bya Xgy' sery & ar"e ,calied the components of
the n-vector X = (x,, Xgy vers x,). A vector may be written eitherr'l as a row vector or as a colum?
vector. If A is a matrix of order m x n, then each row of A will be an n-vector an each

A
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column of A will be an m-vector. A vector whose components are all zero is called a zero
vector and is denoted by O. Thus O = (0, 0, 0, ..., 0).

Let X=(x;,%g ., x,)and Y = (y,, Yos s Y,,) be two vectors.
Then X = Y if and only if their corresponding components are equal.
ia, i x,=y,fori=1,2, .., n
X+ Y=@ +y,2 4+, 0,2, +,)
If & be a scalar, then £X = (kx,, kxg, ..., kx,).

n, n-vectors e; = [1, 0, 0, ..., 0], e, = [0, 1, 0, O, ..., 0], ..., e, = [0, 0, ..., 1] are called
fundamental unit vectors or elementary vectors.

1.32. LINEAR DEPENDENCE AND LINEAR INDEPENDENCE OF VECTORS

Asetofr n-vectors X, X,, ..., X is said to be linearly dependent if there exist r scalars (numbers)
T T— k. not all zero, such that
X +kXy+ .. +EX =0 .

Aset of r n-vectors X,, X,,, ..., X_ is said to be linearly independent if every relation of the

type
kX; + kX, + ... + kX =0 implies ki=ky=..=k. =0

To test the linear dependence of  given vectors, write them as row vectors. Add suitable
multiples of one vector to the others so that the resulting (» — 1) vectors have their first
component zero. Choose anyone of these (» — 1) vectors and add its multiples to the others so
that the resulting (» — 2) vectors have their second component zero. In this way continue,
reducing the successive components to zero. If the final reduction gives a vector all of whose
components are zero, then the original vectors are linearly dependent. However, if the final
reduction gives a vector all of whose components are not zero, then the original vectors are
linearly independent.

Note 1. If a set of vectors is linearly dependent, then at least one member of the set can be
expressed as a linear combination of the remaining vectors.

Note 2. The m, n-dimensional vectors X;, X,, X,, ..., X, are linearly dependent if the rank of the
matrix [X,, X,, X,, ..., X, ] with the given vectors as columns is less than m.
1.32.1. Procedure to test linear dependence of vectors

Step 1. Construct coefficient matrix A with elements of given vectors as columns.

Step 2. Find p(A). ,

Step 3. If p(A) = no. of vectors then given set of vectors is linearly independent and

if p(A) < no. of vectors then given set of vectors is linearly dependent.

1.33. ANY NON-EMPTY SUBSET OF A LINEARLY INDEPENDENT SET OF
VECTORS IS LINEARLY INDEPENDENT

Let S1 = {Xl’ XZ’ Xa, veey Xn}
S, =X, X,, Xg, oy X} wherer <n
Clearly, S, is a subset of S,.

Let a X, +a, X, +aXg+ .. +a X =0 (D)
= 2, X, +a, X, +aXo+ ... +a X +0X ;+..+0X =0 -(2)
But S, is linearly independent

From (2), al = a2 = a3 = ... = ar =0

Hence by eqn. (1), it is true only if all a’s are zero.
Set S, is also linearly independent.
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1.34. ANY SUPER SET OF A LINEARLY DEPENDEN F VECTORS IS
LINEARLY DEPENDENT

Let the set {X,, X,, X, ..., X,} be linearly dependent set, them

(g

a, @y, ag, ..., @, not all zero such that _4 ang
a, X, +aXy + a, Xy + ... +a X = |

=1 a].X]. + a2X2 + a3X3 + ... + arXr + O.XF‘FI + ses O.Xil = O "'}5}

1)

where all a’s are not zero. o
Hence by definition, the set {X, X,, ..., X} 18 linearly dependent.

ILLUSTRATIVE EXAMPLEsj
Example 1. IfX, =1, 0,01, X, =10, 1, 01, X, = [0, 0, 1], find
i) X, + X, + X, (i) 2X, + 3X, - X,.
Sol. () X, +X,+X;=1[1,0,01+1[0,1,0] +[0,0, 1] = [1, 1, 1]

@) 2%, +8X,-X,=2[1,0,0] +31[0,1,0] - [0,0, 1]
=1[2,0,0] + [0, 3,01 - [0, 0, 1] = [2, 3, — 1].
Example 2. Show that the vectors X, = [1, 2, 31, X, = [2, - 2, 0] form a linearly independens
set. ‘
~ Sol. Coefficient matrix

(1 . 2]
A=12 -2
3 0
Operating R,,(~ 2), Ry (- 3).
12
~10 -6
0 -6

Operating R,, (-1)

1 9]
~lo —g|
0 ol

P(A) = 2( = no. of vectors)
Hence the given set of vectors is linearly independent.

. Example 3. Prove that the vectorsm; = (1, 2, 3], Ns=[3, -2
a linearly dependent system. Also find the relation between them :
Sol. Cqefficient matrix, :

1 3 1
A=12 -2 _¢g
3 1 -5

Operating R, (- 2), Ry (- 3)

1 3 1
0 -8 -8

1]l and n, = [1, - 6, - 5] form
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Operating R (- 1
o3 1
~10 -8 -8
0 0 o]
plA) = ’ (< 3. no. of vectors)
Henee the given vectors are linearly dependent.
Let the relation between the vectors be
Qi + @M, +agn; =0 (1)
where @,.@,. g are scalars given by
Gt St a;=0 (2)
~ 802780320 (3)
From (3, a,+ay=0
= O; % =k (say)
- (12=k and a3=—k
From (2), a;+3k—-k=0
a, =—2k
Substituting these values in eqn. (1), we get
‘-ale1+kﬂ2—kT13=O \
= Ny =21, + 7y v B20)

Example 4. Show that the vectors X, = (1, 2, 4), X,=(2, -
X, =(-3.7. 2) are linearly dependent and ﬁnd the relation between them.

SoI. Coefficient matrix

1 2 0 -3
A=12 -1 1 7
4 3 2 2

Operating R,,(— 2), Ry (— 4)

1 2 0 -3
~|10 -5 1 13
0 -5 2 14
Operating Ry(-1) '
1 2 0 -3
~|10 -5 1 13
0 0 1 1

p(A) = 3 (< no. of vectors)

Hence the given set of vectors is linearly dependent.

Let the relation between the vectors be

a,X) +aX, + a Xy +aX, =0

where a,, a,, a; and a, are scalars given by
a,+2a,-3a,=0
—9a,+a, + 13a,=0
az+a,=0

1, 3), X =(0, 1, 2) and
(UKTU 2012)

el

«(2)
(3)
(4
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az _ f_ﬁ_ =k (SaY)

From (4), 1 -1 "
- and @4 =~
so that, ag = i =-_12_k
From (3), -—5az+k-—13k=0 2 9 5
==k
24 44 3k=0 = a1~ 5

From (2), @1~ g t
Substituting these values in (1), W€ ge

12 _ kX =0
B kX — —B‘kxz + kX 4 -

; le 5. Find whether or not the following set of vectors are linearly depeng,, )
xample 5. :
independent. 0,0, 0, 1l

0, 1, 1, 11, [0, 0, 1, 11,

(i) [1: 13 1’ 1]’ (uz) [1, -'2], [2, 1]; [31 2]'

(MMLm,MQH,mLH
Sol. () Coefficient matrix,

1000
|1 100
A=11110
1:1 41
Operating Ry;(— 1), R (= 1), R,-1
1 0 0O
o100
0 110
0111

Operating Rgy(— 1), Rp(— 1)
: 1 0 0 0
o100
0010
0011

Operating R 4(— 1)

10 0 0
{00100
0010
0001

p(A) = 4 (= no. of vectors)
Hence the given set of vectors is linearly independent.

(11) Coefficient matrix,
110
A=|1 0 1
0 11
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1 10
-0 -1 1
0 11

1 10
10 -1 1
0 0 2

s p(A) = 3 (= no. of vectors)
Hence the given set of vectors is linearly independent.
(iii) Coefficient matrix,

[ 123
A‘[—z 1 2]

o)
0 5 8
p(A) = 2 (< 3, no. of vectors)
Hence the given set of vectors is linearly dependent.

Example 6. Find - the value of A for which the vectors (1, — 2, M, 2, -1, 5) and
(3, — 5, 7A) are linearly dependent.

Sol. Coefficient matrix
1 2.8
A=|-2 -1 -5
A5 T\

The given vectors will be linearly dependent when p(A) < no. of vectors (i.e. 3)
Now, p(A) < 3 is possible only if | A | =0

Operating Ry (- 1)

Operating Rg,(1)

Operating R,,(2)

1 2 3
Hence, |A|=|-2 -1 -5|=0
A b TA
= 1-T7Ar+25)—2(- 14A + 5BA) + 3= 10 + M) =0
= . 141 =5
5
= A = ﬁ-

Example 7. If X, =138 1-4,X,=102 2 -3, X; = [0, - 4, 1], then show that
(@) the vectors X ;and X, are linearly mdependent

and (i) the vectors X, X, and X, are linearly dependent.
Sol. (i) Coefficient matrix

3 2
A = 1 2
-4 -3
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. For the vectors X = [3,~9,12], ang Y=[
2. Show that the elementary yp

Operating R,,

Operating R,, (2_)

1 2
~10 -
0 0

p(A) = 2 (= no. of vectors)

Hence the vectors X, and X, are linearly independent.
(i1) Coefficient matrlx

3 2 0
A= 1 2 -4

-4 =8 1
Operating R,

[1 2 -4
~1 3 2 0

-4 -3 1
Operating R,, (- 3), Ry,(4)

1 % -
~10 -4 12
0 5 -15

1. .2 =4
~10 -4 19
0 0 o

. pPA) = 2 (< 3, no. of vectors)
Hence the vectors X » X, and X

. Operating R,, (5/4)

it vectorg E =[1,0,0,.

are linearly independent -« 0], E,

3 are linearly dependent.

TEST YOUR KNOWLEDGE

4, 12-16]show¢hat4x-+3Y 0.
=1[0,1,0,...,

0,...E,

N

MATHE

E =[0,0,0-

MRT[,

1]
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em—

100
3. (i) Show that the column vectors of A = [6 2 1} are linearly independent, (A.K.T.U. 2020)

4 3 2
1 2 -2
(ii) Show that row vectors of the matrix (-1 8 0] 4pe linearly independent,
0 -2 1

(G.B.T.U. 2010)
Show that the vectors X, = [a;, b,], X, = [a,, b,] are linearly dependent iff ab,—a,b, =0.

5. Prove that the four vectors X, =[1, 0, 0], X, =10, 1, 0], X,=10,0, 1], X,=[1,1,1] in V, (¢) form a
linearly dependent set but any three of them are linearly independent.

6. Show that the vectors X, =[2,3, 1, - 1], X, =12, 3, 1, - 2], X,=[4, 6, 2, 1] are linearly dependent.
- Express one of the vectors as a linear combination of the others,

7. Examine the linear dependence or independence of the following set of vectors:
@) 8,24, [1,0,2], [1,-1,-1] @) [2,8,1,-3],[2,8,1,- 2], [4, 6, 2, — 3]
Gii) [1, 1, 0], [3, 1, 3], [5, 8, 3] ()1, 2, 1, 2], [0, 1, 2, 0], [1, 4, 3, 2].
8. Show using a matrix that the set of vectors X = [1,2,~8, 4]; ¥ =8, 1,2, 1,Z=11,-5,8,-17]is

linearly dependent. Determine a maximum subset of linearly independent vectors and express
the others as a linear combination of these.

9. If the vectors (0, 1, a), (1, @, 1) and (a, 1, 0) are linearly dependent, then find the value of a.
10. Show that the vectors %4n=01,-1,1); x%=(2, 1, 1), %3 = (3, 0, 2) are linearly dependent. Find the

relation between them. M.T.U. 2018 ; UK.T.U. 201 I
11. Examine the following vectors for linear dependence and find the relation between them, if possible:
X,=(1,1,-1, 1), X,=(1,-1,-2,-1), X,=(,1,0,1). (G.B.T.U. 2013)
Answers
6. 5%, - 3X,-X,=0 A '
7. (i) linearly independent (ii) linearly dependent (iii) linearly dependent (iv) linearly independent.
8. 2X;=-2X +X, 9.a=0,+.9 10. x, + x, =z,

11. linearly dependent; 2X, +X,=X,.

1.35. COMPLEX MATRICES

If at least one element of a matrix is a complex number a + ib, where a, b are real and
i=y-1, then the matrix is called a complex matrix.

_ The matrix obtained by replacing the elements of a complex matrix A by the corres-

ponding conjugate complex numbers is called the conjugate of the matrix A and is denoted
by A, |
Thus i _[2+8i ~-7i <_[2-8i T
us, if A_[ 5 1-il then A = 5 1+il

Itis easy to see that the conjugate of the transpose of A i.e., (A’) and the transposed
onjugate of A ie., (A’) are equal. Each of them is denoted by A*,
Thus, (Xf}: (A) = A*,
' I
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A square matrix A = [a,] is said to be Hermitian ifA*=Aore;=ga i

be skew-Hermitian if A* = — A or o
al elements are all real, while eve

- ~
L =~

A square matrix A = [a,] is said to ij

In a Hermitian matrix, the diagon eloy
ent

i osed position. F er
is the conjugate complex of the element in the transp p or example,
5 2+i -3t . _
A=|2-i -8 1-i|is a Hermitian matrix.
3i 1+i O

In a skew-Hermitian matrix, the diagonal elements are Zero or pUI-‘ely imagiy "
bers of the form iB, where P is real. Every other element 1s the negative of the ¢ Dy,

gy onjy
complex of the element in the transposed position. Bt
3i 1+i T N |
For exémple B=|-1+i 0 -2-i|isa skew-Hermitian matrix.

_T 2=1 =%
A square matrix A is said to be unitary if AA* =T = A*A.
The determinant of a unitary matrix is of unit modulus. For a matrix to pe Uity
must be non-singular. 4 it
A square matrix A is said to be orthogonal if AA’=T1=A'Aor A”= AL
Note. The following results hold:

@ (&) =A | i) A+B=A+B i) MA =LA
(iv) AB=AB ) (A%)* = A (vi) (A + B)* = A% 4 g
(vii) (MA)* = A A* (viii) (AB)* = B*A*,
ILLUSTRATIVE EXAMPLES

Example 1. IfA = !:2_4:51 f B 41_+2‘§l], verify that A*A is a Hermitian matrix where A*

is the conjugate transpose of A.

2+1 -5
SOI. A,= 3 i
-1+3i 4-2;
_ 2-1 -5
A*=@A) =| 3 _;
-1-3i 4+2;
2—1 — .
Now, | A*A:[ 3L _? ][2+t 3 —1+3i]
\~_ _1_3i 4+2i_, _5 l 4—2l

[ 6308' 6-8 —19+17
= B 10 -5+5i | =B (say)
~19-17 —5-5 30 (say
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30 6+8 -19-17;
B'=| 6-8i 10 -5-5;
-19+17i -5+5; 30
. 30 6-8 -19+17;
Now, B*=®B)=| 6+8i 10 -5+5i |=B
+19-17f ~B5-5i 30
— B = A*A is a Hermitian matrix.
Example 2. Show that the matrix
o+iy —B+1id
[B"‘ig g—iy} isunitary if o2+ B2 +vy2+ 82 =1
(AK.T.U. 2018)
[o+iy —B+id
~ [o-iy -p-is
A=|p-is oc+iy]
_(xv_| o-iy B-id
= A*=(A) —[—B—iﬁ oc+iy}
For a square matrix A to be unitary,
AA* =T = A*A : (1)
[ 2 2 2 2 T
e |OT+P+Y"+d 0
Now, AAT = i 0 o +B% + 92 + 82|
(2, R2 4 2 2 T
4 o +B*+v7 +98 0
Also, A*A = : 0 oc2+B2+72+82_

Eqn. (1) is satisfied only when

o2+ B2 +y2+82=1. .
Example 3. If A and B are Hermitian, show that AB — BA is skew-Hermitian.
~ Sol. A and B are Hermitian = A*=A _alnd B*=B
Now, (AB — BA)* = (AB)* — (BA)*

= B*A* — A*B* = BA- AB = - (AB - BA)
= AB - BA is skew-Hermitian.
Example 4. If A is a skew-Hermitian matrix, then show that iA is Hermitian.
(M.T.U. 2013)

Sol. A is a skew-Hermitian matrix = A*=-A

Now, (A* = iA* = (-i) (- A)=iA
= 1A is a Hermitian matrix.
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t every square matrix is expressible as them}[g
Ermi

Example 5. Show tha
matrix and a skew-Hermitian matrix.
Sol. Let A be any square matrix.
Since (A+A*)*=A*+(A*)*=A*+A=A+A*'
(A - A¥)* = A* - (A¥)* = A* _A=-(A-A%
w-Hermitian.

tiQ'l

and
A + A* is Hermitian and A — A* is ske

= %(A + A*) + %(A—A*) =P + Q (say)

tian. Thus, every square matrix can he &

w-Hermitian matrix.

Now,

where P is Hermitian and Q is skew-Hermi
as the sum of a Hermitian matrix and a ske

: 1+2i . ix (T — -
Example 6. IfN = [_ 12_ P l] , obtain the matrix (I-N) (I +N)L gng shouw 0

it is unitary.

1 0] [ O 1+2i]=[ 1 —1-2]
Sol. I“N=[o 1}[—1+2i o |"l1-2i 1 |
Lol [ 0 142 [ 1 1+2
I”’N:{o 1]+[—1+2i 0 ]—[—1+2i 1
1 142 4 e 1yo
|I+N|=’_1+2i 2 o1 i2-1)=6 \

1 1[ 1 -1-2
-1 _ : —
(I'+N) —|I+N|adJ(I+N)_6[1—2i 1 }

_ [ 1 -1-21f 1 -1-
I-N)T+N) -[1_21' 1 }6[1—21' o1 ]

1/ -4 -2-4i

=E[2—4i —4 }A(Say)

opr Al =4 2-44
A==
6[—2—41' —4J

G 8 q ~4" 2448
A)=A¥==
o , 6[~2+4i —4J

x L[ -4 2+411[ -4 -2-4i
A*A = — . el l
A 6[—2+4l —4]6[2—41' —4 ]

=i[36 0] 1 o
36 0 36| |0 J=I

= A=I-N)I+N)lig unitary.
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TEST YOUR KNOWLEDGE
1. Show that the matrix A is Hermitian and iA is Skew-Hermitian where A 18
T 9 3_4 [ 8 5+2i —3]
s 2 ‘} (UKT.U. 2012) (i) |5-2 7 4
- | =8  =4i 5
[ -1 2+i 5-3i [ 2 83+2 —4]
sl 2-8 ¥ 5¢ : ; :
i) i) |3-2t 5 61 U.P.T.U. 201
( 5+3t —5i 2 w) -4 —-6i 3 ( 5

I 2-3i 4+5;
2. (i) Express the matrix A=|6+i 0 4-5;

» as a sum of Hermitian and Skew-Hermitian
-1 2-i 2+

matrix.

(G.B.T.U. 2010)

1 -1 1+3
(i) Express the Hermitian matrix A= - ; 0 2-3i|asP+iQ wherePisareal symmetric

1-i 2+3; 2

and Q is a real skew-symmetric matrix. (G.B.T.U. 2012

i 00
3. ShowthatA=|0 0 ;| isskew-Hermitian and also unitary. (M.T.U. 2012
0 z 0
4. (1) If Ais any square matrix, prove that A + A*, AA*, A*A are all Hermitian and A — A* is Skew-
Hermitian.
(@) If A, B are Hermitian or Skew-Hermitian, then sois A + B. _
(i) Show that the matrix B¥*AB is Hermitian or Skew-Hermitian according as A is Hermitian or
Skew-Hermitian.
(iv) If A is a Hermitian matrix, then show that 7A is a Skew-Hermitian matrix.
5. (i) Define unitary matrix. Show that the following matrix is unitary:
101 146 (A.KT.U. 2021)
Jgtlmi~1
(i) Prove that = 174 ~1+T] 500 nitary matrs
ve tha 5|1+i 1-;|1saunitary matrix.
1 1 1
(tii) Show that A = % 1 ® o] isa unitary matrix, where ® is complex cube root of unity.
1 o o .
(AK.T.U. 2017)
1+i 1-i ,
6. Verify that the matrix A=| 2 2 | have eigen values with unit modulus.
1-7 1+
2 2
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_ i 1 01] [o

0 4-2i 2+3| | i, i ff3; (i1) O Dedf$ % g ~3i

9. () |4+ o0 3-2|+[2-i O 7 12 2] [+ 3 ,
2-3 3+2 2 2+2 -1-3& !

1.36. CHARACTERISTIC EQUATION \

ix A — Al where A is a scg]
. . : we can form the matrix ) : alar apq.
If A is a square matrix of order 1, ¢ of this matrix equated to zero, i.e., dI‘Stf,E

unit matrix of order n. The determinan

Qg; Qgg — A - G2 | _ 0 is called the characteristic equatiop, o |

eristic equation can be written as , ol

minant, the charact
ky AL+ kg A2 4L+ k, =0,

he form (= 1)* A" +
d the characteristic roots or latent roots gy eigy
1

On expanding the deter 0_

mial equation of degree n in A of t
The roots of this equation are calle

values of A.
The set of eigen values of a square matrix Ai
Note. The sum of the eigen values of a matrix A is equal to trace of A.

s called the spectrum of A.

[The trace of a square matrix is the sum of its diagonal elements.]

1.37. EIGEN VECTORS

Consider the linear transformation ¥ = AX 1)
which transforms the column vector X into the column vector Y. In practice, we are often
required to find those vectors X which transform into scalar multiples of themselves.

Let X be such a vector which transforms into AX (A being a non-zero scalar) by the

transformation (1).

el

Then Y =X
From (1) and (2), AX=AX = AX-AX=0 = A-ADX=0 it
This matrix equation gives n homogeneous linear equations
(all - 7\.)x1 +- Q19 X9 +...+ al,l X, = 0
a21 xl + (a22 - A)xz o e azn xn = O (4)
Q1% +@,9 Xg o, —k)xn =O

‘ These equations will have a non-trivial solution only if the co-efficient matrix A-Mis

singular
Le., if A=A | =0 8]
This is the characteristic equation of the matrix A and has n roots which are the eige!

values of A. Correspondi
<olution ponding to each root of (5), the homogeneous system (3) has a non-zer
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X1
x -y
¥ 52 which is called an eigen vector or latent vector.

xll

Note. If X is a solution of (3), then so is kX, where k is an arbitrary constant. Thus, the eigen
vector corresponding to an eigen value is not unique.

1.38. THE CHARACTERISTIC ROOTS OF A UNITARY MATRIX ARE OF UNIT

e (UKT.U. 2010, 2012)
Let A be a unitary matrix so that .
A*A =T = AA* D
If A is a characteristic root of the matrix A and X is its latent vector, then we have
- ..(2)
Taking transpose conjugate of (2), we obtain.
(AX)\“ t— (AX)»

On multiplying (2) and (3), we get
(X*A¥) (AX) = (A X*) (AX)

= X¥(A*A)X = A (X*X)
= X#X = AL (X*X) | Using (1)
= (1-AA)X*¥X =0 ..(4)
Since X is a characteristic vector, X # O
Consequently, XX #0
Hence equation (4) gives
1-AA =0
= | A =1
= | &|2=1 = [ih] =1

Hence the characteristic roots of a unitary matrix are of unit modulus.

1.39. THE LATENT ROOTS OF A HERMITIAN MATRIX ARE ALL REAL .
(UK.T.U. 2011)

Let A be the characteristic or latent root of a Hermitian matrix A. Then 3 a non-zero latent
vector X such that

AX = m .--(1)
Pre-multiplying both sides of (1) by X*, we get
X*AX = X*\X v

Transpose conjugate of (2) gives

(X*AX)* = (AX*X)*
= - X AF(XF)E = XoH(XF) \F | By reversal law
= X*A*X = X*X1 | 3 M=t
But A is a Hermitian matrix so that A* = A
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Hence above equation becomes

From (2) and (3), we have - “fy
x*(X) = A X*X
= (A—M)X*¥X =0 |
Since X is a non-zero latent vector Ay
X*X#0

Hence from (4), we have -
A— —7: =0 = A=A

which is possible only when A 1s real.

Hence the latent roots of a Hermitian matrix are all real.

1.40. THE CHARACTERISTIC ROOTS OF A SKEW-HERMITIAN MATRIX |s E”HER
ZERO OR PURELY AN IMAGINARY NUMBER

T
Since A is a Skew-Hermitian matrix
iA is Hermitian matrix.

Let A be a characteristic root of A.

Then, AX =X = (AX =(0GMX

= i) is a characteristic root of matrix iA.

But iA is a Hermitian matrix.

Therefore, iA should be real.

Hence, A is either zero or purely imaginary. .

1.41. THE CHARACTERISTIC ROOTS OF AN IDEMPOTENT MATRIX ARE EITHER
ZERO OR UNITY

Since A is an idempotent matrix. .. AZ=A.
Let X be a latent vector of the matrix A corresponding to the latent root A so that
AX =)X =)
= (A-ADX =0 suchthat X =
Pre-multiplying (1) by A :
A(AX) = A(AX) = MAX)
= (AAX = A(AX) - by
= AZX =)2x - AX = )2 . A2=A
— X *
” | A= 7 o
W -VX=0 2 ince X#0)
= AA-1)=0 ata et Ca
= k = 0’ 1. .
ILLUSTRATIVE EXAMPLES

Example 1. Show thqt ifA, A,
3 B

. £
latent roots )3, xS, . - A, are the latent roots of the matrix A, then A% hos g

bt 4 n°

Sol. Let A be a lat
that atent root of the matrix A, Then there exists a non-zero vector X,suCh
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AX = AX - (1)
= A%(AX) = A2(AX) = ASX = A(AZX)
But AZX = A(AX) = AAX) [Using (1)]
= MAX) =MAX) = A2X
X A3X = A(A2X) = \3X
— A3 is a latent root of A3,
If Ay, Ag, -y A, are the latent roots of A, then Xf, lg, wndy 7»3 are the latent roots
of A3. |
F;xample 2. If Ay, Ay, ooy A, are eigen values of A, then find eigen values of the matrix
(A — M)~
Sol. (A—AD? = A2 — 2) AT + \2I2

- =A% - 2)0\A + A2
- Eigen values of A? are A2, - A2,
Eigen values of 2AA are 2\, 2A,, ..., 20,
Eigen values of A%I are A2
Eigen values of (A — AI)? are
A2 —2MA; + A2, A2 — 20y + A2, L 02— 20N, + A2,

or Ay =02, (A, — )2, .. o (A, =)

Example 3. If A is an eigen value of a non- -singular matrix A, show that

@) Alisan ezgen value of AL, (i1) |4 3 141 is an eigen value of adj. A.

Sol. (©) A is an eigen value of A.
= There exists a non-zero matrix X such that AX = AX

= = A"10X)
= X = MA-IX)
= %X =AlX
= AIX = 11X

= A7lis an eigen value of AL,
(ii) A is an eigen value of A.
There exists a non-zero matrix X such that AX = AX
(adj. A)(AX) = (adj. A)AX)
{(adj. A)A} X = A (adj. A) X
| A | IX=2A(adj. A) X [+ (adj.A)A=|A|T]
| A| X=A(adj. A)X

L

l—i—lX=(adj.A)X

(adj.A)X=L‘;"x

U

Al. . .
= I-}L—I 1s an eigen value of adj. A.
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Example 4. Find the eigen values of the following e M"TIQ,

2 5 7
iA=]5 3 1

1 0 4
MWA=0 2 0 2 0 2

l? I o= (;
Sol. (1) Char acteristic equation i8

| A=Al | = 0

1-» 0 4

= 0o 2-» 0 |=0
3 1 -3-A
=5 A3 —-19A+30=0
= x = 3, — 9, 2
(i) Characteristic equation is
| A—AL | =
2-A 5 7
= 5 3-r 1 |7 0
7 0 2-X
= 23— 7A2— 58\ +150=0
= A = 11.026, — 6.215, 2.1888
. 3 3 2
Example 5. (i) Obtain the eigen value of A3 where A=|1 of-
2 2-1
(ii) Two eigen values of the matrix A=|1 3 1]are equal to 1 each. Find the v
1272

values of AL
Sol. (i) Characteristic equation of Ais

| A-AL | =
8-\ 2

1 gm0
N A=1,4
So, the eigen values of A% are 13, 43 i.e., 1, 64.
(ii) Let A be the third eigen value then,

A+1+1=2+3+2

= A=5
The three eigen values of A are 1, 1, 5.

The eigen values of A~! are 1, 1, 1

8

E‘xample 6. Show that for any square matrix A
(i) A and A" have same set of eigen values |

(¢i) The product of all ei ;
gen values of A is -
Sol. Let A be a square matrix. ] el o dater B (

(i) The characteristic equation of A is |A=AL | =0
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Let A’Dbe the transpose of A.
Then the characteristic equation of A’ will be
| A=A | =0 o

Since the interchange of rows and columns does not alter the value of the determinant
we have,

| A=Al | = | A=Al | ,
. | * |A—M|=|A—M|'=|A'_M'|=|A'_M| asT’ =1
Hence the eigen values of matrix A and its transpose A’ are identical.

(i) Let A = [aij]n « n D€ a given square matrix and )

s Aoy Aay .0, A be its ei lues.
o(A) be the characteristic polynomial then, bl i SRR s, I3

o) = | A=Al |
< a]_]_ = }\, a12 ...... aln
| a.21 Qoo - A Qq,
a,q Byt~ i Qpp — A

=PV +p M p M2+ p )

=EDMA-A) A=A A=Ay ... - AN
Putting A =0, we get

0(0) = (= 1" (= 1" A Ahy ... A,
| A | =AAA, oo A

Hence the product of all eigen values of A is equal to determinant(A).
ﬁxample 7. Show that for a square matrix,
(i) There are infinitely many eigen vectors corresponding to a single eigen value.
(it) Every eigen vector corresponds to a unique eigen value.

Sol. (i) Let X be a characteristic vector of a square matrix A corresponding to a single
eigen value A. Then we have,

AX =X
Let & be any non-zero scalar. Then,
R(AX) = R(AX) = AFkX) = AMkX)

Therefore, £X is also a characteristic vector of A corresponding to the same characteris-
tic root A. » :

Since k is any non-zero scalar, 3 infinitely many eigen vectors corresponding to a single
eigen value.

(i7) Let there exist two distinct eigen values 1, and A, corresponqing to an eigen vector X
of a square matrix A. Then, we have

AX = 0,X | A%y
AX = 0,X -
- AX = A, X = ,X
= (A, —A)X=0 ‘ | .
= X=0 | o A=Ay #

which is impossible since X is a non-zero vecter. Hence every eigen vector corresponds to a
unique eigen value.
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' tors of the matrix A = [ I -9
Example 8. Find the eigen values and elgen vector: -5 4] |
Sol. The characteristic equation of the given matrix1s
| A=A1]=0
1-A =2 | _
. ' 5 a-a|70
- A2-Br-6=0
= A=6,-1
Thus, the eigen values of A are 6, — 1. _ y
Corresponding to A = 6, the eigen vectors are given by
(A-6DX,; =0
1-6 -2 Xq =0
o [ -5 4- 6] [xz}

o o5 calal-o

We get only one independent equation — 5x; — 2, =0
X, %
= —51- = j-zg = kl (say)

x1= 2k1, x2=—5k1

2
The eigen vectors are X, = &, [_ 5]
Corresponding to A = — 1, the eigen vectors are given by

A+DX,=0

2 —2][x]_[0

= -5 5 Xg o 0

=5 x—%5=0
= x—l1=-xT2=k2(say)

xy=ky, %, = ky

The eigen vectors are X, = k, [ﬂ

g &=
Example 9. Find the eigen values and eigen vectors of the matrixA=| 2 1 - g}
-] =2

[UK.T.U. 2011; G.B.T.U. (SUM) 2010)
Sol. The characteristic equation of the given matrix is

| A=AL | =0
-2-2 2 -8
or 2 1-A -6(=0
-1 -2 -
M (-2—7»)[—7»(1—7»)—12]—2[—27\—6]—3[—4+1(1—7»)]=0
or

A+ AZ_210—-45=0
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By trial, A = — 3 satisfies it.

A+3A2-20-15)=0 = (\«+ 3\ + 3)A-5)=

0 = A=-3,-3,5
Thus, the eigen values of A are — 3, - 3, 5,

Corresponding to A = — 3, the eigen vectors are given by
(A+3DX, =0

-1 2 -3||x
or -1 -2 3||x,

We get only one independent equation X1+ 2xy—3x,=0
Let x, = ky, X, = kg then x; = 3k, — 2k,
The eigen vectors are given by

3k — 2k, 3 -9
P
ky 1| 0

Corresponding to A = 5, the eigen vectors are given by (A — 51) X,=0

-7 2 -3||x 0
=2 2 —4 -6|[x|=|0
=3 -—7x1+2x2—3x3=0

%y —2xy—3x,=0
—%;— 25— 5x,=0
From first two equations,

X1 _ X X3
10-6 3+5 -2-2

% X X
— 1-_"2_78 —p (say)
1 2 -1°7°

Xy =kg, X5 =2ks, x5=—Pk,4

Hence the eigen vectors are given by

E
X,=ky| 2|
-1

Example 10. Find the eigen values and eigen vectors of the following matrices:

. 8 -6 2 6 -2 2
WA=|-6 7 —4|(GBT.U.2011)G)A=|-2 3 -1
| 2 -4 3 2 -1 3

(ii)) A =

SO W
S~
Gt OO N

:\. (UK.T.U. 2010)
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Sol. (i) The characteristic equatio | l

IA"‘kII-‘-O

- -6 2
Sﬁﬁ}t 7-1 -4 =0
. 3—A)+ 81+ 2(24 — 27
(8=2) {(7—~7t)(3-}k)—16} + 6((=6)(3 - ~M) =g
_ A4+ 1822 - 461 =0
A = 3)(A=15)=0
Hence the eigen values are 0, 3, 15.

)

= . A=0,3,15

L4

: — 0 is given b
The eigen vector corresponding to A; = 01s gl y
X1
- - here X=Xz
(A - 7L1I)X1 =0 whe 1 -
8 -6 2][x]| [0
= -6 7T - 4 Xg | = 0
2 - 4 3 X3 0
=3 8x, — 6x, + 203 =0 .,
—6x, + Txy— 4%y =0 '-‘(21
2x1—4x2+3x3=0 1
i ' -multiplication f3)
Solving eqns. (1) and (2) by cross-multip 5
Xy _ X __ %3
2414 -12+32 56-36
1 _% _ %3
- 10 20 20
= ﬂ=fl=f§=k1 (say) where £, ,#0
1 2 2
X, =k
Xy = 2k,

%3 =2k, which safisfy equation (3) also.
The required eigen vector X, corresponding to eigen value A, = 0 is given by

ky 1
Xl = 2k1 = kl 2
2k, 2

The eigen vector X, corresponding to Ay, = 3 is given by

x
(A-2A,DX, =0 where X, = [x;J

X3

5 -6 2| x; 0
= —6 4 -4 Xy [= 0

2 -4 0 Xg 0
=

ox; — 6x, + 21, = 0 o
— 6x1 + 4x2 - 4x3 =0 (5)
2%, —dx, = (6

N

N\
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Solving eqns. (4) and (5) by cross-multiplication, we get,
Xq Xo Xy

24-8 -12+20 20-36

X_X2_ %

= 16 8 -16
Xy Xy X
. _.2_1.=—12-=?3—2-=k2(say) where %, # 0

o x1=2k25 x2=k2, x3=—2k2
which satisfy equation (6) also.
The required eigen vector X, is

| S ]

The eigen vector corresponding to Ay = 15 is given by

=51
Xg
X3

(A - 7»3I)X3 =0 where X

-7 -6 2 Xq 0
R —6 -8 —4||x,|=0
2 -4 —12||x| |0

3=

= —Txy— 625+ 2x,=0 (T)
—6x; —8x,—4x, =0 ...(8)
20, —4xy—12x,=0 ..(9)
Solving equations (7) and (8) by cross-multiplication, we get
X1_ %2 _ X3
40 -40 20
X, X9 X
= 71=—_22=T3 = kg (gay) where %, # 0
= %y =2ky, xo=—2kg, x3=Pk4

which satisfy equation (9) also.

2kg 2
The required eigen vector X, is X, = [— 2ky |=hg| -2
kg 1

(i) The characteristic equation is

| A=A | =0
6-2 -2 2
= -2 3-12 -11|=0
2 -1 3-X
= -3 +1202-361+32=0
= A=2,2,8

Hence eigen values are 2, 2, 8.
Eigen vector corresponding to A=Ay =2 s given by
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Marge,
§ 1 3
xg:l

(A-MDX; = O where X;= {

.| X3
4 -2 29&][8}
-2 1 =-1{|%|=
= [2_1 1]| %] L0

— 4""51_2362.{”(')‘953=0 |
— 2%, + %y —%3=0 _"(IJ

] tion
These equations are equivalent to a single equati ;

=0 |
22, — %o + Xg . "‘(
Let x,= 2k3 and Xg = 2k2 then from (4) . :
3 O, — Ohy + 2ky =0 = x1=k2—2:1?b )
Required eigen vector corresponding to M=2=Rh 1

_ 1 =1
k22k2k3}=k2 {z}rksl: OJ
2k, 0 .

Similarly, the eigen vector corresponding to A, = 8 is given by,

X, =

X1
(A-2DX;=0 where X,;= {xz}

X3
- (A-8DX, =0
-2 -2 2 X1 0
= -2 -5 —1||x|=|0
2 -1 -5]|x3| |0
= - — 2, — 2, + 22, = 0 | 03
.~ 2% -5y —x, =0 6]

2x) — %y — Bxg =0 ol
Solving equations (5) and (6) by cross-multiplication, we get

=

X1 _ Xy xg

12 -6 6
Xq Xg X3 .
= ; —_— === =
2 -1 k| (say)

X =2k, Xo=—Fk., x.=p
which satisfy equation (7) also. R

. . B - 2k 2
Required eigen vectoy corresponding to Ay = 8is X, = {— ki} =k {_ }
by .

(#ii) The characteristic equation ig

| A=A | =9
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3-A2 1 4
IR 0 2-2 6 [=0
0 0 5-A
" B-M2-MNE-MN=0 = A=8,925

Hence eigen values are 3, 2, 5.
Eigen vector X, corresponding to eigen value A =3is
(A - 3I)X1 =0 where X]_ . [xl

0 1 4{|x, 0
R 0 -1 6||x,|=|0
0 02x3 0

%y x3]’

aa Xy +4x5 =0
—x2+.6x3=0
2x3=0

= x3=0, x,=0

The characteristic vector corresponding to eigen value ),

Xf ky ‘ |
X, =|x5|=| 0| where xX;=ky, R #0

x3 O
When A = 2, let X, be the eigen vector then,
(A - 2DX, =0 where X, =Ix, Xy x4l

1 1 4][x]| [0
- bR

.|

= 3 is given by

=5 X1+ Xy +4x3=0
6x; =0
3x;=10 = x3=0
X +%,=0
or . X, ==%,

1 -1 0
x,=ky, xXy=—hy, x,=0

ks 1
Required eigen vector is X, = [— ky |=hy|—1
.0 0

When A = 5, let X, be the eigen vector then
(A-5DX,=0 where X;=I[r, x, x,l

= 10 =3 6llx,|=|0
0 0 O|lxs| |0

= —2x, + x5+ 4x,=0
—3xy+6x,=0 _
Solving above equations by cross-multiplication, we get

o (say), where £k;+0
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N
X, _%_Xs
6+12 12 6
Xy _Xp _%3 =k, (say) where kg#0
= 3 2 1
=5 x]. - 3k3’ x2 = 2k3, x3 = k3

Example 11. Prove that o _ e
(i) 0 is a characteristic root of a matrix if and only if the matrix is singular.

(ii) The characteristic root of @ real symmetric matrix are all real.
(i) If A and B are square matrices of same type and if P be invertible then 4 and p-
have same eigen values. [M.T.U. (Sum
" (iv) The sum of the eigen values of a square matrix is equal to the sum of the eleme
its principal diagonal.
Sol. (i) The characteristic root of a matrix A is givenby | A—AL | =0
IfA=0,thenitgives | A| =0 '
= A is singular.
Again if matrix A is singular, then

Ap
2011|

| A=A | =0
= |A|-A|I]|=0
=» 0-A-1=0
=> v A=0.
(ii) Let A be a real symmetric matrix
A is real
& A=A
= (AY =A"
= A¥=A | Ais symmetri

= Ais Hermitian.
Hence the characteristic roots of A are all real.
(iii) Let B=PlAP
then - B—AI=PlAP-AI
=PIAP-PIAIP=P1(A-ADP
| B-AI| = | PYA—ADP |=|P1| |A-AL| |P|
=|A-AM| |P1| |P|=]|A-AL| | PP]|
| =|A-AI| |I|=]A-AI| Rk
Hence matrices A and P'AP have the same characteristic roots.
(iv) Let A = lagl;, sbea Sciuare matrix of order 3. The characteristic equation is
A-AT| =0
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—
an—-A  ap Q13
= @1 Qp—A  ay [=0
a3 az; agz—A
= A+ 2% (ay; +ag +az)—...=0 (1)
But we know that,
| A=A | =1 A-2) A=2,) A=12y)
== AR+ A+ ) - (2)
Comparing equations (1) and (2), we get
ll+7\.2+13=a11+a22+a33.
TEST YOUR KNOWLEDGE
1. Find the eigen values and corresponding eigen vectors of the following matrices:
-5 2 . [5 4
@ i 2 - 2] (i1) 1 2]
(12 2 a h g
@i)|] 0 2 1 , vy|0 b 0
-1 2 2 0 0 ¢
[1 0 0] 10 -1
w[0 2 1 w)|1 2 1
2 0 3 2 2 3
[ 2 8] 110
(i) |3 1 2 (viir) |10 1 1
2.8 1 (10 1
11 3] f '; !
@ |15 1 (U.P.T.U. 2015) @ |~ -1 A.KT.U. 2018)
311 1 -1 2
211 2 01
(x)A=12 3 2 (AK.T.U. 2022 (xi)) A=|0 3 0 (A.K.T.U. 2021) .
3 3 4 . 1 0 2
. 1 2 2
2. (i) Find the characteristic equation of the matrix A=| 0 2 1.
-1 2 2
| 2 -3 1 |
(i) Find the eigen values of the matrix A=| 3 1 3|. (U.KT.U. 2011)
-5 2 -4
(5id) Find the eigen vectors for the matrix A = []é ~ ﬂ (U.P.T.U. 2014

. 1 2 -3
3. Find the eigen values of 3A3 + 5A% — 6A + 2] where A= [0 3 2]. ’
0 0 —-2| -

101
(AK.T.U. 2017)

2 , b4 T101
9 4] corresponding to the eigen vector :

4. Find the eigen value of the matrix [4
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5. (i) Show thatifAisa characteristic root of the matrix A then A+ k is a characteristic root of th
matrix A + kL N
(ii) Show that if A; (1 < i < n) are the eigen values of a square matrix A then A™ has the eige
values A, (1 < i < n), m being a positive integer. n
(ii1) Prove that the characteristic roots of a diagonal matrix are the diagonal elements of the
matrix.
0 » g 0 f h 0 g f
6. Verify that the matrices X = !h 0 fJ, Y = {f 0 g|,Z=|g 0 h| have the same
g f 0 h g O f h O

characteristic equation.

a ¢ b
7. Ifa+b+c=0, find the characteristic roots of the matrix A=|c b a}.
b a c

2 1 1
8. Prove that for matrix A= [ 2 3 4] , all its eigen values are distinct and real. Hence find the
-1 -1 -2
corresponding eigen vectors.
3 10 5
9. Show that the matrix |-2 -3 -4 has less than three early independent eigen vectors,
3 5 7
(U.P.T.U. 2014)

Also find them.

0 11 1 b+c c—a b-a
and P= —|c-b c+a a-b|, show that the transform of P by M i.e,

10. IfM=|1 0 1
1 10 b-c a-c a+b

MPM-! is a diagonal matrix and hence find the eigen values of P.

3 2 2 -4

k! - : . . 2 3 2 -1

11. Find characteristic equation and eigen values of the matrix A= |1 1 9 _1
2 2 2 ~1

4 -1 -1
IfA= {— 1 4 —1} and B=1- % A, then show that ;=1 — %li, where A, and y; are the eigen

12.
-1 -1 4
values of A and B respectively.
, Answers
1 2 B 1 4
1. ()-1,-6;k {2], k,, [_ 1] (@) 1,6k, [_ 1], ks, [1]

[ 1] 2 [1 h g

(i) 1,2, 2 k| 1]|.8;]1 (v)a, bc;ky |Of, kylb—al ey | O
|~ 1] 0 0 0 c—-a
[-1] o 0 T 2 1

1,23k |-1|,k, 1], k|1 W) 1,2, 3k, |—1| g |—1], kg |~1

| 1] 0 1 0 -9 -9
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7 3\/§L 7 3J3 ]
; 1 9 2 -5-*2 i
i -5 g ik ke 44480 |kl 4-3;
1 w8 ¢ ;
i 2 §'+ 31
1 ! | .
1,8, k1] % —l+‘/§' k 1 43
i) 2 gE g b T TP P2 T T T Ry = o =
92 2 1 . 2 2 2
. 1
_—§+\/3—l’- _E+ 3i
-1 1] 1 1 | 1
(i0-2635k g,kz i,k3 —1 1,1, 45k 1], k| 0], k|1
4L 0 1 |1
a7 1] [1 - ORT e T
@) 1,175 ky| 1i+ks| OF, k|2 (cit) 1,3,3; k| O, ky| 1|+ ky|O
0 1 3 ] 0 1
293_BA2+8\A—4=0 (@) 0,1, -2 (iii) k 4 é 1
2. @ A= ? L) fey 1—i>™2|1+1¢
3. 4,110,10 4.6
3 2 2 V2
_ Z@®+b +c)]
7 k-O,t[z
: 2 0 4 5 1
8' 3’_1’1;131 3,k2 _1,k3 ‘—'1 . 9-2,2’3;k1 Z,kg 1
-1 1 0 -5 -2
1. a.b,c 1L A —T7A+17A2—-17TA+6=0;A=1,1,2,3

1.42. CAYLEY-HAMILTON THEOREM

Every square matrix satisfies its own characteristic equation.
Let A=[a] be a square matrix

j'nxn
a;; Q19 - ay,
then, A _ a:21 0?2 . : A a?n
Qn1 Q@2 -+ %nnlyyn
Let the characteristic polynomial of A be ¢(})
then, o(A) = A—-AL
all —_ A, Qq9 ‘e ay,
021 Qg9 — }\4 “e a’?n
G Gpp e @A

Therefore, the characteristic equation is
|A=AL [ =0
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= P +P1M_1 "'pzkn—z"' w4 P, =0
We have to prove that
DA +p, A" + DA R+ oo +p,I=0
Since the elements of (A—AI) are atmost of the first degree in 2, the element,
adj. (A — AD are atmost of degree (n — 1) in A. of
e written as a matrix polynomial in A given by

Thus, adj. (A— Al) can b
adj. (A-AD = BOA"'I - Blk"‘z ++B, 4
are square matrices of order n, their elements being polynomia] in)

B

Where Bo, BI’ sssy n-— 1
We know that
(A—AD adj. A-AD = | A=A | I
L (A ADBA -1+ BAE 4 e+ By = A PN PR Rl
This is an identity in scalar A.
Equating the coefficients of like powers of A on both sides, we get
- B, =p,I
AB,-B; = pl
AB, - B_2 = ng
AB,_ ;- B_r =p,1
AB n-1- P nI :
_ Pre-multiplying these equations by A", A1 A2 A, I respectively and adding, we
get ,
0 =p,Ar+ p AT 4p AT+ 4D, A+ D] (@)
which proves the theorem.
(3

Note 1. Pre-multiplying equation (2) by A-1, we have
O = pArL + p AP2 + p AT + o+ p, 1+p,A?

. 1
= Al=- o [p AP +p A" + AT 4+ Pl
n
method for computing the inverse of a square

Thus, Cayley-Hamilton theorem gives another
rix of order n in terms of (n — 1) powers of A, it

matrix. Since this method expresses the inverse of a mat
is most suitable for computing inverses of large matrices.

Note 2. Again pre-multiplying eqn. (3) by A™, we have
0 = p,A™2 + p, A" + p,A™H + ... + p, A7 +p, A

1
! 2= — -2 -3 -
= K o [poA™2 + p A3 + p, A" + ... + p, A7

Hence, by using this theorem, we can also find A~2 provided A~! is known and hence A3, A, ..

ete.
Note 3. If m is a positive integer such that m > n then any positive integral power Am of Ais

linearly expressible in terms of those of lower degree.
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ILLUSTRATIVE EXAMPLES

“eri, : 2 -1 1
Example 1. Verify Cayley-Hamilton theorem for the matrix A=|-1 2 - 1} )
1 -1 2
Hence compute A%, Also evaluate A® — A5 + 9A¢ _ 943 _ 1242 + 93A — 9

isti (A.K.T.U. 2016, 2018)
Sol. The characteristic equation of A is

IA—MI:O
2-A -1 1
. -1 2-A -11|=0
e 1 -1 2=
or 7"_3 —6A%+9A—4=0 (on simplification)
To verify Cayley-Hamilton theorem, we have to show that
AS—6AZ+9A-41=0 ..(1)
2 -1 1| 2 -1 1 6 -5 5
Now, A’=|-1 2 -1f|-1 2 -1|=|=5 6 -5
1 -1 2] 1 -1 2 5 -5 6]
6 -5 5 2 -1 1 22 —-22 -21]
A3=AZxA=|-5 6 -5||-1 2 -1|=[-21 22 -21
5 -5 6|l 1 -1 2 21 -21 22
A3 —6AZ + 9A — 41 ’
22 -22 -21 6 -5 5 2 -1 1 (1 0 0
=|-21 22 -21|-6|-5 6 -5[+9|-1 2 -1|-4|0 1 0
21 —-21 22 5 -5 6 1 -1 2 0 0 1
000 ~ |
=0 0 0|=0
0 0O
This verifies Cayley-Hamilton theorem.
Now, pre-multiplying both sides of (1) by A}, we have
A2_-6A+91-4A1=0
= 4A1 =A% —6A + 91
6 -5 5 2 -1 1 100/ | 31-1
= 4A1=|-5 6 -5|-6/-1 2 -1|+9/0 1 0= 1 3 1
5 -5 6 1 -1 2 001 |-1 1 3
1/ 31 -1
Al=-]1 13 1f. -
4-1 1 3

Also, A5 _6A5 + 9A% - 2A3 — 12A% + 23A-91 _
= A3 (A3 —6A2 + 9A — 4]) + 2(A3 — 6A2 + 9A —4D) + 5A-1=5A-1 | Using (1)

2 -1 1 100 9 -5 5
=5|-1 2 -1|-|0 1 0| =|-56 9 -5
1 -1 2 0 01 5 -5 9
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Example 2. Find the characteristic equation of the matrix A [
1 1 2

21 1
=10 1 0 and hehCe

compute AL Also find the matrix represented by A% — 5A7 + 7A6 - 3A5 + A1 —5A3 4 gA2 _ 244;

or

Sol. The characteristic equation of A is
2-A 1 1

yA—u,=/ 0 1-A 0 |=0

1 1 2-A
AB—5A2+7A-3=0
By Cayley-Hamilton theorem, A3 — 5A2 + 7TA-31=0

Pre-multiplying (1) by A~1, we get
5A71A% + TA1A — 3A7I = A-10

A-1A3_
= AZ- 5A +7[-3A1=0
= 3A1=A2-5A+17I
= % =§(A2—5A+7I)

2 1 52:11 5 4 4
A2=A.A=[0 1 00 1 0|=|0 1 O
11211 2 4 4 5

- (2)

5A% + TA—3D) + (A2+ A +1)

[Using (1)]

Now,
5 4 4 10 5 5| |7 0 O 2 -1 -1
From (2), 3A-1=]0 1 0[-] O 5 O0|+|0 7 0|l=| O 3 0
4 4 5 5 5 10 0 0 7 -1 -1 2
1 2 -1 -1
= A1l==-] 0 3 0
3|-1 -1 2
Now, A8_5A7+ 7TA6_—3A5+ A*—-5A3 + 8A2_2A +1
=A5%A3—-5A2 + 7TA - 3] + A(A3 —
=AZ+A+1

O b NO

5
=0
4

1
1
4
1 5
4
1
Example 3. Given A = |0
3

D

-1 1
Sol. The characteristic equation of the given matrix A is
| A=AL | =0
1-2 2 -1
=5 0 1-2 -1]=0
3 -1 1-A

211][211][211] 100
=0 0 1 0/+[0 1 0|+|0 1 0
1 112 (112 [001
1211 [100] (855
+/0 1 0|+|0 1 0f{=[0 3 0.
J[1 12 001 (558

2 -1
-1 - IJ find Adj. A by using Cayley-Hamzlton theorem.
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o (1-M[A-M*-11-2[8]-1 =31 -] =0
_ AP—3A2 4+ 50 +3= implificati
By Cayley-Hamilton theorem, A should satiify X N
A%-3A245A4+381=0
pre-multiplying by A, we get
A2-3A+51+3A1-0

1
= A =g (A2-3A 4 5 (D)
1l 2 .- 1 2 - - -
Now, A2=A.A=[0 1 _1] 0 1 _i= _g g _;
' 3 -1 1/|3 -1 1 6 4 -
[3 6 -3
3A=1|0 3 -8
9 -3 3]

From (1), Al=_

o[

-2 5 - 3 6 -3][5 00
-3 2 =-2|-/0. 38 -3(+|0 5 0
6 4 - 9 -3 3| |0 0 5

0 -1 -1
a5 or
3-8 7 1
We know that, Al= Adj. A
| Al
Adji.A=A1|A |
1 2 -1
Now, |A|={0 1 -1{=-3
3 -1 1
1 0 -1 -1 0 -1 -1
Adj.A=(-3) (——) -3 4 1|=(-3 4 1].
3/|-3 7 o) |-8. 7 .1
1 0 0
Example 4. IfA=|1 0 1|, find A and A? using Cayley-Hamilton’s theorem. Also
0 1 0
show that for every integer n >3, A" = A"2 + A2 -1, [U.P.T.U. 2015]
Sol. Characteristic equation is
|A—AI| =0
1-A 0 0
= 1 -2 1]|=0
0 1 -A
= 1-AA2-1)=0
= ABB-_2A2-L+1=0

Therefore, by Cayley-Hamilton theorem, we have

A3—A2_A+I=0 ..(1)
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Premultiplying eqn. (1) by A~!, we get
A2-A-1+A1=0
= Al1=1+A-A%
1 00 1 00 1 00 1 00
— Al=|0 1 0|+|1 0 1|-(1 1 0/=| 0 0 1
0 01 010 101 -1 10
Again Premultiplying eqn. (1) by A, we get
A4 -A3-A2+A=0
= At=A3+A2-A
1 00 1 00 100 1 00
= A¢=|2 0 1|+[1 1 0|=f1 0 1|=(2 10
110/ /101 [010 |2001
Now, again from equation (1), we write
A3-—A?2=A-1
Premultiplying both sides successively by A, we obtain
At —A3=A2-A
A5—A4=A3—A2

------------

------------

An—l — An-—2 = An—3 o An—4
Ar — A1 = An—2 An-3
Adding these equations, we get
An_A2=An—2_I
Ar=A"24+A2_-T,n2=23
and using Cayley-Hamilton theorem, find A"

ﬁ 2
Example 5. Find the eigen values of A

(n is a positive integer) ; given that A = [ ‘ 2].

Sol. Characteristic equation is
|[A-AI| =0

1-A 2

= I 4 3-A l =
= A2—-4A-5=0
= A=-1,5

Eigen values of A are — 1, 5. ,
Let A =(2—4A-5) Q)+ (@h +b)  ...(1) |where Q(») is quotient
Put A=-1, (~1)r=-a+b (2
PUt l = 5, 5" — 5a “+ b .(3)
Solving (2) and (3), we get |

5" - (-D" 5 5" +5(-1"

aqa=——
6 6
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Replacing A by matrix A in (1) , we get

A" = (A% - 4A - 5T) Q(A) + (aA + bI)

=0 +aA + bl | by Cayley-Hamilton theorem
= aA + bl
_J15" =011 2 L15"+5D" (1 0
6 4 3 6 0o 1l
TEST YOUR KNOWLEDGE
1. Verify Cayley-Hamilton theorem for the matrices: y
1 9 2 2 1
HA=|y _ ] @)A=0 1 -1
o _ 3 -1 1
3 0 1 B, R |
(i) A=|0 2 0 GuyA=| 0 5 4
0 0 1 - -4 4 3
9 3 (4 0 1]
W A= (i)A=|0 1 2 A.K.T.U. 2020)
3 5
- 10 1
[1 2 3 (1 3 7]
i) A=|2 4 5| (AKT.U. 2015, 2019) (viii) A=|4 2 3
3 5 6 1 8 1]
2 -1 1 7 9 -9
x) A=|-1 2 -1 xA=|-6 -1 2 (UK.T.U. 2012
| 1 -2 2 | 6 2 -1
1 1 2
mA=|3 1 1| (UP.T.U. 2019
2 3 1|
Hence find A-! in each case.
2. Verify Cayley-Hamilton theorem for:
‘ s ‘ ' -1 -2 '8
0) [2 ] @Gl 2 4 -2
! -1 1 2
3 4 1 2 1 1
G| 2 1 6 vy [0 1 0 (U.P.T.U. 2014)
2
147 [ 2
8. Using Cayley-Hamilton theorem, find the inverse of:
7 -1 3 4 3 71
@6 1 4 Gy|2 1 -2
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1 2 0 .
4. Show that the matrix A= |2 -1 0] satisfies its own characteristic equation and hence
or
0 0 -

otherwise obtain A2

12 : |
5. IfA= [_ 1 3] , use Cayley-Hamilton Theorem to express A% — 4A5 + 8A4_ 12A3 + 14A2 a5 a lineg,

polynomial in A.

6. Express 2A% — 3A* + A% — 4I as a linear polynomial in A where A = [ i ;] . (AKTU 2 17

-3 2 :
7. IfA= [ 1 O] then evaluate the expression A + 51 + 2A-1. (A.K.T.U. 2017

8. Using Cayley-Hamilton theorem, find the inverse of the matrix

1 2 3
A=1|2 4 5
- 13 5 6

Also express the polynomial B = A8 — 11A7 — 4A% + A5 + A4 _ 11A3 - 3A2 + 2A +1 as a quadratic

polynomial in A and hence find B. (A.K.T.U. 2019
~ Answers
0 3 3
, 1
1. (L)A—1=—B _ﬂ (ii)A—l—l 3 1 -2
. 5 9|3 -8 -2
(1o ; 16 —20
Gi) Al==|0 9 0 (iv) Al = —
6100 9| - —20 4 -5
-5 : ' . |
Wai=| wpdr=t] 373 Cg
=8 ' 2 T 3-10 4
1 -3 2 g [+ -5
(vit) A‘l- - 3 =1 (viii) A”l= —| -1 -6 25
2 0 3|6 1 -10
[z 0 -1 J-3 -2 2
(x) A= 2|1 3 1} (x)A—1=§ 6 Bl
03 3 -6 -2 5
(-2 5 -1
(i) Al=—|-1 -3 5
7 1 _2
3. () gg|—40 50 -10 (i) —|-4 3 10
22 -30 13 111 3 5 -2

100
4. A2=10 1 0 5. —4A + 51
0 05 '
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6. 138A — 4031 7. of
1 3 2 R 16 27 34

g |-3 3 -15B=A+A+1=(27 50 @1
2 -1 0 34 61 77

1.43. SIMILARITY TRANSFORMATION

/

¢ A and B be two square matrices of order 7. Then B ;
Le -singular matrix M such that 1S sa1d to be similar to A if there exists

B=M-"AM | 0
Equation (1) is called a similarity transformation.

ano

1.44. DIAGONALISATION OF A MATRIX

————

Diagonalisation of a matrix A is the process of reduction of A to a diagonal form.

IfAis rela!:ed to D by a.similarity transformation such that D = M- AM then A is
reduced to the diagonal matrix D through modal matrix M. D is also called spectral

matrix of A.
1.45. REDUCTION OF A MATRIX TO DIAGONAL FORM

If a square matrix A of order n has n linearly independent eigen vectors, then a matrix B can
be found such that B-1AB is a diagonal matrix.

Note. The matrix B which diagonalises A is called the modal matrix of A and is obtained by
grouping the eigen vectors of A into a square matrix.

ILLUSTRATIVE EXAMPLES
1 -1 2
Example 1. Reduce the matrix A= |0 2 —1|to diagonal form by similarity trans-
- o 0 3

formation. Hence find A3.
Sol. Characteristic equation is

1-» -1 2 .
0 2-» -1|(=0
0 0 3-A
= 7\, = 1, 2, 3
Hence eigen values of A are 1, 2, 3.
Xy
Corresponding tod=1,let X, = | % be the eigen vector then,
X3
(A — I) Xl =0

0 - 1 2 x1 O
0 1 - X9 | =
0 0 2|lxg] |O
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: —Aies

-Xy+2x,=0
Xo-2x3=0
2¢, =0

Xy =ky,x,=0=2x,

1
X1=k1 0
0

X1

Corresponding to A = 2, let X, = [sz be the eigen vector then,
X3

(A-2DX,=0

~1 -1 2][x] [o
0 0 -1 X9 |= 0

= —X;—Xy+2x,=0
-x3=0
X3 =0
x1=k2,x2=—-k2,x3=0

|
X,=ky |-
0
. 2,
Corresponding to A = 3, let X; = | %2 | be the eigen vector then,
ey

(A-3DX,=0

= 0 -1 -1||x, |=|0
0 0 0|lx] |0

= —2x1—x2+2x3=0
—%,~x3=0
-3
Xy = kg, x3=—k3,x1=?k3

3
ol
2
1 1 3

HencemodalmatrixisM=[0 -1 —2}; M| =-2
0 o0 2

2 -2 1
0 0 -1

Adj.M=[0 2 2
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_ AdiM 3 1 -12
M () T4
0 12
1 1 -12][1 -1
s =1 21 1 3] [10
MAMlig—é —:”O 2—10—1—2-023
V2]|0 0o 3l|o v 2 0 0 3
Now, since, D =M~AM
i A =MDM-1 :
A? = (MDM-1) (MDM-1) = MD2M-! |- MM=1I
Similarly, - A= MD*M |
1. 1 38|10 o011 1 -12 1 -7 32
=10 -1 -2(|l0 8 0]|l0 -1 -1{=(0 8 -19]|.
0 0 2o 0270 o 12| [0 o0 27
-1 2 -2] ,
Example 2. Reduce the matrixA=| 1 2  1|tothe diagonal form.
-1 -1 0
(UK.T.U. 2011)
Sol. The characteristic equation of A is
-1-A 2 -2
|A-AL|=| 1 2-& 1]|=0
-1 -1 -

A3 22— 5} + 5 = 0 (on simplification)
Solving, we have A =1, + J5. :
When A = 1, the corresponding eigen vector is given by
—2x, +2y,—22,=0
X, +y,+2,=0
X, -y, +2,=0

or

1
Solving the last two % = %l. = _2_15 giving the eigen vector %, [ 0}.
' T -1

When )\ = \/5 , the corresponding eigen vector is given by
(fl—‘/g)x1+2y1—221=0
x,+2—-Bly, +2,=0
—%y—y;—62,=0

Solving the last two — b — = —21—=—
. TR s R 5
W5-DF V5-1 1-45 ~ J5-1 .-
o [¥B-1
SlVing the eigen vector &, ‘/—1
-1 |
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B+l
Similarly, the eigen vector corresponding to A = — J5 is &, _1,1
1 V5-1 J5+1
The modal matrix M = _01 _11 —11
| A, 0 0 1 0 0
; oo[i 4 SHe 44

is the diagonal matrix, obtained by diagonalising A. |
Example 3. The eigen vectors of a 3 x 3 matrix A corresponding to the eigen values ], 13

are [1, 0, - 11T, [0, 1, - 11T and [1, 1, 017 respectively. Find the matrix A.

1 01
Sol. Modal matrix, P=| 0 1 1
-1 -10
100
Spectral matrix, D=|/0 1 0
0 0 3

We find by elementary operations,

Jf1-1-1
Pi=_|-1 1 -1

1 1 1

Therefore, : A = PDP!
(1 0 1f100]1-1-1 211
. == 0 1 1//0 1 0of]-1 1 -1|=(1 21
Zl-1 -1 0fl0 03[ 1 1 1] [001

Example 4. The matrix A = (Z Z-’ is transformed to the diagonal form D = T-’AT
d

where T=| % i . Find the value of ® which gives the diagonal transformation.
—-s5in0 cosB
cos® —sin 9]

cos6 sin
Sol, T= [— sin® cos OJ w Th= [sin 6 cos@

cos® -sinB||la A cos® sin6
Now, — T~AT= [sin 8 cos 9] [h b] L sin® cos GJ

acosO—hsin® hcosO-bsinb cos® sinH
“lasin®@+hcos® hsinO+bcosB||—sin® cosO

(@ —b) sin 0 cos 8 — A sin? @ + A cos® 9:’

acos® 0 —2hsin 0 cosO+bsin? 0
asin? 0+ 2ksin 0 cos 0 +b cos? 0

(@—b)sinOcos O+ A cos? 0—Asin 0

a cos® 8- hsin 20+bsin? 0 (@ —b)sin 8 cos 0 + A cos 20
(@—b)sinBcosO+hcos20 asin®0+hsin20+56cos? 0
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gut TAT is a diagonal matrix
(@ -b)sin B cos 8 + A cos 20 = (

a-b6) .
( )sm29+h00529=0

= 2
R tan 20 = — 21 __2h
a-b b-qg
= 0= tan-l[_2h ,
2 b-a
TEST YOUR KNOWLEDGE
1. Diagonalise the following matrices:
-1 1 2 : [ 9 -1-9 (1 -6 -4
@] 0 -2 1 @| 3 -1 3 @) |0 4 2
0 0 -3 -7 1 -7 0 -6 -3
3 5 . (1 6 1 '3 -1 1
@) " 31] |1l 20 (w)|-1 5 —1}.
i 0 0 3 1 -1 3

. . . ! 4
2. (i) Find a matrix P which diagonalises the matrix A = [2 3] Verify P-1AP = D where D is the

diagonal matrix. -

6 -2 2
G)LetA={-2 3 — IJ. Find matrix P such that P-! AP is a diagonal matrix.
[ 2 -1 3
4 1 0 ‘
(ui) For the matrix A=|1 4 1/, determine a matrix P such that P~! AP is a diagonal matrix.
0 1 4
' [M.T.U. (SUM) 2011]
1 2 -2
3. Reduce the matrix P=| 1 2 1| to diagonal form. AKT.U. 2017
-1 -1 0

, 171
4. Diagonalise the matrix A = { 0 2 1] and hence find A8.
-4 4 3

31 -1 _
5. Show that the matrix A = li— 23 2J is diagonalisable. Hence, find P such that P-1AP is a

01 2 ,(
diagonal matrix. [M.T.U. 2012]
[Hint. A is diagonalisable iff it has 3 linearly independent eigen vectors]

ponding eigen vectors of the following matrix and hence

6. Find the eigen values and the corres (G.B.T.U. (C.0.) 2011]

diagonalise it.

- O N
S W o
N O
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3 10 5
7. Show that the matrix A= |~ 2 -8 —4/ haslessthan three linearly independent e;
3 6 7 BeN veq

a similarity transformation that will diagonalise this matrix?

Orﬁ‘

Is it possible to obtain

(u.pT
8. Find the square matrix A whose eigen values are 1, 2 and 3 and their corresponding cige U. 2014)
are [1, 0, — 1] [0, 1, 0]* and [1, 0, 1]" respectively. . TI;/ Veety,,
- ise the unit fpim ik il L, 2 401
9. Diagonalise the unitary matrix A= —z=) _; |- (UPTY 2014
Answers
1 1 1 0 1 4 0 0 0
1. O|/0 -1 2] @)1 0 1 (Gz)|0 1 0
0 0 -2 -1 -1 -3 00 1
-1 00 2 00
32.199 0
(iv) | 0 30 (wi) |0 3 0
0 1.801
00 4 00 6
" 2 1 -1 -1 1 1
2 (i)P:[_z J G)|l-12 0 Gii)| 0 V2 -2
10 2 1 1 1
3 00 [1 0 0] [-12099 12355 6305
3. |0 -10 4.0 2 0];|-12100 12355 6305
0o o0 1 0 0 3| |-13120 13120 6561
110 1 1] 0] [1 00
5. P=|-10 1 6.1,3,3;k,| O,k (0]|;k3 [1];]0 3 0
111 | -1 |1 0/ [0 03
2'0 1 .
7. No 8.A=[0 2 0 9.[0 _1].
10 2

1.46. APPLICATION OF MATRICES TO ENGINEERING PROBLEMS

1. Electric circuits with resistors and applied voltages. Consider a simple electric circuit
“involving 5 resistors and 3 applied voltages as shown below:
The directions of the currents i,, i, And i; flowing
in each branch of the circuit are shown by arrows. The
currents can be determined by an application of Ohm’s
law and the Kirchhoff laws.
An application of these laws to the adjoining cir-
cuit where the potentials are in volts, the resistances are
in ohms, and the currents are in amperes leads to the
following set of simultaneous equations:




12i, + 100, — i) + 8(i; — i) = 8

10G, — i) + 6@, - iy) =4
8 (ig—1y) + 6@ —1i,) + 4i, =6
After collecting terms, this system can be written as the matrix equation AX = B with

30 —10 -8 ; .
A=|-10 16 6| x_|; BzH

97

-8 -6 18 i p

. -octions assumed for th I
The dJrectloileSm o etlons e culirents !1» 1y, L3 are shown by the arrows in above figure
¢ if after the sys q 1s solved, the value of the current is found to be negative
o rection of its arTow must be reversed. ’
e . . . .

When many coupledttillr((:iu;‘ts are 1PV°1VGd, a matrix approach is useful and it then becomes
ssary to develop a method for solving for X, the matrix equation AX = B, the elements of

pich are the required currents. ’
W : :

9. Qraph Theory. M_ailslrlces play an mmportant role in combinatorial problems. These
~oblems involve fiealmg with the possible arrangements of situations of various different
iinds and computing th-e number and properties of such arrangements.

Conside? the dehv.ery from a §t9rage depot of a consumable product to a group of

permarkets in a large city where it 1s important that daily deliveries be made as rapidly as
08 sible. One po.ss1b111ty involves a delivery truck making a delivery to each supermarket in
turn and returning to the storage depot between each delivery before setting out on the next
delivery- o ' =iy

An alternative is to travel between supermarkets after each delivery without returning
to the storage depot. The question is which approach to routing is the best and how it is to be
determined.

A typical situation is illustrated in the
adjoining figure in which supermarkets numbered
10 5 are involved with circles representing super-
markets and lines, arcs representing the routes.

Adjoining representation is called a graph
which is regarded as a set of points represented by
the circles called vertices of the graph and edges of
the graph represented by the lines and ares.

A special type of matrix associated with such
agraph is an adjacency matrix i.e., a matrix whose
only entries are 0 or 1.

The adjacency matrix A = [aij] is formed such that

. = {1 ,if vertices i and j are joined by an edge
iy

pu

0, otherwise
‘ 0 1 0 1 1]
' 10100
For the above graph, the adjacency matrixisA=|0 1 0 1 1
| 10101
L0 ki 1 0

Which is symmetric matrix. :
o The' interconnection properties of the problem represented by the above graph can be
alysed in terms of its a djacency matrix A. The optimum routing problem can then be re-

“olved once the travelling times along roads (or lines) are known.
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3. Computer Graphics. The 31'rnp1est pperatlons in computer graphics involy, . ‘
a picture to a different location, rotating a picture about a fixed point and scaling 5 ° Ying
where the scaling can be different in the horizontal and vertical directions. These °pe£mt

are called, respectively, a translation, a rotation and a scaling of the picture.
Operations of this nature can all be represented in terms of matrices and they ;
linear transformations of the original picture. v 1voly,
Tyranslation. A translation of a two dimensional figure A A
involves copying it to a different location without either
\g it or changing its horizontal and vertical scales.
The adjoining figure shows the original cartesian axes
O(x, y) and the shifted axes O’(x’, y") where the respective axes
remain parallel to their original directions and the origin 0’ 7s BRAOR
is located at the point (%, %) relative to the O(x, y) axes. Qs . gy < PR
The relationship between the two sets of coordinates is

Ty

rotatil

given by | o h >X
— ’ — ’
x=x"+h and y=y +£k Translation

’

x x h
IfX = [y}’ X = [ y’] and B = [ k]’ the coordinate : 1sformation can be written iy

matrix form as X = X’ + B where matrix B represents the tra lation.
Rotation. Consider a rotation of the coordinate axes th: '1gh an angle 8 where P(x, y)is
an arbitrary point. The coordinates of P in the (x, y) reference . ame and the (x’, y") reference

frame are related-as - ;
% = OR = OP cos (¢ + ) ~ s
= OP cos ¢ cos 6 — OP sin ¢ sin 6
= 0Q cos 6 — PQ sin 6 =x" cos 6 —y’ sin O
and - y=PR=0Psin (¢ +06) ' A% Y)
= OP sin ¢ cos 6 + OP cos ¢ sin 6 | I,’,pli\‘\‘ X
=PQcos 0+ 0OQ sin 6 =y cos 6 +x” sin 6 A
so that x=x"cos®—y sin 6 , | /;) ;" 1Q
and y =7y cos B +x sin B ' : ' 20 LN, »X
Above transformation can be written as o R
| X =RX’
x cos® —sinB x']
where X= [y]’ R = !:sin o dosD J, X' = [y,_,
Sealing. If S is a matrix of the form .
k., O
S = [0 ky}

where % and ky are positive constants and X’ = SX, it follows that
x=k,x and y= k,y
showing that x is obtained by scaling x” by &, while y is obtained by scaling y” by R,
4. A compound mass-spring system. The adjoining figure represents a mass ",
suspended from a rigid support by a spring of negligible mass with spring constant k, anda

mass m., suspended from mass m, by a spring of negligible mass with spring constant £,. The_
vertical displacement of m, from its equilibrium position is x, and the vertical displacement of
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. ilibrium position is \ .
m its equlh Xo. Each s & Al )
0 PTing is assumed to be linearly elastic so the

mg Y. force exerted by a spring is e
n ‘ : qual t .
rest.(l)irl;riim position and the spring constant, © the product of the displacement from its

eq!

2

he product of the mass m, and its acceleratjop d %
T ation is m, a7 and the restoring force due

p—y onstant &, is &, x; while the restoring force du

. . et i :
So the equation of motion of m | is © SPring constant k, is ky(x; — x,).

" ixl—:—kx R LSS /9 Y I IV
1 2 %1 — Roloe; — x,) s(1)
similarly, the equation of motion of m, is
m _dzﬁ =—k( |
s 3 =~ 2(Xy —x,) ..(2)

where the negative S1gn indicates that the Springs act to restore the masses
to their original positions. ,
System of equations (1) and (2) can be written as the matrix differ-

ential equation X + AX = 0 where

X = dt® A= ™ m, _ [xljl
d*z, —ky kP E= |
dt? my my

5. Use of eigen values and eigen vectors. While studying vibra- -
tional problems, eigen values represent fundamental frequencies of vibra-
tion and the eigen vectors characterise the corresponding fundamental = A compound mass
modes of vibration. spring system

In mechanics, eigen values represent the principal stresses in a solid body while eigen
vectors describe the corresponding principal axes of stress caused by the body being subjected
to external forces. :

6. Application of diagonalization. An important application of diagonalization arises
while considering the solution of linear systems of ordinary differential equations which arise
from the study of mechanical, electrical and chemical reaction problems.

Diagonalization is also an important tool when working with partial differential
equations, different types of which describe the temperature distribution in a metal,
electromagnetic wave propagation and diffusion processes.

ASSIGNMENT I
: 2 0 -1 ‘
L Thematrix A=|5 1 0| satisfies the matrix equation A> — 6A% + 11 A=1= O where I is an
01 3
 Identity matrix of order 3. Find A™. LT, 2012)
-1 .
o1 (MT.U. 2012)

| 2., Show that the matrix A=|—2 1 2| is diagonalizable.
01 2
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10.

11.

12,

13.

14.

o P = . -
If A= [Y 8} and o — fy= 1 then find A1, IM.T.U. (SUM) 20]1]

Determine the type of complex matrix A = _1_[

1=t -1}

J3

1 1+

) 1 2
Calculate the inverse of the matrix A= [5 7} (G.B.T.U. 201

Find the value of ‘b’ for which the rank of the matrix

1 5 4
A=|0 3 2 |is2.
b 13 10

Find the characteristic values of the matrix [; ;}

2 -1 8 1
Find the rank of matrix A=|{1 4 -2 1]|.
5 2 4 3

1 2 -2 3 2 6
Ifinverseof (-1 8 0|is|1 1 k| thenfind%.
0 -2 1 2::2.5
8 =6 2
If the two eigen valuesof | -6 7 —4|are 3 and 15 then find the third eigen value.
' 2 -4 3
_ . 1 0 0
(2) Find the product of the eigen values of the matrix |0 3 —1].
0 -1 3

' 16 1
(i1) Find the sum and product of eigen values of the matrix: [1 2 OJ (M.T.U. 2013)
; : 0 0 3

8 4.:2559080 7
4 5 6 7 8
5 6 7 8 9
10 11 12 13 14

Find the rank of matrices:

1 1 -1 1 3 5
@2 -3 4 @) |7 11 13|.
3 -2 3 17 19 23
Find the eigen values of matrices: '

.
® \/?:2" {ﬂ @) B ﬂ (U.P.T.U. 2019

Find the rank of matrix
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1 2 3

0 2 5|, find the eigen values of A%,
O AT

00 3

1b-
1 00
: ijgen values of A2where A= |2 3 0], U.P.
(i) Find the eig 3 16 (U.P.T.U. 2014)
~1 0 O .
i _| 2 -8 0}, find the eigen values of A2. )
) IfA \: T 1 -2 (A.K.T.U. 2016)
o _ 31 2
Find the rank of the following matrix by reducing into echelon form: |6 2 4|.
16. 31 2
(UP.T.U. 2019
7. Find the rank of matrices:
' 4 2 8 110
0l 8 4 6 , @) |0 1 1}, (U.PT.U. 2019
_g -1 -15 o9l

0 1 2 1 _|a b
18. IfA[2 —1]2[—1 O] whereA-—[c d , then find A.

0100
: . 0 0 01
19. Find the characteristic equation of the matrix A= o o'l ot
1000
[ 101
20. Find the eigen valuesof [1 1 1 (G.B.T.U. 2011, 2012)
111
1 1 1
21, Find the rank of matrix ({1 —1 0 _ (G.B.T.U. 2011)
1 11
2. LetA be a 3 x 3 matrix with real entries such that det (A) = 6 and the trace of A is 0.
If| A+1| =0 where I denotes the 3 x 3 identity matrix then find the eigen values of A.
40 -29 -11
23. '

Suppose the matrix A=|-18 30 — 12| hasa certain complex number A # 0 as an eigen value.
‘ 26 24 -50
What are the other eigen values of A?

2, 4 -3i e ik '
\0) Prove that A = [ 1480 1 73l] is Hermitian matrix. Find its eigen values.

N _ 0 i 3
() Verify whether the matrix A = \:_ 70 51} is a Hermitian matrix? (U.P.T.U. 2019
3i 1 0

2% ¢ 0
0 il

i

+ Fin .
d the €igen values and eigen vectors of A= |0
0 0

™~y
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Ty,
0 26 ¢
26. Determine a, b, ¢ so that A is orthogonal where A=|a b -¢|.
a -b ¢
27. If a;, oy, 0O, ..., o, are the characteristic roots of the n-square matrix A and % is a scalay, Proy
that the characteristic roots of [A — kI] are o, — k, o, — &, oy~ k, ..., 0, — k. [M.T.U. (C.0) g, 3‘]’
28. Explain the working rule to find the inverse of a matrix A by elementary row o Colup,
transformations. [M.T.U. (C.0. ) 2013!]1
29. The Eigen values of a matrix A are 2,3,1 then find the Eigen values of A-! + A2, AKTU. 9, 9
30. Examine whether the vectors x, = [3, 1, 1], x,=[2, 0, 1], x, = [4, 2, 1] are linearly independgpg
31. Reduce the matrix [; i ﬂ into normal form and find its rank. (A.KT.U. 2018, 2029
32. For what value of ‘¢, the eigen values of the given matrix A are real
10 5+ 4
A=|x 20 2 AKTU. 2017
4 2 -10
_ . [-5 -8] 1 0]
33. For the given matrix A = 2 0 and I = o 1| Prove that A3=19A + 30I. (A.K.T.U. 201 )
J
-1 2 3
34. Ifthematrix A=| 0 3 5| then find the Eigen value of A3 + 5A + 8I. A.KT.U. 2023
0 0 -2
35. State Rank-Nullity theorem. (A.KT.U. 2021
36. Show that vectors (1, 6, 4), (0, 2, 3) and (0, 1, 2) are linearly independent. (A.K.T.U. 2020
37. Find the value of ‘b’ so that rank of :
2 4 2
A=131 2
[1 0 b
is 2. . A.KT.U. 2020
o 2 2 2 :
38. Find the rank of the matrix |2 2 2. (A.K.T.U. 2019
' 22 2
39. If the Eigen values of matrix A are 1, 1, 1 then find the Eigen values of A2+ 2A + 31
’ (AKT.U. 2019
Answers
3 -1 1 5 ;
1. Al=|-15 6 -5 3. A= [ v BJ 4. unitary Bied ‘e 2]
6. 2 7.2,58 8.2 9.2
10. 0 11. () 8 (17) Sum = 6, Product =— 12.
12. 2 , ‘
13. (i) 2 - (i) 3 14. () 1+ /6 (@) 0, 2
L0101 N |
15. 01, '3 () 1,9,25 (iii) 1, 9, 4 16. 1



RS =
2 1
.. 18. A=| 1 1 19. A4 _ 33 -
03 _1o1 M-M_A+1=0 20,00 3
g @1 @ 2 3 |
2 22-_19_2,3 23.0,20—1
1. .
e 092 el
| 0 0 1 1 1
yRy [1]sR5 (0 26. b=+ — =+ —, =¢i
g5, —bi-iiRy| 1P ’ J6' ¢ Tr R 2
-1 1 0
928 , 30. No
29. 373"
w3 $lo]ormionz 32525
: !
3
34, 2.50,-10 5% 5
39.6,6,6
3. 1
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2.1. SUCCESSIVE DIFFERENTIATION

; : ' L. ady . . .
If y is a function of x, its derivative Ir is itself a function of x. In general, we assume that it

so possesses a derivative if it is differentiated further. The derivative % is called the first

al
x. The differential co-efficient of %, i.e.,

differential co-efficient or first derivative of y w.r.t.

d derivative of y w.r.t. x, which we

— | —

d (dy) .
T ( d?cl ) is called second differential co-efficient or secon

2
denote as i% [read as dee two y OVer dee x square]. In general, the ntt differential

n
w.r.t. x is denoted by _g__i/— . The process of finding the differential co-efficient
x

is called Successive Differentiation.
jve differential co-efficients of flx) are

co-efficient of y

of a function again and again
Thus, if y = %) the success

dy d’y d’y 4V
dx’ dx?’ dx’ U dx™

These are also denoted by :
@)y, ¥ Y Y.

@ Y1 Yo Y35 +es Yu
Gii) Dy, D%, D%, .., D"y Gv) f/ @), F7@), [ (®); -oos fx).

ELUSTMTNE EXAMPLEEI

d’y
1. Find o 4 ,when3{=4x3+4x+2.

Example
Sol. Here, y = 4% + dx + 2
Differentiating w.r.t. x, We get

dy

1242+ 4

dx

104



-

CULUS - |
sreRENTAL O 105

o
d?y 3

. —= =24y and 22 .
Agaln, dx2 : de =24 ‘
Example 2.Ify = a cos (log x) + b sin (log x), prove that x%, + xy,+y =0,
Sol. ¥ =@ cos (log x) + b sin (log x) (1)

D iﬁerentiating w.r.t. x,

¥, =—a sin (log x) . X + b cos (log x) . 1
-

Multiplying every term by ,
xyy =—a sin (log x) + b cos (log x)
Again differentiating both sides w.r.t. x

d
o (xy,) =—a cos (log x) . 1_ b sin (log x) . 1
X x
iy 9y 1= [a cos (log x) + b sin (log x)]

or x

Cross-multiplying x2y2 tXy, ==y [By (1]
- x%y, +xy, +y = 0. ;

: 2
Example 3. Ify = sin (a sin~! x), prove that (1 — x2) % -x —Zl =—a?y.
X x
" Sol. y = sin (e sin™! x) (1)
dy = cos (@ sin1 x) —2
dx 1- 2
= J1-x2 % = a cos (a sin™! x)
Squaring both sides,
2
(1-x2) (s—'x} = a2 cos? (a sin™! x)
x
or (1 -x?) (%“2 = a2 [1 — sin? (a sin~! x)] w cos?=1-sin6
or (1—x2) (g\z —a?(1—9y?) [By (1)]
dx )

Again differentiating w.r.t. x, we have

dy d*y dy y 2, Ay
—gR) P - | ==20
(1-x2)2 > x( ) Y Ix

DiViding every term by 2 gx, we get
x

A _
(1—x2)ﬂ_ ﬂ:—azy. |
dx? * dx
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TEST YOUR KNOWLEDGE
1. () Ify=x%logx, prove thaty, = 2 :
x

2
@) Ify= . prove that & J = 2logx-3
X dx* x3

: d?
2. Ify = A sin nx + B cos nx, prove that Ex—g +n?y = 0.

- - D . 2
3. () Ify=(sin7!x)? prove that (1 —a?2) ay_ x‘—i‘z =2
de? T dx
[Hint. Differentiate w.r.t. x ; cross-multiply and square again, differentiate.]
dy _
dx

@) Ify = (tan‘f 0%, brove that (x2 + 1)% y, + 2x(x* + 1)y, = 2.

@) If y =tan! x, prove that (1 + x2) 2 Y +2: 2 =0,

2
4. (@) If y = ae™  + be™*, prove that % —m?y =0.

_
@@2) If y = e sin bx, prove that %‘;—, —2a Zi’ +@+b)y=
5. (i) If y =cos™! x, prove that y, (1 — %) —xy, = 0.

d%x dx
i) If x = (a + bt) e™, prove that — + 2n— + n?x = 0.
@) If x = ) p 7 =
@ir) Ify=e™ sin”' x , prove that (1 —x?) Yo— Xy, =m 12y,

sin”! x

6. Ify=J—1'———7—

@) (A-x)y,—xy=1 (i) (1 — 2) y,— 8xy, —y = 0.

, prove that

7. (@ Ify=Alx+ 1+ x2) , prove that (22 + 1) y, + Xy, — n?y =0,

b)Ify=A (x+ %2 -1)", prove that (x® — 1) y, + Xy — n2y = 0.

2 d
8. () Ify=log (x +\ll+x2),prove that (1 + x2) %;i-rx&% =0.

(i1) Ify-[log(x+\/1+x )]2 prove that (1 +x“)———+x% 2.
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z}' ‘c_u_CULAﬂON OF 7™ ORDER DERIVATIVES
To/ﬁn/dthe_;h differential co-efficient of am,
P Lt y T
¥y, = mx™1
n
ihe ¥y = m(m — 1) xm—2

=m(m - 1) (m - 2) xm-3

.......................
-----------
-
------------------------------
----------------------

-------------------------

.......

...............................
--------------------

“vee

= [m(m —1) (m - 2) ... upto n factors] x x™"
=mim-1)(m-2)..m-n+1). x™" where n < m.
[Cor. [fm be a positive integer, and if n = m
e Yo=mm—-1)(m-2)...(m-m+ 1) x"™m
=m(m-1)(m—-2)...3.2.1.=m!

i.&, de—m(x'")=m!

(m + D, (m + 2) derivative ... etc., each will be = 0.

and
. y_=m!whichis constant andy,, ,,, which is the derivative of'y, will be zero and so on.]

IL. The nt® differential co-efficient of (ax + b)™, where n <m.
Let y =(ax + b)"
then y,=max+b)"'.a
¥, =m(m—1) (ax + by2 . a?
=m@m—1)(m—-2) (ax +b)"3 . a3

............................................................................................................

y,=m(m— Nm-2)(m-3)...(m-n+1)ax+ by  a®

[Cor. If n = m, then

=mim-1)(m-2)..3.2.1. (ax + b)Y am=m!a™

| g 1 b
IIL. The nth differential co-efficient of [x ol _—]
ax+b a

et y= L - (ax + b)?
thep ax+b
=(-Iax+b)?.a
=(=1)(=2)ax +b)3.a®=(- 12.2!(ax +b)2.a®
=(=1)(=2)-3)ax+b)*.a 3=(-13.3!(ax+ by*.a?

.................
-------------------
-----------------------------------------------------------------

------------
-----------------------
--------------------------------------------------------------------
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y,=C=1".n | (ax + b)YV . a”
(-1)"n la”
had yn— (ax+b)n+l
IV. The ntt differential co-efficient of log (ax + b).
Let y = log (ax + b)
1 _ -1
then y1=ax+ba-(ax+b) .a
y, = (= 1Dlax +b)?. a?
g = (= 1)~ 2)ax +b)72. ad=(-122!(ax+b)3.a3
) y, =D (n-1)!(x+b)™".a"
| D lm-1!a"
o =T @x b
g ™y 1 n-1 = 1 !
[Cor.If'a=1;b=O,y=logx, then y, = D x"(n ) J

V. The n'* differential co-efficient of a™
Let = g/he
: y;=m.a™ (loga)
¥y =m2. a™ (log a)?
y3=m3.a™ (log a)®

----------------------------------------------

¥, = mr . a™ (log a)* ;

[Cor. Put a = e, then y = e™ and y, =m"e™ ]

VI. The ntk differential co-efficient of sin (ax + b)
Let y =sin (ax + b)

then Yy =acos (ax + b) = a sin (ax +b+ g) [Note this step]

J’2=a2cos(ax+b+£)=azsin(ax+b+£+ﬁ
2 2 2
s T
=a“sin ax+b+2.—2—

V. = A3 nna (..._ . T .o TC\ o [ - -~ \
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= a® sin (ax+b+3 _TE)
Yy, =a"sin (ax+b+nE)
[Cor_lfb=0,y=sinax,yn =g sin(ax +ngﬂ
VIL The ntt differential co-efficient of cos (ax + b)
et y = cos (ax + b)
oo Y1 =—sin(ax +b).a =a cos (ax +b+ %) [Note this step]

y2=—a2 sin (ax+b+£)=a2 cos(ax+b+£+£)
2 2 2
= a? cos (ax+b+2.g)

y3 =—a®sin (ax+b+2.g)=a3 cos(ax+b+2.%‘!'£)

"=a® cos (ax+b+3.%)

--------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------

, _ -
y,,=a"cos (ax+b+n§)

T
Cor.Ify = cos ax, y, =a" cos (ax +n. E) ]
VIIL The nt* differential co-efficient of e®* sin (bx + ¢)

Let | y =e% sin (bx + c) _
C y1=e‘”‘.cos(bx+c).b+sin(bx+c).a.e“x

= % [q sin (bx + ¢) + b cos (bx + ¢)].

_ We determine two constants r and 6, to change the expression into a s'mgl.e sine which
"ill enable us to make the required generalisation by putting a =r cos 6, b=rsin®.

b
[2+b% 9=tan!>.
r=+4a°+b ,e_tan.a

= &~ [rcose.sin(bx+c)+rsin6.cos(bx+c)]

= r e% sin (bx + ¢ + 6).

He
nce, ¥,
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Thus y, is obtained from y on multiplying it by the constant r and increasing th
e

by the constant 6. Repeating the same rule toy,, we have
¥y, =r?e®sin (bx + ¢ + 20).

yg =r3esin (bx +c + 30).

ang],

Similarly,

n

Hence, in general, ¥, = T [e%* sin (bx + ¢)] =r" . e** sin (bx + ¢ + no)

Putting values of 7 and 6,

a

/;ng(a‘t‘.pbz)"ﬂe‘".sin (bx+c+n.tan’l ﬁ\

IX. The n't differential co-efficient of e®* cos (bx + ¢)
Let y =e% cos (bx +¢)
then ¥, =a e* cos (bx + ¢) — b e** sin (bx +¢)
_ = e® [a cos (bx + ¢) — b sin (bx + c)]
As in Art. VIII, put @ = r cos 6, and b = r sin 6.

r=,/a® +b62, tan 9=£ ,iLe,0=tan™! 2
a

a
¥y, =e*r[cos 0. cos (bx + ¢) — sin 0 sin (bx + ¢)]

~ =re* [cos (bx + ¢ + 0)].
Thus y, is obtained from y on multiplying it by the constant r and increasing the angle

by the constant 6.
Repeating the same rule toy,, we have
y, =r2e cos (bx +c + 20).

Similarly, vy =re® cos (bx +c+ 30).

Hence, in general, ¥, = f—;— [e™ cos (bx + ¢)] =" €™ . coS (bx + ¢ + nb)
L

Putting values of r and 6,

/fy,. = (a® + b)"2 e** . cos (bx +e+n.tan” £U

/—ILLUSTRATIVE EXAMPLES J

Find the n' differential co-eﬁ‘icient of log (ax + x9).

y = log (ax +x2) = log x(a +x) =logx + log (x + @)

Example 1.
Sol. Let
Differentiating n times,

n

d d"
:y” e 971ng+-&7 log(x + a)
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_1yn-1 n
_D (r'zl~1)!.1 L R T I

x A (x +a)” [By Art. IV]
=(—1)"‘1(n—1)![1 1 ]

D S
x° (x+aq)"
Example 2. Ify = cos? x, find Vs

Sol. We know,  cos 3x = 4 cos® x — 3 cog x
8,1
cos®x = ¢ [cos 3x + 3 cos x]

o ¥ =% [cos 3x + 3 cos «]
Differentiating n times,

Yn

n
nm
3" cos [Bx + ?) +3.1" cos (x + QZEH [By Art. VII]

3" cos(3x+ﬂj+3cos x+
4| 2 2 /|
Example 3. If y = sin 2x sin 3x, find Yo
Sol. y = sin 2x sin 3x '

1| d* dr

iy 7 cos3x+3dx cosx]
l_

4
1

I

= 1[2 sin 3x sin 2x] =%[,qosx—cos 5x]

[ 2sin AsinB=cos (A—B)—cos (A + B)]

In "

.COS (x + @—J - 5" cos (5x + n_n)] .
— 2 2 -

Example 4. Find n* derivative of sin? x cos? x.
Sol. Let y = sin? x cos® x

Il

1 F n .dn ) }
— - COS X —~—— COS Hx
2 dx™

1

2

= (sin x cos x)? cos x = 1 sin? 2x cos x

=l[1—cos4x) cos 1 \ sin? g L= C0s 20
4 2 2
1y x
=§(cosx—cos4xcosx)
or ) 1
y = 16 [2 cos x — (cos Bx + cos 3x)]

[~ 2cos A cos B = cos (A + B) + cos (A —B)]

nmn
y =i 2.1" cos| x + 2% | = 5" cos Bx + 1% |~ 8" cos| 3x +-—
"7 16 | 2 2 2

nm
= -L 2cos[x+ﬂ)—5" cos(5x+n—n)—3” cos(3x+—)] )
16 | 2 2 2
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Example 5. Find the n'* differential co-efficient of e* sin? x. N
Sol. We know that, sin 8x = 3 sin x — 4 sin3 &

sind x = % [3 sin x — sin 3x]

Lot y=e*sgindx = * | 11- [3 sin x — sin 3] Y
A e IFroIn(l)
= ¢ e*sinx — 1 ¢* sin 3«
Yo =% (12 + 122 ¢% sin (x 4 n tap-1 1
— 5 - (12 4 3202 g2 g5 [3, + 1 tan-t g
| Comparing to result in Art, (VI1
3 m) 1
Example 6. If = : find
mp . y—1_5x+6x2’ n yn'
Sol. ¥ Sy 1 2 :

1-5x+6x> (2x—-DBx—-1 2r—1 8x_1

y,=20| L ) _3pn|_1
2x-1 3x -1

D" n!@" D" n!@3)"
By Art. III
l: Qx-1n"*! J [ (Bx —1)" "1 J | By
—1pat| @ @ |
(2x_1)n+'1 (3x_1)'1+1
' b
Example 7. Find the n* derivative of GEE.
cx+d 5
o ax+b_g+(bc—ad) )
Sol. Let, y—cx+d—c' clex+d)
bc —ad 1
y"=0+[ c )D (cx+d)
~ (bc—ad) (D" nlc" | By Art, 1
. C (cx +d)" !
_ =D"n!lkc-ad) @ =l
- (cx+d)"*!
Example 8. Ify = Jx+a ,findy,.
)1/2

Sol. Here, Y= o +o
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¥y =3 (& +a)12

Yo = (51)(— %) (x + q)-9/2

---------------------
..........
--------
---------
--------
----------
-------------
e

------------------------
------
--------------------------
-----------
--------------

yn=(_ 1)n-1 1.3.5...upto (n - 1) terms _(2n—1)
*(x+a) 2
1 18... - _(2n-1
=('—1)n1 (zn 3) (x+a) ( 2 )

2n
fthe formulae of the nj i : .
Remark. If none of nine articles is applicable to find v i
s in the articles, i.e., find y,, y,, y; and then generalise. o ke pramIiT, e

proceed a
TEST YOUR KN OWLEDGE
Find the ntt derivative of the following:
N 4% (i) e + 2
1. ()4 (i7i) log 3x
1 . 1
f———% @) - ——7%
2 3-2x)3 (bx + a)
2x+1 vey 71— 3—2x A 3x+7
- 1 2_ 2 i
3, (i)log =2 (ii) log 5T dx (iii) log (x% — a?) (iv) s
4, (i)sin®z (if) cos? x (ii7) sind x (iv) cos* x.
5 ()sinx.cos2x  (if) cos x cos 2x
6. ()cosaxsinbx  (ii) sin x sin 2x (zit) sin3 x cos? x.
. ()e*cosx (if) e*sin x (iii) e* sin x cos x (iv) e3* sin? 2x
8. (e™cos’xsinx (i) e* cos® x (iii) €* sin? x sin 2x (iv) a* cos x
8. Ifp=sin nx + cos nx, prove that . =n" [1+ (- 1) sin 2nx]¥2, where i denotes the rb differential
co-efficient of p w.r.t. x. Hence show that Hg(m) = (1/2)3V2 when n = 1/4. (A.K.T.U. 2018)
Answers
: N )
L ()4 [log 4]~ (ii) 27 [eZ + (— 1)" e~ ‘ (ii7) o .
2 () (n+2)1 on-1 _ 1" D!.b"
i) T2 @) 1" (n+ D -2
[3 - 24] [bx +al*
. n
3. (ﬂwr g 1 o | i 2" 4
_ —1)t(n-1!
2 | Cx+ D" (x-2)" W) 2 ( B-20)" (5+4x)"
i) (< 1yt 1 1 . (=D"n!
(n-1)! + (v) ———=1 -
- (x+a)" (x-a)” (x+2)"H
V=2 08 2 4+ 1 . 2] (i) 271 cos [2x + n . 2]

-
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(1) % sin [x+ n . w/2] - % . 3" gin [3x + n . n/2]

(iv) 2"1 cos [2x + n . m/2] + 2273 cos [4x + n . W/2].

5. (@) % [8" sin (3x + n . W/2) — sin (x + n . ©/2)] (i) %[3" cos (3x +n g] + cos (x +n E”
5|

1
6. (@) '2—[(0 +b)" sin {(a +b)x + %n} +(b-a)" sin {(b - a)x + %E-H

@) L [cos (x+n . m/2) — 8" cos (Bx+ 1. /)]

1],
(1) Tg [2 sin (x + _r;_nj ~ 5" sin (5x + _r;_nj + 8" sin (Bx + n?nﬂ

Gi) 2V2 . e*sin [x +n . 1rj4]

7. (i) 2"2 , ¢* cos [x +n . n/4]
Lo 1
(iv) 5 [3" 3% — 5"e%* cos (4x +ntan! %JJ _

e 1
(t11) 7" 5M2 ¢* gin (2x + n tan™! 2)
8. () % [(a2 + 1)"2 % sin (x + n tan™ la) + (a2 + 9)"2 ¢%* sin (3x + n tan™! 3/a)]
(it) % .9M2 e*cos [x+n . /4] + % . 10™2 ¢* cos [3x + n tan™! 3]

(22)) % .5M2 e¥sin [2x+ n tan! 2] - -i—[l?]”’2 . e* sin [4x + n tan™! 4]

2.3. USE OF PARTIAL FRACTIONS

ntt derivative, of any rational function, we have to split it into
al fractions is converse process of taking L.C.M.

partial fractions, the degree of numerator must be less than

In order to determine the
partial fractions. Forming parti

To resolve a fraction into
the degree of denominator.

ILLUSTRATIVE EXAMPLES
Example 1. Find n'* derivative of (i) g (i2) 2 . (UPTU.200
. 2 —a? (2x —1)(2x +3)
oot oy T 1 1 _—}_[I_IJ
ol. (i) Let, y"xz_az._(x—a)(x+a)—2a x—a x+ta
_Lfar( L g,[_l_)
yn—za dx" \x—a dx" (x+a
1 (et 1)"n!-1”J
_za (x_a)n+1 (x+a)n+1

[ TOUP JUS S ]
= o (— n. (x_a)n+1 (x+a)n+l
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” y= 2x + 1 _1( 1 1
) ety - ) Yy e O
i @x-1D(x+8) 2|\ 2x-1" 5 +3]

Fd"‘( 1 d" (1)
[ dx" |20 -1 +E[2x+3,]
10" nl@" 1" nicer]
20 @e-1D"* (24 g)n+1

1
= (=1 n! 2)r-1 .
&) {(2x—1)"+1 +(2x+3)”+1}

Yn =

N

2
Example 2. Ify = (x_1)2(x+2)

, find nt* derivative of y.

ol. To splity into partial fractions.

1 1+ 52
Letx—1=2, then y=_2-_22_+z_

S

z 3+z
=_l. l+5_2+£ Zz dl 11
2379 1) ‘312 | on division

1 5 4 1 5 4
= F—msiF— = + +
3,2 9z 9B+2) 3x-1D? 9x-1 9x+2)

_en” n+ D! 5-1"n! | 4(- D" n!

Hence, In 3(x_ 1)n+2 g(x_ 1)n+1 9(x+2)n+1 '
: th ‘vati 1| 2%
Example 3. Find the n'* derivative of tan 7
-x
Sol. We have, tan! | —2~_ | = 2 tan~x
l1-x
Hence we have to find y, if y =2 tan~1 x.
Now, y=2tanlx
9 2[1 1 |_1] 1 __L}
y1=1+xz __2—1:- x—i X+i ilx—1 x+1
1 1
H 1 _ =
eh'ce, yn = 7 (—- 1)"‘ 1 . (n = 1) ! (x_ l,)n (x " I,)n:|

| Differentiating (n — 1) times

Suppose x = 7 cos 8, and 1 = r sin 6 so that

-1 1
r2=x2+1and9=tan ;C-
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Thus, _ DM -1t .
Yn = — ((cos 6 — i sin 8)™" — (cos 0 + i sin g)-n)
sl I G 1)
b4 . .
- T . 21 sin no | Using De Moivre’s theore

¥,=2(@1"1(n-1)! sinno . sin"e, where 9 = tap-1 (1
;

3

Example 4. Prove that the value of the n* differential co-efficient of i for
- ‘ . . 2 _ X=(,;
zero, if n is even; and is — (n !) if n is odd and greater than 1. == ’
: 3
Sol. Let y = Y g =x+l : d
x2_1 x2 -1 . 2 x+1+x—1 (1)
If n > 1, the second and higher derivatives of x are 0.
1| (=D n! — D" n!
= (-D n.1+( D" n!
2 (x_l)n+ (x+1)n+1
] [
2 (x+1)n+1 (x—D"+1 w(2)

Case I. When n is even, putting x = 0 in eq. (2),

MDn!l1 1 n!
) i —+ =— — =
o =5 .L (—DJ 5 [1-1
Case II. When 7 is odd, putting x = 0 in eq. (2),

_(—1)n'!1 1] @Y
Oado =5 ['1+(1)] 2 [+ M=

B A e =T x*ﬂJ
, show that y, = (D™ (n-2) w-0" @D

Example 5. Ify =x log X
Sol. y=x [log (x—1)—log (x + 1]
Differentiating y w.r.t. x, we get

yi:x( LI 1"1)+log(x—1)—log‘(x+1)

wll)

x—-1 x+

l L +log (x — 1) — log (x + 1)

Tx-1 x+1
“Again, differentiating (2), (n — 1) times w.r.t. x, we get
D" r-D! D" (-D! & "2 (n-2! D" n-2)!
+ n-1
(x+1

T (x4 D" (=D
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22| EDR-D
( " ) l: +‘(\1M x—1 x+1:|

(x- 1" %=1
*o D C+D" oD GrDr

=(—1)"‘2(n—2)![ t=h __ &%+,
(x~1)" (x+1)n

TEST YOUR KNOWLEDGE

th derivative of the following:

Fmdthen’
1

L 0 GTE-D @) ——— (§i) — '
+3x+2x 1ii) T (UK.T.U. 2011)

2

X
@ (x + 2)(2x +3) (U.KT.U. 2011) i) _2596;12 |
x"+5x+6

o

Ify =x log (1 + x), prove thaty, = D" (- 2)! (x+n)
1+ 2)" )

&

o

Find the n'® derivative of tan ( 1+ x) '
. 1=2

z prove thaty = D" nl o wn
x2+a2 » P yn"—aWSID ¢COS(n+1)¢,Where¢=tan-1 (_a'_)
_ %

Ify=

o

. Ify = (x2 - 1), prove that y,, =2m!

N

Answers
. =D".n! 1 _ 1 1 on
g SR S C) VS VLY -
3 [(x—l)’”l (x+2)n+1} ’ "l @+t
iy T n! 1 1 }

2ai _(x—ai)'”'1 (x +ai)* !

[e—y
.

. =D"n! 9. 9on 8 9 3
2. (L) o .. A n |
2 _(2x+3)n+1 (x+2)n+l (”’) ( 1) n.: l:(x+2)n+1 +* (x+3)n+1}

4 (-171(n-1)!sin" 0 sin nB, where 6 = tan (l] .
x

2
24. LEIBNITZ THEOREM

Thi :

r:lzht’;orem helps us to find the ntt differential co-efficient of the p
of the successive derivatives of the functions.

Statement. If u and v are two functions of x, having der ivatives of the n'" order, then

dn
—— — n
—(wv)=u, v+"C u, ;1 V% Cy U, 5 V2

roduct of two fun stions in

n
+..4"C u, V.t C, uv,,

where
8 ﬁ‘i -
Yixes of u and v denote differentiations w.r.t. X.
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Proof. We shall prove the theorem by Mathematical Induction.
Step I. Let y=uv
By actual differentiation, we have
Y1 = UV + Uy,
and Yo = Ugl + Uiy + UV + UV,
= UgV + 2u.0; + wvy = Uy + 2C; uw, + %C, uv,.
Thus, the theorem is true forn = 1, 2.

Step II. Let us assume that the theorem is true for a particular value of n, g

that, we have T, 5
Ym=U,v+™Ciu, v, +"Cou, ,v,+..
mCr 1 Umre1 Ura + mCrum Ut ot mcm uvm_
Step III Differentiating both sides, we have '
Vo 1= m+1v+u v, +™Ciu, v,+™Ciu, v, + "Cy Uy, 1 U,
mCZ Up 2 3 mCr 1%nri2Vpa t mCr 1 m—r+1 v,
+ mCr um—r+1 vr + mCr um—-r r+l o

m m .
+ Cm u, + Cm uv,, .-

! m m m
=U, U+ (Ci+ Dy, v+ (Cy+™CPu, ;v,+..
m m m
+ ( C + Cr 1) um r+1 vr +. Cm uvm+1'
But we know that *C_, + ’”C =M
Puttingr=1, 2, 3, .
mCy +™C,; =™1C; or 1+ ™C, =™ *1C,
m m — m+l
C; +7mC, ="C,
—_ 1 —m+l
and mC,, =1="*C 4
Y1 = Upay U+ ml G, u,, vy + m+lC, u,, 4 Vg +
+ m+10r um r+1 vr + .t m+lcm+1 uvm+1

which is of exactly the same form as the given formula with n =m + 1.
it is clear that if the theorem is true for n = m, then it is also true for the next higher
valuen =m + 1.
But in Step I, we have proved that the theorem is true for n = 2.
it must be true for next higher valuesn =2 + 1 = 3.
"Again - the theorem is true for n = 3.
it must be true for next higher value n =3 + 1, i.e., 4 and so on.
Hence the theorem is true for any positive integer n.
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ILLUSTRATIVE EXAMPLES

_ample 1 Find the n™ derivative of x? sin, x q x = 0

E _
sol. Let u= sinx and o =52
un=sin(x+n_"i)

2 Ul=2x

un_1=sin[x+(n_1)£
2J U2=2

u 9=sin’:x+(n—2)£—
n—a | v3=0

Now by Leibnitz Theorem, we have

n

— n n
’n—(uv) =y, v+"Ciu, ;v + , Cyu, ,v,

d" . . _7E 2 . TT n . -
o Ex_n-(xzsmx)-—sm(x+n2).x +”Clsm[x+(n—1)§}2x+ Czsm[x+(n—-2)-2—]2

= x2 sin (x+lzn-J + 2nx sin [x+(n—1)g} +n(n —1) sin [x+(n—2)g-:l, }

Atz=0, y,=n(n—1)sin (n—Z)g = (n —n?) sin 2~
Note. Generally, we take x" as v. |
Example 2. Find the n'* derivative of e log x.
Sol. Let u=e* and v=logx
‘ 1
u, =e* v = ;
_ o _ -1
Uy Tl g = Uy=U; =€ 02";2_
ok 2
37 .8
_ (D" (n-D!
v, =
xn
Now by Leibnitz Theorem, we have '
d’ 1 -1 )" (-D!
dx\n(e"logx) =e*logx+"C, € (;) +2C, e* (;—2—) ot "C, .e". e

_1 '
_ n nn-D 1 (- 1" m—n}
—f[logx+;— 5 .——x2+...+ =
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Example 3. Ify = x2 e*, show that
: oy 1

a2
Sol. y=e*. x?
Differentiating n times by Leibnitz Theorem, we get
y, = u,v+"Cu, v * "Coll, _ 9Ug
yn=e".x2+”Cle".v2x+”Czex.2

d2y dy 1
n(n—l) gx—z— "n(n—z) '&; + E (n—l)(n—2)y.

or
= e*[x? + 2nx + n(n — 1)]
Put n = 1, 2 in equation (1), successively | -l
¥y = e*[x2 + 2x] ’ Q)
Yo = e*[x? + 4x + 2] .0)
2
Now, RHS= %n(n - 1)%9—6% —nln - 2)% + % (n—1)(n—2)y
1 : ‘ 1
= E_n(n— 1).¢* [x2+4x + 2] —n(n—2) . e (x2 + 2x) + 5 (n — 1(n — 2)x%*
< exv[xz{n(nz— D n(n+2)+ n— 1)2(n — 2)}+ x {2n(n — 1) — 2n(n — 2)} +n(n -1)
=¢* [x2+ 2nx + n(n — 1)] =y, =LHS | From (1)
Example 4. Differentiate n times the differential equations:
@) (1—%)%—x%+a2y =0 (ii)x2y2+xy1+y-=0_.
Sol. (i) Differentiating each term of the given equation n times by Leibnitz theorem, we
get | . o5
[y, 40 A—2) +7C1 Y41 & 92) +7Cy 3, 2] =D s1 @ F nC, y, (D] +a*y,=0
= ' (1_x2)yn+2+(_znx_x)yn+1+{—n(n—1)—7_%'*‘02}3’,,:0
= (1—x2>yn+2—<2n+1>xyn+1.—<n2—~az>yn=0
(ii) Differentiating each term of the given equation n times by Leibnitz theorem, W€ get
[y, , 5 () +7Cy 9,41 22) +7Co @] + [y, + 1@ +"Cy 3,1+ = ’
= x2yn+2+(2nx+x)y,,+1+{n(n—1)+n+1}yn:0
= xzyn+2+(2n+1)xyn+1+(n2+1)yn=0-
Example 5. If y = sin (m sin” 1 x), then prove that
(1 —-x2)y2—. xy; +m?y =0
and | '(I—xz)yn+2—(2n+1)Axyn+1—(n2—m2)yn=_0. )

Sol. y = sin (m sin” ' x)

m

_ .1
Yy, = oS (m sin™ 1 x) . /,_———
11—x2
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pIFF RE
_multiplying: y1-x% Y, =mcos (m sin-1 x
(oSS !
garing O
5q (1 - 2DyE = m? cos® (m sin~1x) .

= m?[1 - sin® (m sin~! y)]
o 20 =1 — ain2
C ? (1= 5% cos“0=1 Bsmle
el differentiating both sides w.r.t. x, ' e
(1-2%) 291y, — 2x0y,% = — 2mPyy,
g every term by 2y 1
(1= 2%y, — xy, = — m2y
(1 —xz)yz"‘xyl +m?y=0.
I copa :
0 o Jifferentiating every term n times by Leibnitz Theorem; we have
b’n+2(1"‘x2) +nclyn+1(_2x) + nCZyn (— 2)] - [yn+1 - X +nclyn] + mzyn =0
(1—-29y,,o—2nxy, ., —n(n—1y —xy , —ny +m?y, =0
. A-2By,,g—@n+ Dy, —M>—m?)y, =0
gxample 6. Ify = a cos (log x) + b sin (log x)," prove that '

(i) oy, + Xy, Y = 0 and
(i) 2%y, + (20 + Dxy, ., + @2+ Dy, =0.

pividin

or

Sol. () - y=a cos (log x) +b sin (log x) (D
y, =—a sin (logx) . % +b cos (log x) . _i- : ,
= . xy, =—a sin (log x) + b cos (log x)
Again, £y2+yi=—a_ cos (log x) . i——b sin (log x) %
= X2y +xy ==Y : ‘
. (2)

= xYy,+xy,+y=0
(ii) Differentiating equation (2) n times by Leibnitz Theorem,
Bpag- 6 +7C, y,,, - (20) +"Cy ¥, - D + Wy - (x) +"Cy .y, DI +y,=0

we get

? X2y o+ Ypyy (20X +X) + D nn-1)+n+1=0

E| xy o+ @+ Dxyp,t n2+1y,=0

Example 7. If y = (x2 -1)*, prove that (Z=1y,, 0+2%Yp 1™ nin+1y, =0
[U.K.T.U. 2010]

. ar : : d L2 jd_fn_ _o.

Hence, if R = = G2 -1n, ShOL_U that E;{(I %) I } +nn+1)P,

ol y=@2-1p (D)

o (r2_ 1)1 . 2% ' :

~ e | .(2) | Using (1)

(x2 - 1) Y= 2nxy
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Differentiating again, we get
. (2 — 1)y, + 2xy; = 2n (xy,; +y)

— 1)y, +2(1=n)xy; = 2ny =0

Differentiating n times by Leibnitz theorem, we get
[) +2(x -1+ Cly (2x)+ Czyn (2)] +2(1=n) [yn+1(x)+ncly (1)]~2ny 0

(x—l)y 2+(2nx+2x 2nx)yn+1+(n —n+ 2n — 2n? —zn)y
=1y, ,,+ 2y, , n(n+1)y *O

(3)

= (a2
=
—

a” a1y
Again, P, = dx™ @ =1 =y, : -.(4)

P
dx{u— )%}:%{(1—952)%“} |
=(1_x2)yn+2_2xyn+1=—{(xz—l)yn+2+2xyn+1}-
=—nn+1)y, . |Using(y)
=—n(n+1)P, | | Using (4)

d' 2 dPn .
Hence, E{(l_x )Fx—} +n(n+ 1P =
Example 8. If y!/™ + y~1/m = 2x, prove that

=Dy, o tCn+ Dy, +(P-miy =0.
: , [U.P.T.U. 2015; UK.T.U. 2011]

Sol. yllm, e y—llm = 9%
Put ' ylim =
1 /
z+—z- =2x or 2%—2xz+1=0

zZ =

Le., | Y= x? 1 or y=(xdyx®-1)"
If y=(x+,x2-1)", then

' 11
yl.zm(x+ /xz___l)m—l[l+—2—. x2_1.2x]
2
ELJ mx+yx® -D"  my

- x? -1 E x?-1

[ 2

i

- m(x+ \/—m)m—l[

And, similarly, if y=(x— ,/xz -1)",
-my

x2—1.

Yi
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- elthel‘ case, squaring, we get

m2y2
P L

or (x2 —_ ]) ylz - m,zy?“

leferentlatmg again,
(@?=1)- 209, +5,%. 2x=m? 25y

Dividing both sides by 2y,, we have
(xZ 1)y2+xy1 m?'y 0
D'ﬁerentiatmg n times by Leibnitz theorem, we get

b,n+2(x2_1)+n.yn+1-2x+T.y 2+, x40y, . 1]_jm2yn___0

(a2 - 1)yn+2+(2n+1)xy+1+(n —n+n-m?y =
(2 - DYpsgt+@n+1)xy, st @ —m?y =0.

gxample 9. (@) If cos™ (%) = log (_) , prove that
X%y, o+ Cn+Day . +(2+m?y =0.

(ii) If x = cosh ( log y) prove that (x2 - 1) Ynoot Cn+ 1) xy_ .+ 02— mz)y - 0.

Sol. (@) cos™! (%) =m log (%)

= y =b cos {m log| — } (D)
—'b sin lo el
L {m g( )} (x/m) m
= xy,=—bmsin {m log (—3-6—)}
m
Again differentiating,

1
xy, +y, =—bm cos {m log( )} (x/m) o

X%y, +xy, =—m? b cos {m log(m)} =—m?

= 2y, + xy, + m? =0
Differentiating (2) n times by Leibnitz theorem,

[yn+2(x)+”01yn+1(2x)+ Cz.y,,(2) +[yn+1(x)+ Cly (1)J+I;l"yn:(())
- xzyn+2+(2n+1)xyn+1+(n +m) Yy,

.(2)

(li) x = cosh (_].'_ Iog y)
m

1
coshlx = — logy
m
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m cosh™ x ,
= = ¢ (1)
Yy = emcosh'lx m. 1
xZ -1
= ( /x2 —1) ¥ = m’emcosh’1 * = my » l USing "
Squaring both sides,
(x2 w13 y12 - m2y2
Differentiating, we get
(2 — 1) 2y, +¥,2 (2%) = 2m%yy,
= (@2 — 1)y, +xy, —m?y =0 -(2)
Differentiating (2) n times by Leibnitz theorem, we get
B, .5 @ = 1) +"Cyy,  1(20) +"Cy 3, @] + Iy, , 1 &) +"C, 3,1 ] - m%y, = 0
2= (xz—l)yn+2+(2n+1)xyn+1+(n2—}n2)yn=0.
Example 10. () If y = (1 -x)~%e”®, prove that (1-x)y,,,;— @ +o0x)y, —nay, ;=0.
| , (U.K.T.U. 2011)
Gi)If y=1log (x+ 1/1+x2) prove that (1 +x2)y,  ,+@n+Dxy, +nfy =0.
Sol. () =(1l-x)%e™ ) (1)
=(1-x)*(—ae™) +e (- a) (1 x)*"1(-1)
=g (1-x)"" (—Ot+ s )
1-x
= (1-x)y, =oxy .(2)
leferentlatmg (2) n times by Leibnitz theorem we get
y,,,1=2)+"Ciy, (-1 = ofy,®) + "C; y, _ (L}
(1-x)y, +n—-axly,—noy, ;=0
= (1-xy,,,—m+ox)y,—noy, ;= 0
(i2) y =log (x + /1+x%) (1)
4, = 1 1+ x _ 1
. x-k\/ler2 \E+3c2 \[1+x2
= \/ITx? y=1
or 1+x)y2=1 .(2)

Differentiating again, we get
(1 +22) 2y .y, +y2 (20) =
"= (1+2%)y, +xy,; =0 , - (3)
Differentiating (3) n times by Leibnitz theorem, we get

,,,1+x2)+"C,y, , (20) +"Cyy, (2} + {y, ,; &) +"Cyy, (D} =

- (1+x2)yn+,+(2n+1)xyn+1+nyn-0
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| le 11. () If x =tan (logy), Prove thqt

P
Exam T+ y,, ;1 +Cnx-1)
(1+x2)yn+2+[2(n+1)x‘1]yn tnn+1)y =
.c{;if y = Sin log, @ + 2x + 1), prove that H 19, =0 (U.P.T.U. 2014)
(1

I+xPy,, ,+@n+1)( + %)
y 2 _
x = tan (log y) nert P+ )y =0 (AKT.U. 2019)

yn+n(n-1)yn_1 =(

Sol, (i) -
y= et’m %
2 " "y

1+ x2
5 1+x9)y, =y :
pifferentiating (2) n times by Leibnitz theorem, we get
Yo+l 1 +x2) + nClyn (2x) + nC2yn—1 (2) =Vn
. (1+x2)yn+1+(2nx—1)yn+n(n—1)yn_1=0 ..(3)
Differentiating eqn. (3) again w.r.t. x, we get )
¥, .o + x2) +2xy, .1+ (2nx - Dy,,.1+ 2ny, +n(n — Dy,=0

...(2) |Using (1)

= (1 +x2)yn+2+[2(n+1)x—1]yn+1+n(n+1)yn=0 '(4)
Equations (3) and (4) give the required results.
i) y=sinlog, (x* + 2x +1) | (D
1
=coslog (x? +2x+1). — (2% +2
& . 2%+ 2 +1 )
=cos log, (x? + 2x + 1) . 2
x+1
= (x+1)y, =2 cos log, (x? + 2x + 1)
Squaring both sides, ‘ '
(x+1)2y2 =4 cos?log, (x* + 2x + 1) = 4(1 — y?) «(2)

Differentiating (2) again w.r.t. x, we get

(c+1)2. 2yy, +y,2. 2(x + 1) = 4(— 2yy,) .
= @+ 12y, + @+ 1)y, +4y=0 +(3)
Differentiating (3) n times by Leibnitz theorem, we get

b’n+z(x+1)2+"Clyn+1.2(x+1)+”C2yn.2]+l'yn+1(x+1)+’;Clyn(1)]+4yni(())

= x+12y ,,+@nx+2n+x+ Dy, +@P-n+n+d)y,=

= (1+x)2yn+2+(2n+1)(1+x)yn+1+(n2+4)yn = 0.
Example 12, Ify =x™ log x, prove that

(i)yn+1=ﬂ : (ii)xzyp+2+(2p—2n+1)xyp+1+(p—n)2yp=0.
Sol. (5) * (1)

y=x"logx
n(l) n-1logx
yp=at| )+

: ..(2) | Using (1)
xy, =x" + nx" log x = x" + 1y
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Differentiating (2) n times, we get \ATICS
¥, .1 @+"Cy, (1) =n '+ ny,
= Yy o1 @) =nl
n!
o Yne1= _;
(if) yy=a, L e log x ,
X | lef y W-I‘.t, .
= xy, = X" + nx" log x x5
= xyl1 = X" + ny : | Multiplyingy,
Differentiating equation (1) w.r.t. x, we get (1)

Xy, +y, = nxt 1+ ny,
xy,+(1—n)y, = nxt -1
x2y, + (1 —n) xy, = nx"=n (xy; — ny)
= x%y,+ (1 —2n)xy; + n%y =0
Differentiating equation (2), p times by Leibnitz theorem,

[pez &%)+ PC1 ¥p.1 ) + PCoyp (D] + (1-2n) [y, .1 @) + PCy 3, (D] + 7Py, =0

| Using (1)
)

= %2y, .0+ Ypu1{2px + (1= 2n) x}+ ypolp (-1 +1-2n)p +n%}=0
= -xzyp+2+(2p—2n+l)xyp+1+(p—n)2yp=0_
TEST YOUR KNOWLEDGE
Apply Leibnitz Theorem to find y,, in the following cases (1-2):
1. @) x3e*™ (i) x™ 1 log x. (A.K.T.U. 2010, 2012, 2018)
2. (I)x3cosx (i) x2 e*cos x.

3. Find y; wheny = |1+ 2 . sin x by Leibnitz theorem.

" - nn ' nx
4. Ify=x?sin x, prove that d Z = (x2—n?+n)sin (x + %) — 2nx cos (x +—2—) .
dx (U.P.T.U. 2014)

5. Ify=sin~lx, prove that (1 - 22y, 0~ Cn+ D ay, g~ n% = 0.

6. (@Ify=¢e" sin”' , prove that:

) (L—®) 3, — %y, =m% (AKT.U. 2016) () (1-2%) Y= @0 T D Wner ™ (n?+ mHy, =0

(b) If x = sin (E’El) , prove that (1 —x2)y, .o~ @n+ Dxy, 1 (n2+a?y, =0
@ (U.KT.U. 2012

sin" ! x

. = t (1 —x2
7. Ify ‘/I—:?,provetha (1-=x2)Y, 42
8. Ify= ¢ ¥, prove that

G) L+xy,+ Cx—1y = 0.

(i) (1 +x2) ¥, + [@n + 2)x— 1y, + 0+ 1Dy, = 0.

9. Ify = cos (log x), prove that x%y, o+ @n+ ey, t (n2+1)y,=0.
em 2t mme (Inor v} nOVE that X2y, .o + @R =D %pe1 ¥ (n?—2n +2)y, =0-

—(2n + 3)xy,,+1—(n + 1)2.')’,, =0.

A.KT.U. 2018, 2021)
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(@) (1 - 22)y, v2o=@n+Day, , ~n?, =0.
[A.K.T.U. 2014, 2018]

-1,)?, prove that @% + 1%y, + 2x(1 + x2) ¥y =2

= (tan

Ify = n
(_’f_) , prove that x? Ynsot+ (2n+1) XY, .1+ 20 =0

Ifeos (b n
sin~1x), prove that (1 - 2y, . o—Cn + 1) %y y1~ (2 —m2y =0

~cos (m
Ify _gn (m sinh~! x), prove that (1 + x2) Ynsot @2n+1) Xy, ., 1+(0% + m2y =0
If ) nh-1 %)% prove that (1 +2%)y, , .+ (2n + Dxy, , 1 +n?, =0, (UP.T.U. 2015)

if y=©
1% sin~! x, prove that

Iy = o (s
9y, - F) =3 ¥ F 20

Ify=A(x+ w2 — 1)+ B(x — \/x2 — 1)", prove that
@) **-1Dy,,,+@n+1)xy, =0,

(@0) Y45 (1 — %) — (21 + 3) XYppg—n(n+2)y .. =0.

zﬂl)y2+xy1—n2y=0

(a) e 1]
-1D"n! 1 1 1

log x =——"""11 WO, P SO S .|
y=—, prove thatyn ol [ ogx—1 3 nj'

n . . ’ , ,
Ifx +y = 1, prove that :x” @y =n!ly" - ("C %™ . x+ ("C,)2y"2 . %% — ... + (= 1)* x™].

[fxsin ¢ +y cos ¢ =a and x cos ¢ —y sin ¢ = b, show that d™x . d"y _d"y ) d"% _ constant.
do™ do™ - do™ do”

Ify= A+ xz + a2 ) + B(x + x2 + a2 )™, prove that

(2 + 0Dy, o+ @m+ Dy, o +mP—nhy, =0.

Evaluate D" [log (x% — 2x cos o + 1)] hence or otherwise find D" litan‘l (———1 f 21:0: O‘H .

2 2 2 2 2 2
n“ n*n-1° n°(n-1)°(n-2) _ 2n!
Prove that 1 + 1—2+ 2.5 + 2.5 = - !)2

Hint. Find D” (x* . x®) and D" (x2") then equate two values.]

fyJ2? -1 =log (x + \/x% — 1), prove that @* - 1)y, , 1+ 2n + D xy, + n?% _,=0.

1/2
Ify = H\x
1_ | @ Pprove that

(1-x2y, (20— Dx + 1y, _, — (1 — D(n —2)y, _,=0. (M.T.U. 2012)

- -1({a+ :

y=tan 1[ x} prove that
a—-x

(@® +22)y, 5 + 20 + 1)y, .1 +n(n + 1)y, =0 (G.B.T.U. 2012)

(A.KT.U. 2017)

n

Ity _d
" E (x" log x), then prove that I =nl,_,+(n-1!
I
1 1 1

n

~— =

n!‘l°gx+1+§+—-+...+~—-.
n

g
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Answers
i) n-11
1. () e™.a"3 [a%® + 3n .a%?+3n(n—1) ax + nn = 1)(n —2)]
1 ( L= 2 n:)
e —1)xcos |Xx
2. (i) x3 cos (x + —gn) + 3nx? cos (x + 2 n) + 3n(n 2

+n(n —1)(n - 2) cos (x + —’1;\33)

n+1 n- e
2 nxcos(x+n—1§)+2 4 n(n—l)cos[x+n—2£)]
4

nw
@ii) e* [’ 272 42 cos (x & —4—) +2

5 3dxsinx 3cosx 3x sin x

- + -
3. Y3 =—cosx 1+x ‘\/i+x2 (1+x2)3/2 (1+x2)5/2

) ' 0" (-1 s
D" @-D! 2 cos| n tan™t 222 : 2( ) 73 Sin | n tan 1__1n\a~'
(22 — 2x cos 0. + D)"/? x-cos0 )| (x*—2xcos o+ 1) Z-cosg

23.

2.5. DETERMINATION OF n™ DERIVATIVE OF A FUNCTION AT x=0

Sometimes it is required to find the ntt derivative of a function for x = 0.

The working rule to find (y,),_, is being given below:
1. Put the given function equal to y.

2.Find y, = Ie
Then (i) Take LCM (if possible).
(ii) Square both sides if square roots are there.
(@) Try to get y in RHS (if possible).
3. Again differentiate both sides w.r.t. x to get an equation in Yos Vpp Y-
4. Differentiate both sides n times w.r.t. x by Leibnitz Theorem.
Leibnitz Theorem is
wv), =u, .v+"C,. Up1-01+"Cy .ty .0y + ... + "C, uv,.
5. Put x = 0 in equations of steps 1, 2, 3, 4.
6.Putn=1,2 3, 4in last equation of step 5.
7. Discuss the two cases when 7 is even and when 7 is odd.

ILLUSTRATIVE EXAMPLES

Example 1. ¥ y=emosTx opo, that
I-2%)y, . ,~(2n+1) Wpy =P +m?)y =0 and calculate y, (0).
| (A.K.T.U. 2016, 2020
Sol. Here, | y=eMmeos 'x A1)

L N .
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th sides, we have
(1 -9y =m2y?
. 0o w.r.t. X, we have
Differentl?:lilgxz) 9,7, — 29,2 = 2m2yy,
, we get
(1-5%) Y= %y = m?y
Differentiating n times by Leibnitz Theorem, we get
(1~ Dnra” a1 == Dy, 2y, —ny =2y
(1= %Wpsz= @R Dxy, ) — (02 + m2)y =0
x=0,in (1), (2), (3) and (4), we get
y(O) =em. /2
y,0)=—m . em m2
¥5(0) =m? . y(0) = m2 gm.n2
Yp+2 (0) =2+ m2)y (0)
putting n =1, 2, 3, 4, ... in (5), we have

ing bo

¥3(0) = (1% + mz)y1 (0) =— m(12 + m2)em - w2

540 = 2% + m?)y, (0) = m2(2% + m¥em - w2

...(3)

...(4)

...(5)

¥5(0) = (3% + m3)y, (0) =— m(12 + m2)(32 + m2)em - w2
¥6(0) = (42 + m?y, (0) = m2(22 + m?)(42 + m2)e™ 2 and 50 on.

In general, y,(0) = {

Eiample 2.If y = (sin”! x)?, prove that

—m.e™ ™2 (12 + m2)(8% + m?) ... [(n — 2)%+ m?], when 7 is odd.

m?.e™ ™2 (22 + m2)4% + m?) ... [(n - 2)2 + m?], when 7 is even.

d’y d .
() (1 - 22) Zx-f——xay ~2=0 (i) (1 -20)y,,,~ @n+ Dy, ~nly =0.
Also, find the value of n** derivative of y for x = 0. [AK.T.U. 2018, 2014]

Differentiating both sides w.r.t. %,
- 1

v1- x2
Squaring hoth sides, (1 —22)y2 =4 (sin~! )2 = 4y.
D%fferentiating again, 2(1 - x2) y, , — 2xy,2 = 4y,
Dividing both sides by 2y,, (1 x?) Yy—ay, —2=0
leferentiating n times by Leibnitz Theorem,
a0, €29 470, 5, D29, -7C, 7, =0
Pit 5 -y, ,,—(@2n+ 1y, —n%,=0
n (1), (2) and (8), then
5% 0=0 and y,0) =2
y(n+2) (0) =n2 L (0)

¥, =2(sin"1x) .

.

(1)

D)

..(3)

...(4)
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Putting n = 1, 2, 8, 4, ... in (4), we get
¥y (0)=1%.y,(0)=0
9, 0)=22.y,(0)=2.2°
ys (0)=32.y,(0)=
Ye (0):42.314(0)=2.22.42
¥, (0)=56%.y;(0) =
y5 (0)=62.y,(0)=2.2%. 4%. 6°
In general,
When nisodd, y,(0)=0.
When n is even, (O) =2.922.42.62.. (n—2)>
Example 3. Ify = tan™! x, prove that (I +x%)y ., +2nxy, +nln-1Dy, ;=0
Hence determine the values of all the derivatives of y with respect to x when x = (),
Sol. Here y=tan lx v A0
' 1
N 1+ x2 (2
or y; A +29)=1
leferentlatmg n times by Leibnitz Theorem we have
Y, A+2D) +ny, . 2x+ nle=1 _1-2=0
or 1+x?y,,,+2nxy, + nn-1)y, ;=0 | (3
Putting x =01in (1), (2) and (3), we have
¥0)=0,y,(0)=1
and Yp+1 0 =—n(m-1)y, ;) .
- Puttingn=1, 2, 3, 4, ... in (4), we get
Y, (0)==1.(0).y(0)=0
y30)=-2.(1) .y, 0)=-2=(-1 2!
¥4 (0)=-3.(2).y,(0) =
Y5 0)=—4.3).y;(00=-4.8).(-2)=(-1%4!
In general,
When niseven, y,(0)=0.
n-1 . |
Whennisodd, y (0)=G-D 2 (n-1)1 _
Example 4.Ify = sin (a sin”! x), find ,(0). [AK.T.U. 2018, 2019, 202/
Sol. y = sin (a sin~ ! x) e
a L@

¥, =cos (a sin”! x) .
1- x2
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Cross-multiplying,
\ﬁj?yl = a cos (a sin-1 x)
Squaring both sides, . |
(1-x2) y2=a? cos? (a sin-1 x)
: :Z ([i :;1;;2 e |+ cos?%=1-sin%x
Again differentiating both sides w.r.t. x, | By (1)

—x2) y,— Dy & ‘
= ( . x')yz xyl.-*.a y=0 ..(3) | Cancelling 2y,
Now, differentiating (3) n times by Leibnitz theorem,

& A-2)y,,,—Cn+ Dy,  —(n%-a2y =0 ()
By putting * = 0 in equations (1), (2), (3), and (4), we getn
y(0)=0
y,0)=a
¥5(0) =—a% (0)=0
¥ +20) = (W= a?) y,(0) : ...(5)

Puttingn =1,2, 3,4, ... 1n (5), we get
¥5(0) = (12-a?) y,(0)=(12-a?) a
y,(0) =(22—0a?) y,(0)=0
y5(0) = (32-a?) (12-a® a
¥4(0) = (42— a?) (22— a®) y,(0) = 0

............................................................

In general,
y.(0) = O, when 7 is even
» [(n—2)% —a?][(n—49?% —a?]...(3% —a®)(1* —a®) a, whennisodd

TEST YOUR KNOWLEDGE
L Ify=x2. exp (2x), determine (y,),- (M.T.U. 2013)
2 Ify=sin"x, prove that (1 -x2)y,,,—2n + D xy,, — n?y,=0
Also find the value of ¥y, when x = 0.
.|
3. Ify= i , prove thaty, = (n — 1)2 Yo forx =0.
,1_ x2 .
4 (i) Find ¥,(0), when y = log (x + {1+ x2).
5 _ . nm
(@1) Iffix) = tan x, then prove that f(n) (0) — nCZ f(ﬂ -2) (0) + nC4f(n 4 (0) —...=sIn —2—

[Hint. fix) cos x = sin x.]
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- (I) Ify = [log (v + y1+ x2)]2, find all the derivatives of y w.r.t. X, when x = 0.
@i1) If y = (sinh~! )2, prove that (1 +x%) y,,, + (21 + 1) %y +n2y,=0.
Hence find y, when x = 0.
- _l .
6. Ify=e?S™ ¥ prove that (1 -x%y,,,— @0+ 1) XY, ~ (n?+a?y,=0.
Deduce that Lt 222 =2+ a2, Hence find y, (0).
x=0 ¥y, n
7. Ify=[x+1+x%]™, findy, (0) . (A.K.T.U. 2013, 2015
8. Prove that the value when x = 0 of D" (tan~1x)is 0, (n — 1) ! or — (n — 1) ! according as p, i; 029,
form 2p, 4p + 1 or 4p + 3 respectively. ‘ ofth,
9. Ify=Ilog(x+ 1/x2 +a? ), prove that (@2 +xD)y, +xy1 = 0.
D-ﬁ‘ A - . - . - . d th t lim yn+2 =—n_2
ifferentiate this differential equation n ltunes and prove that 5, =, 2
10. Iflogy = tan~!x, show that (1 +%%) ¥, .2+ 20+ Dx—1}y, g +n 0+ 1)y, =0 and hence fing,
y,and y; atx =0. »
Answers
1. (@)y=nn-12""*
2. When n is even, y,(0) =0
When 7 is odd, y,(0) = 17. 32 52, (n—2)°
4. (i) When n is even, ,(0) = 0 :
n-1
When 7 is odd, ¥,(0) = (= n 2 12.3%. 52..(n—2)?
n -
. Laq
5. (i), (iz) When n is even, y,0) = (= 02  2.2%2.4%. 62 ... (n—2)?
' When n is 0dd, ¥,(0) =0
6. When n is even, ,(0) = a2 (22 +ad(42 +a?) .. [(n - 2)% + a?]
When 7 is odd, ¥,(0) = a(12+aD(B2+a?) ... [(n— 2)% +a’l
7. When n is even, y,(0) = m2 (m? —22)(m? —4?) ... [m2— (n— 2)%
When 7 is odd, ¥,(0) = m(m?2 —12(m? - 3% ... m?—(n—2)
| ASYMPTOTES |
2.6. BRANCHES OF A CURVE e a
x2 y2
Consider the equation of the ellipse — + T = L
. a
Solying for y, we get
2
2 x 2
- ] 1) or =-b,1-—7%
y=b [1- = (1) y e



/ =

plf : . .

ese tWO equations l(ll)lfmd (2) represent, explicity the two branches of the ellipse which
g Janguage we ca the upper and lower half of the ellipse. It is to be noticed that the

" "rdu;ieé inside the rectangle whose sides are x =+ g and y = + b. Thus we see that both the

i : iy
gl > T3 7
elhpshes of the ellipse lie wholly V:”thn{ a finite part of the x-y plane and we say, therefore,
e o pranches of the ellipse are finite.
0

ihat Now let us consider the rectangular hyperbola x2 — y2 = o2,

solving for 3, We get.y = V= ory=- [ g7

frorEte:y falso tends to * . In this case both the branches extend to infinity and are
Jtobe the infinite branches of the rectangular hyperbola.

. Again, let the curve x%y% = x% — y2, be considered. Solving for y, we have

= ek stl o e X
d yx2 +1 o Jei+1

Nowasx— Y =1 and as x — — o, y - — 1, along the first branch. Also in the case of
econd pranch, s x — %, ¥ —> — 1 a}nd as x — — oo, ¥y = 1. Here both the branches are infinite,
nd 11 capable of taking arbitrarily large values whereas y remains finite.

We are already familiar with the symbols x — +  and y — * . But what does P —
tand for, P being a point on an infinite branch of curve. We give the following definition:

Definition. A point P(x, y) on an infinite branch of a curve is said to tend to infinity
along the curve if either x or y or both tend to + e or — = as P travels along the branch of
the curve.

2.7. ASYMPTOTE

Definition 1. A straight line, at a finite distance from the origin is said to be a (rectilinear)
asymptote fo an infinite branch of a curve, if the perpendicular distance of a point P on that
branch from the straight line tends to zero, as P tends to infinity along the branch.

Definition 2. A (rectilinear) asymptote fo an infinite branch of a curve is the limiting
position. of the tangent whose point of contact tends to infinity along the branch, but which
itself remains at a finite distance from the origin.

Definition 3. If a straight line cuts a curve in two points at an infinite distance from the
origin and yet is not itself wholly at infinity, it is called an asymptote to the curve.

Note 1. In the discussion which follows, we drop the word rectilinear and use simply asymptote
to mean rectilinear asymptote, unless otherwise stated.
‘Note 2. The asymptotes may be parallel to either x-axis or the y-axis and accordingly they are

called horizontal and vertical asymptotes. If an asymptote is not parallel to y-axis; it is called an oblique
Usymptote. ' '

2-8.
28. ASYMPTOTES PARALLEL TO AXES OF COORDINATES

) To find the asymptote parallel to y-axis, of the curve y = f(x).
Let the line x=Fk ...(1)

Parallel to y-axis be an asymptote to the curve y = f(x).
Then it ig required to determine the value of k.
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Answers
2.y=xb;x=%a 3.x=0
6. No.

y=ta,x=%a
5. No.

1.
4. y=0,x=%1

2.9. OBLIQUE ASYMPTOTES
If y = mx + c is an oblique asymptote to any curve f(x, y) = 0; then

m= Lt Y ande= Lt (y-mx).
x —oo X X —> o0
Note. The above article requires m and c to be finite. In particular m may be zero and theref,
Ore the

o x-axis can also be found by using this article.

asymptotes parallel t

[ ILLUSTRATIVE EXAMPLESJ

2 y2:i

Example 1. Find the asymptotes of ol
. ) a2 b2

2

Sol. f——%—=1
a® b

= 1 1y 1

a2 bZ x2 x2

1
a? b? x
. 2 9
or h‘m(—y-J =% ie, lim2=+2
x|\ X a x—00 X a
b
Values of m aret .
b%x | 2(y2 «
il = el | s e WA mo— =7
NOW, C—xh;?i(y % x) leni(y T azy x—{ri y b2 az
' b
. —b2 =+—X
-am (50 Pk e
b
/

Hence the asymptotes are y=f— X
EBRAIC CURVES

mptote of the curve.

tion of the curve and arrange it in descendiné

2.10. ASYMPTOTES OF ALG

Working rule. Suppose y = mX + ¢ is an asy
Step 1. Put mx + ¢ for y in the equa

powers of x.
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) 9. Equate the coefficients of two highest de

SE::: 3. Solve these equations to find the values
S 4, For every pair of values of m ang ¢, the
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gree terms to zero.
of m and e,

re is one asymptote ¥ = mx + ¢ of the

cul"'e.Example 2. Find the asymptotes of y3 _ 2 Y+272+ay+1=y,
Sol. P tting y = mx + ¢ in the equation of the curve, we get
(mx+ ) —x2 (mx +¢) + 2 (mx +c)2 + 4 (mx+c)+1=0

(m® —m) &* + Bm2 ¢ — ¢ + 2m?) x2 + . ete. = 0
o Equating to zero the coefficients of 13 and 2, we have
m3—m=0 ()
: 3m2c—c+2m2=0 (2
an From eqn. @), m=0,1,-1
2
From eqn. (3), she 1 f’;mz
Ifm =0, we get c=0; |
Ifm=1, we get e5+1;
Ifm=-1, we get c=-1 .
Three asymptotes are, y=0;y=x_1 andy=—x-1.
Example 3. Find the asymptotes of the curve
x3+2x2y—xy2—2y3+4y2+2xy +y- 1.2,
Sol. Put y = mx + c in the given equation, we get _ f
X +2x2 (mx+c) —x (mx +c)2— 2 (mx + ¢)® + 4 (mx + ¢)2
‘ +2x(mx+c)+mx+c—1=0_
= (1+2m—m?—2m3) 23+ 2 (¢ — mc — 3m2c+2m2+ m) 22+ ... ete. =0
Equating the coefficients of x2 and 3 to zero, we get
1+2m-m2-2m3=0 ‘ (1)
and c—-mc—3m2c+2m2+m=0 ' -(2)
From eqn. (1), 2m3 + m2 —2m — 1 =0 '
= m=-1,1,—-1/2
From eqn. (2), c=— (M]
1-m—3m?

If"l=—1,Wehave c=1
If"”21,wehave c=1
Em=—1/2, we have ¢=0

Hence the asymptotes are y=—x+1,y=x+ landy=-

DO | =
xR

-
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2.11. OBLIQUE ASYMPTOTES OF THE GENERAL RATIONAL ALGEBR.M
EQUATION

. \
Let the general algebraic equation of nth degree be
(@™ +a)y"™ lx +ay yn—2 2t ta, yx 1+ a x") + (byy™ T + byy2 4
-+ b yxn"‘z + bﬂ xﬂ—]) + e + (ln —ly E lnx) + kn = 0

; (1
which can be written in the form )

B N

where ¢, (_J-’J is a polynomial in Y of degree r.
x x

Let the straight line y =mx +e
be an asymptote of curve (2), where m and c are finite;
: then _ m= Lt Z;c= Lt (y—mx)
{ x> X X —> oo

To find m, divide both sides of (2) by x", we get

o (y) 1 y) 1 y
2ok s (2)s s (2) s smo

Proceeding to limit as x — o, so that Lt BAP m, we get

X—o00 X
6, (m) =10 )
which gives the slopes of the asymptotes.
To find ¢, corresponding to a value m.
Lety—mx=p, sothatasx —> e, p—>c¢ ~ [ c= Lt (y—mx)J
x>0

Then % =m L .. Putting this value for — in (2), we get
x

x"¢, (m+-§) + x"1 ¢, 1 (m+£) + ...t x0; (m+£) + ¢, (m+£) = )

Now expanding each term by Taylor’s theorem, we have

2
# [¢n<m)+£¢; om) + = 0] (m)+...J+x’“1 [¢n_1<m>+—3¢;_1 (m>+-.-]
x 2lx X

+ x n—2 [q) Z(m)+£ (p;z 9 (m)+ J +..=0 (5)

But ¢, (m) = 0, from (4). Putting ¢,(m) =0 and arranging the remaining terms in (5) 1s
descending powers of x, we get

2
2L [pd, (m) + ¢, (m)] + "7 [—— 0 (m)+p.pq (M) + 0y 2(m)] =0 -6
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: Dividing throughout by "1, we have

, 1|\ p*
pY,(m) + &,y (m) + ;[E!-%(m) PO (M) +0, 4(m)| +..=0 .

Now proceeding to limits as & — co, 50 that p — ¢, we have
cd’, (m) + 0, , (m) =0

, " Ot | (7)
If ¢’ (m) #0, which will be case, if equation ¢, (m) =0, has no repeated roots, then we
have
= q)n—l(m)
¢, (m)

- I my, My, My, ... be the non-repeated roots of ¢,(m) =
sorresponding values of ¢ determined from (7), then y = m,x+c,,
are the asymptotes.

Exceptional Case. Whgn ¢,” (m) =0, but ¢ _, (m) = 0, the finite value of ¢ cannot be
determined from (7), and there is no asymptote in this case.

Case of parallel asymptotes. If ¢,’(m) = 0 and ¢,y (m) =0, which is generally there
when two roots Of.(l)n(m) =.0 6€.s two values of m given by ¢, (m) =0 are equal, then equation (7)
pecomes an identity and in this case, the equation (6) reduces to

2
2 l:fz’_' w(m) + pd;,_1(m) + ¢n_2(m)] +axm 3 L]+

0, and ¢, c,, c;, ..., are the
y=m2x+c2,y=m3x+c3...

Dividing throughout by x2, we get
p’ 1
91 0n (M) PO, (M) + 0,y (m)+ —[.]+..=0 ;

Now proceeding to limits as x — oo, so that p — ¢, we have

2
C

2!
which gives two values say ¢’, ¢” for ¢, provided ¢,” (m) # 0.

Thus we have two asymptotes y = mx+ ¢’ ; y = mx + ¢”, corresponding to a given slope m.
These are evidently parallel.

2.11.1. Working Rule _
(i) Find the polynomial ¢, (m), which can be obtained by putting x =1, y = m in the
highest degree terms of the given equation of the curve.
(@) Put ¢, (m) equal to zero, solve for m, and let the roois be m,, my, M, ...
(i) Find the polynomial ¢,_, (m) by putting x = 1,y =min next lotyer degree te_rms f’f the
given equation. Similarly, polynomial ¢, ,(m) can be found out by putting x = 1,y =min the
next lower degree terms of the equation, and so on.

: . : ing the
: (iv) Find the values €y Cg Cgo oo corresponding to values m; my Mg by using
relation

0, (m) +c¢’,_, (m)+9, ,(m)=0

M_) [Provided ¢, (m) # 0]
o, (m)

1 o — - X Qo vin
() The required asymptotes arey =m x +c, y =myx+Cp ¥ =1y 3

c:.-
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wi) If o, (m) = 0 for some value of m, but ¢, ,(m)# 0, then corresponding to thas val
Ue of

m there is no asymptote.
wid) If o, (m)=0= ,_,(m), for some value of m (i.e., two roots of ¢,(m) = 0 are equal),
» en

the values of ¢ are found from the equation
2
c ” ’
—2!4)” (m)+c.d’,; (m) +¢, ,(m)=0.

This gives two values of ¢, and therefore there are two parallel asymptotes correspong;
lng

to this value of m.
(viii) If the three roots of ¢,(m)=0are equal; [i.e., 9,"(m)=0,¢",_; (m)=0,0, (m)=0],
values of ¢ corresponding to that value of m are obtained from the equation .

3 2
0, () Gy g () b o) 0, () = 0.

Note. When it is required to find the asymptotes of a curve, it is advisable to first find the
asymptotes parallel to axes, if there be any, and then search for the oblique asymptotes.

Example 4. Find all the asymptotes of the following curves:
() %% + 222y — xy?— Zy% + 3xy +3yZ+x+1 =0.
(i) 2° + 4x%y + dxy? + 5xl + 15xy +10y° =2y + 1 = 0.
Sol. ({) The equation of the curve is
x3+2x2y—xy2—2y3+3xy+3y2+x+1=O (1)
3 the highest degree terms in x and y, are constant,

Since the coefficients of x? and 7,
axis or y-axis. Now to find oblique asymptotes;

therefore, there are no asymptotes parallel to x-
puttingx=1,y=m in the third and second degree terms in (1), we get

dg(m) =1+ 2m — m? — 2m?® and ¢p(m) =3m + 3m?
The slopes of asymptotes are the roots of ¢,(m) =0 i.e., 9g(m) =0,

“ie., of 1+2m—m2—2m3=00r2m3+m2—2m—-1=0.

m = 1 is a root of this equation by inspection. Using synthetic division

1 2 1 —2 -1
2 3 1
2 3 1 0

The reduced equation is 2m? +3m +1=0
-1

—_—

Solving for m, weget m=-1, 2
1

m=-1, i,—
2

Now, c is given by  c¢,” (m) + ¢, (m) =0
_ hp(m) _ 3m+ 3m*
05(m) 6m®+2m—2

When m =—1, 'c=.—_—-3—+—3—=
6-2-2

| o, (m)+ ¢, (M) = 0
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¢ 6+2-2 1
..

__ 2 4 1

c=3 ==
Dl 9 2

 whe
.l]l

alues of m and ¢iny = mx + |

ese V : ¢, the corresponding asymptotes are

putting th
: y=—x+0,y=x+1andy=__1_x+l
2 2

x+y=0,x—y+1=0andx+2y_1=0

¢ .~The equation of the curve 1s |
() o8 + 4oy + dxy® + 50 + 15xy + 10y2 - 2y + 1= 0 (1)
gince the coefficient of 2, 'the hlgl}est degree term in x, is constant, . there 1s no
ote parallel to x-axis. Again equa}tll.lg t.o zero the coefficient of y2, the highest degree

parallel to y-axis is given by the equation

aﬂnfﬂ y, the asymptote
2 7 4x+10=00r2x+5=0
to find oblique asymptotes, putting x = 1, y = m in the third and second degree

ow
» ¢ equation of the curve, we get

P in th
¥ 04(m) =1+ 4m + 4m2,
ol | ¢o(m) =5+ 15m + 10m?
Slopes of asymptotes are given by the roots of equation ¢, (m) =0 ‘
m=- %, = % (Equal)

by roots of 1 +4m + 4m2=0or (1+2m)2=0

A
¢is now given by the equation
2
c .
o0 ¢0.” (m)+ct, 4 (m) + 0, ,(m)=0
«(2)

L c245” (m) + b/ (m) + 6, (m) =0

2 _
by (m) =4+ 8m, ¢5” (m) =8, 0, (m)=15+ 20m and ¢,(m)=-2m

Now,
12 grcas+20m—-2m=0

Equation (2) becomes
4c2+c¢(15-10)+1=0

For mz—%, it becomes
42 +5c+1=0 or (dc+1)(c+1=0

0
=-1,¢c= —1—
3 = 4
ence the corresponding asymptotes are _
=1 landy= 1 x— =
o y=—_—_x-—1land)y 2 4
x+2y+2=0and2x+4y+1=0.
has no asymptotes.
erm in y, in the equation of the
since the

E
Xample 5. Show that the parabola y* — 4ax =0

Sol
oL Since the coefficient of y2, the highest degree ©

Dal’aho . . :
la ig 5 constant, therefore, there are no asymptotes parallel to y-ax1s. Agaln,
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coefficient of x, the highest degree term in x is also a constant, .. there is no asymptot ep
aralle
|

to x-axis.
For finding oblique asymptotes putting x= 1, y = m in the second degree and firg a
egi'en

terms in the equation of the parabola, we get
¢,(m) = m? and ¢,(m) =— 4a.

Slopes of asymptotes are given by the roots of equation ¢(m) =0

by the equation m?=0or m =0, 0.
But asymptotes (if any) corresponding to
totes parallel to x-axis.

proved above that there are no asymp

Hence the curve has no oblique asymptote.
Since the parabola has neither oblique asymptotes nor asymptotes parallel to the a%eq

(x+2y—-1)=3x+y—-T.

i.e.,
m = 0 are parallel to x-axis. But it hag b
Een

. it has no asymptotes.
Example 6. Find asymptotes of the curve (x — y)?

Sol. The equation of the curve is
(x-y)2%(x+2-1)=8x+ty-7
(x—y)2(x+2y)—(x—9)P-8x—-y+ 77 0 (Note) 1)

Since the coefficients of ¥ and y3, the highest degree term in x and y are constant

or
hird, second and first degres

therefore there are no asymptotes parallel to x-axis or y-axis.
Now to find oblique asymptotes; puttingx=1,y=minthet

sin (1), we get
oy(m) = (1 —m)* (1 +2m),
=2m3—-8m?2+1 ¢, (m) = 6m*—6m,
9,(m) =— (1 —m)? 9" (m) =12m — 6
¢,(m) =—3—m 0,’(m) = 2(1 —m)

Slopes of the asymptotes are given by ¢,(m) =0
i.e., by 1-m)2(1+2m)=0

:]_’ 1’_
m 2

¢ is given by the equation c¢,'(m) + ¢o(m) =0
c(6m?—6m)—(1-m)2=0

or
1
Form=—E,Wehave
6 6 1)?
el=+—=|-|1+=| =0
(4 2)( .2J
or g:-—-g: > C=—
. 2 4 2
Equation of the asymptote isy =mx + ¢
1
or y=—§x+—1 or 2y+x-1=0
For equal values m = 1, values of ¢ are given by
2
c ” /7
_¢3 (m)+c¢2 (m)+¢1 (m)':o

N

2
C
or 2_!.(12m—6)+20(1—m)+(—3—m)=0
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For m = 1, we have 3c2-4=0
= i “oc=t% ~.2_
or . . 3 Jﬁ
Equation of asymptote is y = mx + ¢
= 2
or J xi:/?' e
Example 7. Find the asymptotes of |
(x"y)2 (x2 +y2)— 10(x—y) x2 + 12y2 + 9% PP
Sol. The equation of the curve is
(x—5)? (& + y%) — 10(x — y)a2 + 122 + 2x +y = 0 "

Since coefficients of x* and y* ; the highest degree terms in x and y are constants, therefore
there are no asymptotes parallel to x-axis or y-axis.

Now to find oblique asymptotes putting x = 1,
degree terms in (1), we get
0,(m) = (1 — m)2 (1L + m?)
=mt-2m3+2m2—-2m+1
dg(m) =—10 (1 — m)

¥ = m in the fourth, third and second

0,/ (m)=4m3 —6m2+4m — 2
$,”(m)=12m2 - 12m + 4

0g(m) =12m? ¢5'(m) =10
Slopes of the asymptotes are given by ¢,(m) =0
ie, by (1-m)>Q+m?=0.

m=1,1 (. m?+1=0 gives only imaginary values of m)
For equal values of m =1, values of ¢ are given by

2
c
'2_! ¢4”(m) + c¢3,(m) + ¢2(m)'= 0
or by c? (6m2—6m +2)+ 10c+ 12m2 =0
For m =1, we have 2¢2+10c+12=0
or 2+5c+6=0ie.,(c+2)(c+3)=0

c=—2,c=-3
Asymptotes are y=mx+c le, y=x—2andy=x-3.

2.12. MISCELLANEOUS METHODS OF FINDING ASYMPTOTES OF ALGEBRAIC
CURVES :

Method I. Let the equation of the curve be of degree n.

Case . When y- m, x is a non-repeated factor of n*t degree terms in the equation
of curve

Let the curve be (y — mxF _,+P =0 (1)

where Fn_1 contains terms of degree (n — 1) only and P, _, contains terms of degree not higher
than (n — 1),

Clearly, m, is a root of the eqn. ¢,(m) = 0 so there may be an asymptote y — m,; x = c; if
a finite value of ¢, can be found out. '

‘ B .
y—m,x=— 21 /
! Fn—l
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S P,
¢ = lim (y -myx) = lim —(—-’QJ

X &y oo Fn—l
where the limit is to be evaluated by using li_r)n % =m,.
X oo

Thus the required asymptote corresponding to the factor Yy—m; xis

P
‘A — = lim —|-=2-1
y—mx im (F J

X —o0 n-1

~—m
£ 1

If there are a number of non-repeated linear factors nth degree terms of the givey
equation, we can proceed similarly.
Corollary. If we have a factor ax + by + ¢ instead of y — m,x in above case, thep
(ax+by+o) F, +P =0
Thus asymptote corresponding to the factor ax + by + c is given by

ax +by +c+ lim [£J=O
Gl Fn—l

y a
_._9—__.
x b

If a factor is of the form (e.g. % + xy + y2), since it cannot be factorised into real linegr
factors, therefore there is no asymptote corresponding to it.
Case II. When (y - m, x)? is a factor of ntt degree term while Y —m, x is not of
(n - 1)t2 one. |
Equation of the curve is (y — m, x)? Fiu+P. =0
where F_, contains term of degree n — 2 and ,
P, , contains other terms none of which is of degree higher than (n — 1).

lim (y —myx)? = lim [h)m' or —oo

Xi—>oo X —>eo Fn—2

Yy
=
v

There is no asymptote parallel to y—m;x=0.
Case III. Let the equation be of the form
G-m0*F, ,+@-m» G, ,+P, ;=0
where Fn_2 and G,_, contain terms of degree n — 2 and P _, contains terms of degree n— 2 at
the most. : "

DiVidlng by Fn_2, ('y <t ml x)2 + (,y _ mlx) gn—z + :IFD‘n—z =0
n-2 n-2

Take limit as x — e and % — m,, we have the equation.

(y—mlx)2+A(y—m1'x) +B=0
— m,x gives us two parallel asymptotes;
Y—m;x=c;, and y-m; x=c,

which on solving for y

I\
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If the equation of the curve is of the form
(ax + by +¢)® + (ax + by + c) Gy + ) -0
n-2 n-2 “
hen £WO parallel asymptotes are,
t
(@x+by+cP+ax+by+e) lim Sz, i Py -t
, X —>o0 Fn_2 X oo
l—-);a_ y . -a -2
X b ;—)T
Example 8. Find the asymptotes of the curve
Sol. The given equation of the curve may be written ag
40— 4y ay2 584 902 9y gy 421 = g
ot - Py ) (o) S2ay+ g2 902 g
= O +2%)2 (x—5) + (v + 20) (x—3) —1 =0
Asymptotgs corresponding to y + 2x are given by
@ +20)2+ (y+2x) — lim 1 =0
Foe (y+2x)°
=—-2
X
= ' O +2%)%+ (y+2x) =0 _ i
= (y+2x)(y+2x+1)=0 ' ,
or Yy+2x=0,y+2x+1=0

(1)
Asymptote corresponding to x — Y 1s given by

(x—y) + hm[ 1 ]—'ﬁm# =0
x| Yy + 2% a;—m (y +2x)2

Y sy =1
x X

= , x—y=0
Hence required asymptotes are x — ¥y=0,y+2x=0andy+2x+1=0.
Example 9. Find the asymptotes of the curve
Y - 2xy3 + 253y — x?— 3x5 + 8x2 y +3xy? — 3y3 — 222 + 292 — 1 = 0.
Sol. Since the coefficients of y*and x%, the highest degree terms in y and x, are constants,
therefore there are no asymptotes parallel to y-axis or x-axis.
The given equation may be written as '
G-2P (+2) -3 -2 @+ +2(0—-0) y+x0)—1=0
Asymptote corresponding to y + x is

+% -3 lim [3’+"]+2 lim {&}— lim {—1—}=0

X0 \ Y —X X —>oo (y_x)z X —>oo (y_.x)3
l__)_]_ ;—)—1 ;'—)—1
\ l-l—l (l-’_l) 1
= . (y+x)—8 lim | X +2 lim : 2—lim—3:0

x—oo | Y X —>oo v X —>oo (y —x)

y = y x| =-1 y

———)—1 x ——)"1 _'—)_1 ’
x x x
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= y+x=0
Again, asymptotes corresponding to (¥ — x) 18
(y—x)3—3(y—x)2+2(y—x)—h'm( ! )=0
x| Y+ X
%—)1
(y-22-8@p-22+2(@-2=0
y—x=0,y—-x=1,y-%=2
)

=>
=
Hence the required asymptotes are, y +x =0,y —x= 0,y—x=landy-x=29

Example 10. Find the asymptotes of the curve (x2—-y2)2 —4y? +y = 0.
Sol. There is no asymptote parallel to coordinate axes.
The given equation is, (x + ¥)? (x — y)2=4y*—y

Asymptotes corresponding to (x + y)? are
2
\ ¥ p 4
[ -y " 4(36_J %

(x+y)?%= lim = ¢ = lim\ —=1
X —>o0 (x —y) X >0 y
L1 LA -
x X

X

. Asymptotes paralleltoy +x=0arey +x= + 1.
Again, asymptotes corresponding to (x — y)? are

Y51 i
x

(x—y)?= lim =
x—00 y
p12)

x—y==x1
Required asymptotes are x +y = +1,x—y=x1
2 4+ x%y +xy +y% +3x =0.

Example 11. Find all the asymptotes of the curve xy
Sol. Asymptote parallel to y-axisisx+1=0

Asymptote parallel to x-axisisy =10
Also, the curve is xy(x +y) + yx+y +3x=0

Asymptote corresponding to x +y is
= *yJJr fimi 8. = =0

(x+y) + lim (
X —>o0 X X —>o0 y
Y51 Y 5-1
x X
x+y=0

=0andx+y=0. |
ms in it and factorise

ptote corresponding

=>
1tute

Method II. Let f(x, y) = 0 be a curve. Collect the highest degree ter
them into real linear factors. From I method, we know that there is one asym
to each linear factor parallel to it. Now, put each such linear factor equal to k. Subst
either x (or ) in terms of y and % (or x and &) from it. Equate the coeff. of highest power ©
' hod is repeated for other factors.

resulting equation to zero and find value of k. This met

Required asymptotes arey =0, x + 1=

N\
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Example 12. Find the asymptotes of the curve
8- 2x%y +ay? +x2—xy+2=0,
Sol. The equation of curve is
' x(x—yP+x(x-y)+2=0 (D)
Let x = k be an asymptote of the curve.
Fromeqn. (1), kk-y%+k(k-y)+2=0
Equating the higher power coefficient of y, to zero, we get & = 0
Asymptote parallel to x = 0 is x = 0 itself,
Again, put x—y =k, in eqn. (1), we get
hi®+ 2k +2=0 = x(k?+k)+2=0
Equating the coefficient of highest power of x to zero, we get
k12+k1=0 = k1=0,—1
Hence the asymptotes parallel tox—y=0are x—y=0itselfand x—y = — 1.
Hence all asymptotes are x=0,x=y, x =y —1.

TEST YOUR KNOWLEDGE
Find all the asymptotes of the following curves:
x2y2 = a?(x? + y?) 2. x8 + 38 = 3axy
xy? = 40*(2a - x) ' : (U.P.T.U. 2019

4,

o

10.
12.
14.
16.
17.
18.

19.

20,
21.

22.
23.

(@) 3+ 3xy%2 —x%y — By3 + 22— 2xy + 3y? + 4x+ 7=0

(b) B — 622y + 11xy2 -6y +x+y+1=0

y3— a2y — 2xy2 + 2x3 — Ty + 8y2 + 222 + 2x+ 2y +1=0 (M.T.U. 2012)
23+ 4oy + Bxy? + 293 + 262 + dxy + 292 —x— 9y +1=0

y3 — Bxy? + 8x2%y — 4x3 — 8y2 + 9xy — 6x2 + 2y —2x+ 1=0

(@) 42 — Bxy2 — 93+ 2x%2 —xy —y2—-1=0 D) 23+ 22y + xy? —x2—xy+2=0

(@) x(y — %)* = 2(y — x) + 2 (b) 42y —2) +y(y - 2)(x—y) = da + 4y = 7

x2(x — y)2 + a?(x2 — y?) = a2xy 11 (x - 1)(x—2)(x+y) +x2+x+1=0

P+3a2y -4y —x+y+3=0 , 18, 43 — a2y —xy? + 5% + 262 —4y2 + 2xy +x+y +1=0
2y (x? - yH)2 = (x% + %3 15. (x + 9)%(x* + xy + y%) = @’ + a*(y — %)

(- 9)%(x — 2y)(x — 3y) — 2a(x® — ¥®) — 2a%(x — 2y)(x + ) = 0
Prove that the asymptotes of the curve x2y? = a?(x? + y2) are the sides of a square.

Show that the asymptotes of x%y% — a%(x2 + y2) — a3(x + y) + a* = 0 form a square, through two of
whose vertices the curve passes.

&
x2-1
[Hint. Rectangular Asymptotes = Asymptotes at right angles to each other.]
Find the asymptotes of the curve (x +y + 1)(x2 + y2 — xy) — 8xy + 2 + y2 + 2x -3y + 5 =0.
Find the asymptotes of the curve (x + y + 1)2(x2 + y2 — xy) + 3xy — 722 — 2y? — Tx + 8 =0.
[Hint. The above equation can be written as .

(x + ¥)2(2 + y2 — xy) + 2(x + y) (62 + y2 — xy) — 6x% — y% + 2xy — Tx + 8=0.]

Find the asymptotes of the curve (x2 — y2) (y2 — 4x?) — 6% + 5x%y + 8xy® — 2y — 22+ 3xy —1=0.

x4

az—x2

Find rectangular asymptotes of the curve y =

Find the asymptotes of y2 =
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(i) Find the asymptotes of (x—y — 1)2 (x® +y?+ 2) +6(x~y—1) (xy + 7) - 8m
(ii) Find the real asymptote of &3 + 3x2y + 8xy? + 2y% = x® + ¥% b, '
Find the asymptotes of the curve y? (x% — a?) = &% (¥* — 4a?).

24.

25.
Answers

1. x=xa,y=*a 2. x+y+a=0 3.x20

4. (a@)2x-2y+1=0 b)x-y=0,x—2y=0,x-3y=0

5. y=—x-2,y=x-1,y=2x 6.x+2y+2=0,x+yi2\/§=0

7. x—y=0,2x-y+1=0,2x—-y+2=0

8. (@2x+y=0,2x+y+1=0,x—y=0 B)x=0,x+y=0,x+y=1

9. (@x=0,y=x,y=x+1 b)x—y=0,2x—y+1=0and2x+y—-1=0

10. x=xa,y=x*a 11.x=1,x=2,x+y+1=0

12. y—x=0,2y+x—-1=1and2y+x+1=0.

13. x+y-1=0,2x—2y+ @B+ +5)=0,2x—2y+(3—+5)=0

15.x+yxa=0

14, xty=+= a/§,x=i1,y=i'1
19. x=+1,y=0

16. x=y+a,x=y+ 2a, 2y=x+ 14a, 3y =x— 13a.
-20. 3x+3y+8=0 2l.x+y—1=0andx+y+3=0

22. y=x,y=2x,y+x+1=0,y+2x+1=0
e 5
@) x+2y= 5

23.x=ta

24, () x—y—-2=0,x—y+3=0 25. x=+q, y=+zx

2.13. TOTAL NUMBER OF ASYMPTOTES

To show that a curve of degree n can never have more than n asymptotes.
Consider the equation of algebraic curve of nth degree of the form

x"0, (—ii) +x" ¢, ; (%) +x2" 29, , (i’—) +..=0,

where ¢, [Z) is a polynomial in DA of degree r.
x X

The slopes of oblique asymptotes are given by ¢ , (m) =0, which is an equation of degree
n and thus has at the most n real roots. _
Since for each value of m, we have, in general, one value of ¢ determined by the equation
c,’(m) + ¢, ,(m) =0, .. it follows that a curve of degree n has, in general, at the m.OS“;
asymptotes. In case the curve has one or more asymptotes parallel to y-axis, then the degree?
equation ¢, (m) = 0, is smaller than n by at least the same number. d
Further when equation determining c is an equation of second degree ; than ¢,'(m) = 0 an
- it follows that ¢, (m) = 0, has two equal roots. Thus, there are two values of ¢ correspo_nduég
to two equal roots and there would be at the most (n — 2) other asymptotes corresponding ,
the remaining roots. Hence it follows that a curve of degree n can never have more tha

asymptotes.
2.14. ASYMPTOTES BY INSPECTION | L

If equation of a curve of degree n, is of the form
B R =0 '
. n n-2 g . et
where F_ is of dggree n [i.e., contains terms of degree n and may also contain lower dege’;o’
terms], and F, ,is of degree (n — 2) at the most, then every linear factor of F, equated to #
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te, provided ) : .

g be (;n asymptote, p no two linear factors of I, are either coincident or differ by a

onstam’: + by + ¢) be a non-re

¢ Let (@x y +¢) peated factor of F and let

and 1

F,=(ax+by+c)F _, wher
' —1° ere | ]
The asymptote parallel to ax + by b - 0, i geivélﬁ]'t:; of degree (n - 1).
ax+by+ec+ It h_o

X =00 F -

l_)_g n-1

x b

n—2
3 th . . . -
¥ € numerator as well as denominator is divided by !

Now to find the limit

1
¢ would be seen that , appearsasa factor

Lt Fog
. Fn—l
Hence ax + by +¢ =0, is an asymptote.
Cor. If the equation of the curve is of the form
U,.0,.0;...U, +F_,=0

— 0,as x — oo,

where Uy, Ug Us, ooy U, are linear factor, then the curve has U, =0, U,=0,U,=0, .., U, =0
as asymptotes provided no two of the factors are coincident or differ by a constant.

Note. Conversely, a curve having straight lines U; =0, U, =0, ..., U, =0, as asymptotes, must

have an equation of the form U;:. U,  Ug ... U +F =0,

ILLUSTRATIVE EXAMPLES

‘ 2 a2
Example 1. (@) Find the asymptotes of fz—'— Z—Z =1.
a

(b) Find asymptotes of the curve xy(x% —y2) + 2x2 + 2y? + 1 = 0.

factors.

or

are the required asymptotes.

. (g2 4% .
Sol. (@) The equation of the curve 1s a—z — b_2 —~1=0
This is of the form F +F, ,=0[n= 2], where F, can be split up into non-repeated linear
Thus the asymptotes are given by F, =0
2 .2 2 3%
S e bR
a_2 - ;9‘— ? or (a b)la b
£,9 x_ 9 _y
JpT0 M G

2) + 242 + 2y +1=0

(b) The equation of the curve is xy(x* — ¥
: linear factors of F, = xy(x2 — y?) are x, ,

This is of the form F, + F,_, =0 (n=4). The

(¢~ ) and (x + ).

Since none of them is repeated, the four asymptotes of the curve are

x=0,y=0,x—y=0 and x+y=0.
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Example 2. Find the asymptotes of the curves
(@) 2x° + Sx2y - 2xy? = By? +bx+y+ 3= 0
Gi) (x-y)(x+y) (x+2y-1)=3x + 4y + 4.
Sol. (i) The given curve is
(2x+38y) (x—y) (x+y) +tbxty+ 3=0
It is of the form Fy + F; =0 and no two straight lines obtained from F;=0are pag
gl

Hence by inspection, the asymptotes are
x—y=0,x+y=0and 2x+ 3y =0.
(ii) The equation of the curve is of thfe form F, + F; =0 and no two straight lineg
from F,; =0 are parallel. Hence by inspection, the asymptotes are
x—y=0,x+y=0,andx+2y-1=0.

btained

2.15. INTERSECTION OF A CURVE WITH ITS ASYMPTOTES

. T
To prove that any asymptote of an algebraic curve of the n** degree cuts the curve in (1 - 2) poings
Let : y=mx+c (1}'
be an asymptote of the algebraic curve '
Y 4 b g et
X0, (;) + 271 ¢n—1 (;) + x"2 0, (;) +..=0 (9

To find points of intersections of asymptote (1) and curve (2) let us solve them for xand,

x %
the abscissae of the points of intersection are the roots of the equation

2", (m+x£) +x% g (m+x£) o+ 2% 2y (m+x£) +..=0

Expanding by Taylor’s theorem, we have

cZ

# [cpm(m)+£¢n’(m)+i-—2—.¢n”(m)+..]
% 2! x .

Putting value of y from (1) and (2) ( i.e., Putting Lom+ EJ

+ g1 [‘pnx‘l (m)+ 'ffp’n_l (m) + ...] + 2 [¢n_2(m) + ] +..0

Or arranging the terms according to descending power of x, we get

2
29,(m) + 2" [¢. 8, (m) + ¢,y (m)] + 2 [’g—r 0p" (1) + 08’1 (M) + 05 (m)J] -
| 0
Since (1) is an asymptote of (2), .. m and c are given by

, ¢,(m)=0 and co,"(m)+ ¢, (m)=0
Substituting these values in (iii), it reduces to

2!

which is an equation of (n — 2)th degree and determines (n — 2) values of x.
Hence (1) cuts (2) in (n — 2) points.

2 )
ae [c— ¢, (m)+cd’,,_; (m)+ ¢n_2(m)] +am3[.]+..=0
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ree can, ] ,
.o of degree (n—2) at the most and F, consi be put in the form F,+F, ,=0, where

. . stso ’ y
Fi-2 9) points of intersection of the curve and its qg A repeated linear factors, then the
am= o . Ympiotes lie on the curve F. =0
proof. The joint equation of n asymptotes of curve i n-2= 0.
els Fn =0, and the n(n - 2) point of

i d its asymptot i
. opsection of the curve an ptote satisfy the two i =
l{lsiltaneouﬂy‘ | equations ¥, +F, _,=0and F, =0,
Bl They also satisfy the equation.
F,*F,_)=F,=0 ie, F,_ =0
Hence the result. '
For example:

(i) The asymptotes. of a cubic curve, cut the curve in 3 3_9)= . N
rveof degree 38— 2 = L ie., on a straight line. (3 = 2) = 8 points which lie on a

(ii) The a;ymptotes of a biquadratic or quartic curve, cut the curve in 4(4 — 2) = 8 points
which lie on a curve of degree 4 — 2 =2, i.e., on a conic.

Example 3. Show that the points of intersection of the curve
2y% — 2x%y — dxy? + 4xS - 1dxy + 6y2 + 42+ 6y + 1 =0,
and its asymptotes lie on the straight line 8x + 2y + 1 = 0.
Sol. The equation of the curve is :
2y3 — 2x2y — dxy? + 4x3 — 14xy + 6y2 + 422+ 6y +1=0 (1)
Since the coefficients of x3 and y2, the highest degree terms in x and y are constants,
- the curve has no asymptote parallel either to x-axis or y-axis.

Now to find oblique asymptotes, putting x = 1, y = m in the third and second degree
terms in (1), we get

05(m) = 2m® — 2m — 4m? + 4 and 9y(m) = - 14m + 6m?2 + 4.
The slopes of asymptotes are the roots of ¢5(m) =0
ie, of om3—9m—4m2+4=0o0r 2m —4) (m®2-1)=0
m=2,1,-1. _
Also 0,/(m) = 6m? = 2 — 8m = 2(3m* — 4m — 1)
Now c is given by, c,'(m) + ¢,(m) =0

__ 05(m) _—14m+6m2+4_7m—3m2—2

g= = =
0z’ (m)  2(3m? -4m-1) 3m? —4m -1
When m = 2, czlfz_lg—lzzo
Whenm=1, c:.z:_roilg.—_-_
3-4-1

Putting values of m and ciny = mx + ¢, the corresponding asymptotes are

y=2x+0,y=x—1and3’=‘x‘2
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Making RHS of each equation as zero,
" 9x—y=0,x—y-1=0andx+y+2=0.

These three asymptotes will cut the curve again in 3(3 —2) =3 pomts The ; joint ¢
tion of the asymptotes is -

or

2x-y) (x-y-Dx+y+2)=0
2x3 — 2xy? — a2y +y3—Txy + 8y +2x% + 2y —4x =0

or
Multiplying by 2 throughout,
2y3 — 2x%y — dxy? + 423 — 14xy + 6y%2 + 4x? + 4y —8x=0
Now equation of the given curve is ~(2)
2y3 — 2x%y — dxy? + 4x° — 1dxy + 6y2 + 462 + 6y + 1 =0
Hence the 3 points of intersection of asymptotes (2) and curve (3) also lie on the c;;.(f)
2) - 3) C
i.e., on 8x+2y+1=0

which is the required straight line.
Example 4. Find the equation of the cubic which has the same asymptotes as the cyy,
= 6%y + 11xy? — 6y3 + 4x + 5y + 7 =0, and which passes through the poznts (0, 0, (0, 2) and (3, 0

Sol. The equatlon of given curve is
—Bx2y+ 11xy2 — 6y3 +4x+ 5y +7=0
or , (x—y) (x—2y) (x—3y)+(4x+5y+7)=0
which is of the form F_ + F,_, = 0; and F, consists of non-repeated linear factors.
By the method of inspection, the asymptotes are given by
F,=0or(x—y) (x—2y) (x—3y) =0
or asymptotes are (x—y)=0,x—2y=0andx—3y=0
The joint equation of the asymptotes is
Fy=(x—-y) (x—2y) (x—3y) =0.
Since the equation of any curve hja‘ving these asymptotes is of the form F; + F, =0,
where F, is of first degree in x and y. -
The equation of required cubic may be ertten as

F;+(ax+by+c)=0

or (x—y) (x—2y) (x—3y) tax+by+c=0 (1)
where ax + by + ¢, is the general linear expression.
Since curve (1) passes through (0,0), .. ¢=0
Again  curve (1) passes through (2,0), .. 8+2a+c¢=0
and curve (1) passes through (0, 2), s —48+2b+c=0

which give, c=0,a=-4 and b = 24,
Putting these values in (1), the required cubic is
x—y) (x—2y) (x—3y)—4dx+ 24y =0
or x3 — 6x%y + 11x%y — 6y° — 4x + 24y = 0.

Example 5. Find the equation of the quartic curve which hasx =0,y =0, ) ~
Yy =-x, for asymptotes and which passes through (a, b) and which cuts the asymptotes i
points that lie on the circle x? + y? = o?.

Sol. The equations of the asymptotes are
x=0,y=0,y—x=0andy+x=0

= x and
n eight
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The joint equation of the asymptotes i
WO =00 *2) =0 o0r xy(y? _ 42 =
The equation of given circle is x% + y2 _ 2 0 49

i f any quartic curve wh (2)
The equation 0 1rve whose asymptotes are o .
with its asymptotes lie on (2) ig givi ” {))y()tf,s are given by (i) and whose points

xy(y® — x%) + M(x2 + 2 _ a?) =
Aisa constant. )
This passes through the point (a, b).

of intersection
vhere

ab(b?—a®) + Ma? +b2—a2) =0 o ) = 2@’ -b%

e

b

putting this value of A in (3), the equation of required curve is

2 ;2
02—+ LD o e

bxy(y? — %) + a(a? — b2) (x2 + y2 _ ¢2) = ,

or

TEST YOUR KNOWLEDGE

1. Find the asymptotes of the curve x%y — xy2 + xy + y2 + x— y = 0, and show that
in three points on the straight line x + y = 0. b S

9. (1) Show thgt the a.sympto.tes .of the cubic, x3 —2y% + xy(2x— y) + y(x— y) + 1 = 0, cut the curve in
three points which again lie on the straight line x —y + 1= 0.

(i) Find all the asymptotes of the curve 3x3 + gxzy — Txy? + 2y% — 14xy + Ty2 + 4x + 5y = 0. Show
that the asymptotes meet the curve again in three points which lie on a straight line. Find
the equation of this line.

3. (i) Find the asymptotes of the curve x(x?> — y%) + y(38y — x) = 0 and prove that the three points
where these asymptotes cut the curve lies on 7x— 3y + 6 = 0.

(i) Find the asymptotes of the curve (x + a) y? = (y + b) x% and show that the points of intersection
of the curve and its asymptotes lie on a straight line.

4. Show that the points of intersection of the curve 4x3 — 2x%y — 4xy? + 2y3 + 6y? — 1dxy + 4x% + 6y + 1
=0 and its asymptotes lie on 8x + 2y + 1 = 0. _

5. (1) Show that the asymptotes of the curve (x2 — y2)(y2 — 4x2) + 6x3 — 5x%y — 3xy* + 2% — &2

- + 3xy — 1.= 0 cut the curve again in eight points which lie on a circle of radius unity.

(it) Show that the asymptotes of the curve (x2 — 4y?) (x% — 9y?) + 5x%y — 5xy.2 —30y3+xy+Ty?—1=0
cut the curve again in eight points which lie on a circle of radius unity.

6. Find the asymptotes of the curve xy(x? — y2) + x2 + y? = a?, and show that the eight points of
intersection of the curve with its asymptotes lie on a circle whose centre is at the origin.

7. Show that the eight points of intersection of curve x4 — 5aZy? + 4y* + 2% -y +x+y +1=0 and its
asymptotes lie on a rectangular hyperbola.

8. Show that four asymptotes of the curve xy(x? — y?) + 25y

2 + 952 — 144 = 0 cut it again in eight

points on an ellipse whose eccentricity is % .

9- Show that the asymptotes of the curve 4(x* +y*) + 17a2y% — 4x(4y® - %

in eight points which lie on the ellipse x% + 4y* = 4.

() Find the equation of the hyperbola having x +y —1=
and passing through the origin. _

(i) Find the cubic curve whose asymptotes arex ta=0,y—a= 0, x +y + @ =0 and which touches
the x-axis at the origin and passes through the point (- 2a, — 2a).

2) + 2(x%— 2) = 0 cut the curve

W 0, and x —y + 2 =0, as its asymptotes,
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g the same asymptotes as the curve x2 -
nts (09 O); (1; O) and (0, 1)_

Find the equation of the cubic, which ha

11. :
+x+y+ 1 =0 and which passes through the poi
Find the cubic which has the same asymptotes as the curve x® — 6x%y + 11xy% — 653 +

ich touches the axis of y at the origin and goes through the point (3, 2).
[Hint. Tangent at the origin is obtained by equating the lowest degree terms to zero,]

0

12.
and wh

Answers

. y=0,x-1=0andx-y+2=0
(i) 6(y —x) + 7=0, 2(y—8x)+3=0,82y+x) +5=0; 106y —381x+ 105=0

1
2. X
3. (Dx=8 y=x+1Lx+y+2=0 (i) b%(x + a) = a?(y + b)
6. x=0,y=0,xty=0 )
10. () (x+y-1) (@x-y+2)+2=0 (i1) xy (x+ y) + a(y? — x% + xy) — 6a2y =
23— 6xy + 11xy2 - 6y3—x+6y=0

11.
12. x8—-6x%y + 11xy2-6y2—x=0.

2.16. ASYMPTOTES IN POLAR CO-ORDINATES

Theorem 1. The polar equation of any line is p =r cos (6 — o), where p is the length of 4},
perpendicular from the pole to the line and o, is the angle which this perpendicular makes yjg,

—

X-QXILS.
Theorem 2. The length of the perpendicular from a point P(r,, 6,) on the line
p=rcos®—-o)ist{p—r,cos (B, -

Working rule for finding the perpendicular distance of a point from the line

p=rcos (6-a).
1. Make R.H.S. of equation of the line as zero.
2. Substitute the co-ordinates of the point in LHS to get perpendicular distance.

2.17. POLAR EQUATION OF AN ASYMPTOTE TO THE CURVE r= f0) IS

U= -1-) and 8, is a root of the equation obtained by

r

p=rsin (6; - 6), wherep=91:g —5—2(
1

putting u = 0.
2.17.1. Working Rule for Finding Polar Asymptotes

Step L. Putr = = in the given equation. Also change all T-ratios, if any, into sin 0 and

cos 0.
Step IL Find the limit of 8 as u — 0. Let 0, be this limit or one of the limits if more than

one such limits exist,
Step III. Determine p = eLzé (———) for value or values of 6 obtained in Step II.
-0,
u—0

Step IV. Putting the values of p and 6, in the equation p = r sin (6, — 6), we get the
to

du

corresponding asymptote.
J does not tend to a finite limit ; then there is no asymptote corresponding

Note. If Lt (-@
du

9—)91

the value 6 = 0,.
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gxample 1. Find the asympiotes of the hyperbo;
1. The equation of the curve is rg = g,

cspiralr@ =g,

So

_1 6 _, 9
Put r= Au u u—;.

-0 9——)0 le. ©
AS u a €., -0

0, =
ince u=2,therefore d_u=l
Sin pe ;
do
p= Lt |-=—|= =

Equation of the asymptote is
p=rsin (8, — 0)
—a=rsin(-6)=-rsin
rsin 0 =aq.
Example 2. Find the asymptotes of the curve r cos 8 = a sin? 6,
Sol. The equation of the curve is r cos 6 = a sin2? 0

or
1.6y

Put r=l L] cos O =a sinZ 0
u u
_ _cos 0 -
a sin?
cos 0 .
As u—>0, ——— >0 e, cos6—-0
a sin“ 0
i
0 @n+1) 5 ie, ,=@n+1)
Sin cos 0
ce - —
“ a sin? 0
du 1 sin? 0 (—sin 6)—cos6.2sinecos€)}
do a sin* 0
—sin 6 (sin2 0+ 2 cos® 0) _- (sin2 0 + 2 cos® 0)
- asin* 0 asin® 6
.3
doe asin® 0
= - = Lt
p= BE%I ( du) 0 (@n+ D12 sin? 0 + 2 cos® O
n\3
or ((_ 1) ) =a(_1)n

= Cy)E+0

Equation of the asymptote is
p=rsin (6, —0)
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"= yai (2 +1)£-—0 = r gin nn+£~9‘
or a(=1)"=rsin [(2n 2 9
. [
or a(-1)"=(=1"rsin (E - 9}
or a=rcos 0.
a
Example 3. Prove that the curve r= 1——__ 05 0 has no asymptotes.
. L] — a
Sol. The equation of the curve 1s r = T cos0
1 1__a
Put iy u 1l-cosH
1-cos®
u= ——
a
Asu—0; —l—ﬂ —>0 i.e, cosf—1
or cos @ — cos 0
68— 2ntt 0=2nn
6, = 2nm, ~wheren is any integer
) _1-cosH du sin®
Since u=— 0 9 9 ¥ ¥ 9 —=
_ a - db a
AN vE
06, \ du) 6-2mr sinB sin 2nm
Lt ) does not exist.
06, du
The curve r = has no asymptote.

1-cosb6

f TEST YOUR KNOWLEDGE

Find the asymptotes of the following curves:

. ab
bOr=ea @) rio=a® (iti) r(62 — %) = 208
] 2a 2a
2. Pr=——a TR = - — o tan 6
1-2cos® @ r 1+ 2cosB (iit) rcos@=asinBorr=a
3. rsinnb=aqa
4. () rcos 20=asin 30 (ti) r sin 8 = 2 cos 20 (550 7 008 B = o cos 2B,

3a sin 6 cos 6
sin® 0 + cos® @

- 8. (i) r" n6 =a", where n is a positive integer > 1. (i) r=

6. (i) r=4(sec 6 + tan 6) (it) r =a cosec 6 + b (t22) r% = a’(sec? O + cosec” 6)

(tv) r=a+ b cot no (v) r =a cosec 0 + b cot 6.
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7. r1-¢)=a
8 (i)rzaloge (ll) rlogeza_
o, () r(n+6)=ac (i1) 6 cos 0 = @ cos 20,
40, Find asymptotes of r"£, ) + 171 f,, 8) + -+ £, (8) = 0,
1. Show that all the asymptotes of the curve r tan 16 = g touch the cirele r= &
n
Answers
1. @rsin(®@-D=a @) 6=0 (i) rsin 0 =—q
) . (& _—2a oy . 21 2a
9. () rsmn (—3— X 9] = _J:} (1) r sin (? it 9) = ﬁ (i11) r cos 6 = (— D" a
mn ™ . )
3, rsin (6 - T] =Q > where m is any integer
.a . nm 3r . 1 -
4. (L) -é-sm -—2—+-Z' =r sin (2n+1)z—9 : (Ll)rsin6=2
(iiiyrcos 8 +a=0
T B .
5. (1) 0= -":l— , where m is any integer (D) «/Er sin (% + 9) +a=0.
6. )41+ ED"=(1)"rcosb () rsin6=a
. (nm . .
(i) £ a(- 1)*=r sin (—2— — 9) (1v) r sin (9 - M) = 2, where m is an integer
n n
Wa-)"+b=(-1)"rsin6 |
7. rsinf8+a=0 8.1)6=0 (@) a=rsin(®-1)
9. (@)rsinBe™+ta=0 (@t) rsinB®=a, (2n+ 1) wrcos 0 + 2a =0, where n is any integer.
10. f"L(el)- =rsin (6, — 6), where 6, is any root of the equation £, (8) = 0.

fa'(81)

2.18. CIRCULAR ASYMPTOTES

Ifthe equation to a curve be r = f(8) and if élim f(8) = a, then the circle r = a is called a circular
—)OO

asymptote of the curve r = f(0). Evidently, the curve approaches the circle as 8 — c.

6% -1
Example 1. Find the circular asymptote of the curve r = o +1
1
1 L PP
8% -1 %
Sol. 0) =
M= =T L
92

eLt fe =1

Hence the circular asymptote is r = 1.
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Example 2, Prove that the circular asymptote of the curve r(e®— 1) = a(em
rs
_ Sq
e®+1)_.|1*e i |
8_1 1-¢~°

8) = a.

Sol. The curve is, r=a (

Taking limit as 6 — oo, We get f(
Circular asymptote is 7 = @.

—

2.19. ASYMPTOTES BY EXPANSION
he curve of which the equation can be expresseq
n

To show thaty =mx +¢ is an asymptote of t

the form
A B C, ..
(1)

y=mx+c+——+
x xz x3

Dividing both sides of (1) by x, we get

y ec A B C
Lemt—+-—+—4+—7
- % 2 %3 xt
so that when x — oo, we have Lt Y =m ©)
o (2
A B C

Again from (1), we havey—mx=c+ —+—+—% -
x  x?

so that we have Lt (y—mx) =c.
X —>° )
x + ¢, is an asymptotes of curve (1).

Hence from (2) and (3), it follows thaty=m

!

2.20. SINGULAR POINT
A point on a curve at which the curve exhibits an extraordinary or unusual behaviour is called
a singular point. |
f singular points namely points of maxima gnd
exion

We are already familiar with one type o
le points and (i%) points of infl

minima. Here two main types of the singular points (

shall be considered.
/

2.21. MULTIPLE POINTS
branch of the curve passes, is called a multiple
nt if two branches of fhe

d so on. In general,
h order. Ip

th ordels

1) multip

A point on a curve through which more than one
t on a curve is called a double poi

point of the curve. In particular a poin

curve pass through it, a triple point if three branches pass through it an
branches of the curve pass through a point, that point is called a multiple point of 7
general, a curve has r tangents (real, coincident or imaginary), at a multiple point of r
one for each of the r branches. Thus a curve has two tangents at a double point, one for e3¢
branch, and these tangents may be real and different, real and coincident or imaginary-
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are three kinds of double points.

(i) Node. A double point on a curve through which
4 the tangents at which are real and distinet, is called a
an .

There

pass two real branches of the curve

node. Thus, point P in the figure (i)
s node.

(ii) Cusp. A double point on a curve through which
d the tangents at which are real and coincident is call
- ) and (iif) is a cusp.

pass two real branches of the curve

. ed a cusp. Thus, the point Q in the
ﬁgureS (”’

YA Y 4

Ll

©)
XV
©)

\

Fig. (@) Fig. (i1) Fig. (ii)

(iii) Conjugate point or Isolated point. If there are

no real points on the curve in the neighbourhood of a point R
on the curve, then R is called a Conjugate point or an iso-
lated point. For example, (2, 0) is a conjugate point on the
curve 2 = (x — 2)® (x — 5) because (2, 0) satisfies the equation
of the curve, but for all value of x very close to 2, y2 is negative o R

and hence y is imaginary i.e., there is no point on the curve in
the neighbourhood of (2, 0). >

»

@)
Remark. Since there is no other point in the neighbourhood of con- A

jugate point R, the tangents at R are generally imaginary but in some of the cases the tangents at R may
be real. In such cases the nature of the curve in the neighbourhood of the point under consideration, has
to be examined. If the branches of the curve are imaginary, then the point is a conjugate point.

2.23. TANGENTS AT THE ORIGIN TO AN ALGEBRAIC CURVE

The equation to the tangent or tangents at the origin is obtained by equating to zero the terms of
lowest degree in the equation of the curve.

2.24. WORKING RULE FOR FINDING THE NATURE OF ORIGIN IF IT IS A
DOUBLE POINT

\

(@) (i) Write the equation of tangents at the origin by equating to zero the lowest degree terms

n the equation of the curve. If origin is a double point, then we shall get two tangents which
lay be real or Imaginary.

/

(i) If the two tangents are imaginary, then origin, is a conjugate point i.e., an isolated
boing,
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cal and distinct, then origin is either a node oy ¢
- e con;
the neighbourhood of the origin is to be e;::él.gqte
Ing

(i) If the two tangents are r
the origin, then it is a node otheryig, i d.
ity

point. To be definite, nature of the curve in
If the curve has two real branches passing through

conjugate point.
Remark. The tangents may be real at a conjugate point.

(b) Method for testing the nature of the curve at the origin.
If the tangents at the origin are y2 =0, solve the equation for y, neglecting the ty;

the values of y are real, the bran(_!lés Olfrd an

Curve

higher powers of y. If for small values of x,
e imaginary.

through the origin are real otherwise they ar
x2 =0, solve the equation of curve for x neglect:

In case the tangents at the origin are
d and proceed similarly.

terms involving powers of x above the secon
solve either for y or x, whichever is more convenient.

In other cases,
ecting higher powers of y or x, the reduceg
ce

Remark. It is to be carefully noted that while negl
incide with that of the tangents or two branches of the curve may
ot

equation of curve, may not co

coincide.

Cor. Nature of double points other than the origin
int of the curve known in advance, shift the origin to th

If the point (h, k) 1s a double po
Y + k). The double point is the origin now and its natuy

point (h, k) (i.e., put x= X+handy=
can be studied by proceeding as in the above article.

Example. Find the nature bf the origin for the curve y2(a? + x%) = x% (@® - ).

Sol. The equation of the curve is x4+ 2%y + aZy? — a?x* = 0.

Equating to zero the lowest degree terms, the tangents at the origin are
a?y? —a?x? =0 ory2—x2=01.e,y=%x

Because there are two tangents at the origin, therefore origin is a double point.

Qince the two tangents are real and distinct,

n is either a node or a conjugate point.

the origl
Solving the equation of the curve for y, we get
2 _ .2
: . |a® —x
="1x =
J a® +x°

x?) is positive,
the origin. Hence origin is a node.

Since for small values of x # 0, (a* —
ONA CURV

y is real in the neighbourhood of

EXISTENCE OF A MULTIPLE POINT
N OF DOUBLE POINTS B

2.25. CONDITIONS FOR THE
) = 0 to be

AND THE CLASSIFICATIO

The necessary and sufficient conditions for any point P(x, y) on the curve f(x, .

multiple point are
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Those of the simultaneous solutions o
0 determine double points or multiple point

)= _ .
Classification of double points

f equations (1) which satisfy equation
8 on the curve.

A double point will be a node, cusp or a conjugate point, according as

9 2
;f) > = or <az—fﬁ
xay Ox2 ayz ...(2)

Note 1. The condition (2) is not a sure test for the point (x, y) to be a node, a cusp or a conjugate
sint. This is, in fa?t, the corlldition for two tangep’cs at the double point to be real and distinct, real and
coincident OF imaglna.ry. This result may, sor.netr,me-s, lead to an incorrect result. To be absolutely cor-
rect, We have to examine th2e naturze of curve in the immediate neighbourhood of the double point (x, y).
2
Note 2. If gy/; = aax;y = gx]; = 0, at the point P(x, y), then P will be a multiple point of order
higher than two.

. 3%f (dy)? 2 2 _
Note 3. Equation -—é (d_:o)c') + 2 aaxafy % + gx]; = 0 gives us the slopes of the tangents at the

double point (x, ¥)-

2.26. WORKING RULE FOR FINDING THE POSITION AND NATURE OF DOUBLE
POINTS ON A CURVE :

—

1. Write the equation of the curve in form f(x, y) =0 i.e., make the R.H.S. as zero.

¥ ow PP
ox’ E}y’ ox?’ o2’ oxdy’
of

3. Solve the equations B_f =0and — =0.

ox oy

All the pairs of values of x, ¥ obtained by solving the above two equations are the pos-

sible double points. Out of these, only those which satisfy the equation of the curve are the
double points. \

2. Find five partial derivatives

2,)2 2. a2
4. At each double point, calculate D = a—f - 8_/; -a—é .
0xoy ox“ dy
(@) If D is +ve, double point is a node or conjugate point.
(b) If D is 0, double point is a cusp or conjugate point.
(c) If D is —ve, double point is a conjugate point.
. 5. For cases (a), (b) of step 4, when D is +ve or 0 ; test the nature of the curve in the
Immediate neighbourhood of the double point (x, ).

2.27. KINDS OF CUSPS

We know that at a cusp two branches of a curve have a common tangent and therefore
a common normal. A cusp is called a single cusp or a double cusp according as the fwo
branches of the curve lie entirely on one side or on both sides of the common normal.
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Species of Cusps. A cusp; single or double, is said to be of first species o of
species, according as the two branches of the curve, lie on opposite or same side of th, Cos ong
’ Mrn_,ﬁ

tangent.
% g
© @, i
d £ =
Ef 5| 2!
4 < i
Tangent ! ; /

P : :

P: :I P Tangen;
¥ Tangent f

Fig. (2) Fig. (i) Fig. (iii)
Single cusp of second species Double cusp of first species

Single cusp of first species
Point of oscul-inflexion. A double cusp with the change of species on the two sides

the common normal is called a point of oscul-inflexion [See Fig. ]

Normal
/ Normal

]
l.' P Tangent
P} Tangent -
Fig. (iv) i ~ Fig. (v)°
: Point of oscul-inflexion

7 Double cusp of second species
2.28. WORKING RULE FOR DETERMINING THE NATURE OF A CUSP AT THE
ORIGIN .

Case 1. When the cuspidal tangents are y? = 0, i.e., x-axis.
Solve the equation of the curve for y, neglecting terms containing powers of y higher

h

than two. _
(i) If the roots are real for only one sign of x, the cusp is a single cusp.

(i7) If the roots are real for both signs of x, the cusp is a double cusp.
(zir) If the roots are opposite in sign, then the cusp is of the first species.
(Zv) If the roots are of the same sign, then cusp is of the second species.

Case 2. When the cuspidal tangents are x° = 0, i.e., y-axis.

SOIYe 'the ?quation of curve for x, neglecting terms containing powers of x higher tha?
two and distinguish between different cases that arise on similar lines, as in case 1.
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Case 3. When the cuspidal tangents are of the form (ax + by)2 = 0.

Let p be the length of perpendicular from any point (x, ¥) of the curve on the tangent
e ax + b}" =0.

st
_ ax+by
Then p=—7r
\/a +b2
- p is proportional to ax + by.

Let us put p = ax + by end then eliminate y between this equation and the equation of
the curve, e shall get a relation between p and x.

Solving this relation for p (neglecting p3 and higher powers of p), we shall be able to
decide the nature of the cusp from the real or non-real values of p and the signs of p (like those
of y in case (1) for small values of x, positive and negative. '

Note. If it is more convenient to eliminate x (instead of y) between p = ax + by, and the equation
of the curve, then a relation between P a_nd ¥, found by eliminating x, also serves the same purpose,
when small values of y are considered.

Corollary. The nature of the cusp at a point other than origin, can be found by transfer-
ring the origin to that point and proceeding as above.

2.29. CONCAVITY AND CONVEXITY

—

Let P be a point on curve y = f(x), where the tangent PT is not parallel to y-axis. Then the
curve is said to be

(1) Concave upwaf'ds or convex downwards at P, if in the immediate neighbourhood of P,
the curve lies above the tangent PT on both sides, [as in Fig. (1)]; and

YA y=f(X) YA
B y=f()
P
;(‘7 (0] ;( )‘( (@) L ;(
v A
Y’ 3 Y’
Fig. 1 - Fig. 2

(ii) Concave downwards or convex upwards at P, if in the immediate neighbourhood of P,
the curve lies below the tangent PT on both sides [as in Fig. (2)]. _

Note. When the tangents at P are parallel to y-axis, we may define concavity to the right or
convexity to the left, and concavity to the left or convexity to the rjight (asat P, and_ Py respectively in the
adjoining ﬁgﬁre) ‘'on similar lines. 4 ) S L : I

2.30. CRITERIA FOR CONCAVITY AND CONVEXITY

At a point P on the curvey = f(x); the curve is

P d’y
(i) Concave upwards (or in the positive direction of y-axis) if f7(x) or oz >0, and
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(it) Concave downwards (or in the negative direction of y-axis) Ya
d?y . T
iff"(x) or o is<O0. P

In general, the curve y = f(x), is concave upwards or down- T
wards point P(x, y) according as f "(x) is positive or negative and n is Py

even. s
‘ X0 T

Yy X
ILLUSTRATIVE EXAMPLES
Example 1. Show that the curve y = e¥ is everywhere concave upwards.
2
Sol. Wehavey=¢* .. dy =¢* and ay =e*
_ . dx da?
d?y :
. the curve is concave upwards everywhere.

2
Example 2. Find the intervals of x for which the graph of the function f(x) = (x% +4x +5) ex
(i) concave upwards (it) concave downwards.

Sol. fx)=(@%+4x+5)e* v
00 =02+ 4x+5) .€ ¥ (= D+te*@x+4)=—@2—-2x+1)e*

f/x)=—@2+2x+1).e*(-1)—€e” @Cx+2)=@&—-1Lx+1)e™
Since e *>0 fqr each x, +ve or —ve, hence the sign of ”(x) depends upon the sign of

(x—1)(x+1).
Now f“(x) > 0 implies (x — 1)(x + 1) > 0, which is true only if x does not lie between -1

Since ok is always positive,

and

and 1ie,ifx<-lorx>1.
Further f”(x) <0implies (x— 1)(x + 1) < 0, which holds true if -x lies between — 1 and 1

le,if-1<x<1. |
Thus, if x <— 1 or x > 1 i.e., if xis in the interval (= o, — 1) or (1, =), f “(x) > 0 so that the
graph of fis concave upwards.
Again, if—1<x<1i.e, if x is in the open interval (- 1, 1), then f ”(x) < 0 so that the
graph of f will be concave downwards.
o0, — 1), (1, o) and 1s concave

Hence the graph of fis concave upwards in the intervals (—
downwards in the interval (- 1, 1).

2.31. POINT OF INFLEXION

Definition. A point on a curve at which the curve changes from Y‘T

concavity to convexity or vice versa is called a point of inflexion.

Since a change from concavity to convexity or vice versa at a
point is possible only if the curve crosses the tangent at that point. P
Therefore, we may also define the point of inflexion as a point on
the curve at which the curve crosses the tangent.

Remark. It is to be noted that the curve at a point of inflexion x 0 —’/;(

exh.ibits. an extra-ordinary or unusual behaviour, for the curve does not
ordinarily cross the tangent, as it does at a point of inflexion. Hence a vy

point of inflexion on a curve is also a singular point.
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2,32. CRITERIA FOR A POINT OF INFLEXION
=

By definition at a point of inflexion, the curve

change:s ot ) )
anges from concavity to convexity or vice
persa-
2
a’y

R

dx?

1s positive on one side of the point of inflexion P and negative on other side
2

if —5- is continuous at P, i “+3
o P. Also 7o » 1t can pass from positive values to negative values or vice

sersa, only by passing through zero value of P.
Hence a point P is a point of inflexion, if

. d?
(@) dx':f

e dzy I . . ¥ v : . d3
(1) ) changes sign in passing through this point i.e., —g’ # 0, at this point
dx i :

-= 0 at this point, and

D - d*y .
Note: If Ix becomes infinite, then 2 does not exist and the points of inflexion are found by
2

C ) )
considering Eyj = 0 and its change of sign.

2.33. CURVE TRACING

Let us consider the problem of tracing curves i.e., of finding approximate shape of curves from
their cartesian, polar or parametric equations without having to plot a large number of points
on them. We shall consider mainly those curves whose equations can be solved for y, xor r. In
the following article, we shall explain the various steps which are helpful in tracing a curve.
But these steps and (particularly their order) is by no means rigid and some steps can be
omitted and their order can be varied to suit the particular problem.

2.34. PROCEDURE FOR TRACING CURVES HAVING CARTESIAN EQUATIONS

L Symmetry

(i) The curve is symmetrical about the x-axis, if the equation of the curve remains
unchanged when y is replaced by - y i.e., if the equation of the curve contains only even
powers of y.

) D . . . 2 R ﬂz . .
e.g., y* = x2 + 4 is symmetrical about x-axis, whereas y* + yx = x* 1s not symmetrical
about x-sxis.

(ii) The curve is symmetrical about the y-axis if the equation of the curve does not
change when x is replaced by — x i.e., if the curve contains only even powers of x.
e.g., x2 = 4ay is symmetrical about y-axis, whereas y = x° — 3ax? is not symmetrical about
y-axis. .
(iii) The curve is symmetrical about the Line y = x if the equation of the curve remains
unchanged when x is changed to y and y is changed to x. 3
e.g., x> + y3 = 3axy is symmetrical about the line y = x, whereas x° + y® = bax“y 1s not
fymmetrical about the line y = x.
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(iv) The curve is symmetrical about the Line y = — x if the equation of the cuyy, Temy

unchanged when x is changed to -y and y is changed to — x. ) s
e.g., x* + y* = 4a’xy is symmetrical about the line y = — x, whereas x3 + 43 = 3axy o,

§

t

symmetrical about this line. . . .
(v) The curve is symmetrical in opposite quadrants if the equation of the Curve Temg,

unchanged when x is changed to — x and y is changed to - y.
e.g., 2° + y5 = bax?y is symmetrical in opposite quadrants, whereas x3 + y3 = Baxy ig .
- )

8

symmetrical in opposite quadrants.

II. Origin

(a) Find whether the curve passes through the origin. If the constant term ig Missig,
from the equation of the algebraic curve, then it passes through the origin. -

If the algebraic curve passes through the origin, then write down the equatioy of th
tangents at the origin by equating the lowest degree terms to 0.

If the origin is a double point (i.e., there are two tangents at the origin); then find jt.
nature whether a node (if the tangents are real, distinct) or a cusp (if the tangents are reai
coincident) or a conjugate (or isolated) point if the tangents are imaginary. If a cusp, find it,

type.

A cusp is called a single cusp or a double cusp according as the two branches of thy
curve lie entirely on one side or on both sides of the common normal.

A cusp single or double is said to be of first kind or second kind according as the tw
branches of the curve, lie on opposite or same side of the common tangent.

(b) Position of curve w.r.t. tangent at the origin

Find y, — y, (or 3.2 — 3,2 if square roots are there), where y. and y, are respectivel
the ordinates of a point on the curve and a point on the tangent at the origin for the sam
value of x. ' :
Then discuss the two cases namely x> 0 and x < 0.
If(y,—y)is +vei.e.,y,>y,; then the curve lies above the tangent and if (y,—y) is-v

Le,y, < Y, ; then the curve lies below the tangent.

ITI. Asymptotes
- Find all the asymptotes of the curve. The curve will not go beyond its asymptotes.
(i) Position of the curve w.r.t. asymptotes || to x-axis.
Let the asymptote parallel to x-axis bey =q.
Find the value of Y — a from the equation of the curve.
(Gem.erally, (v — @) will occur as a factor in the equation of the curve.)
Now in the R.H.S. of this value of y — g, puty =a.
Then disz?uss the two cases when x is > 0 (Near o) and x < 0 (Near — ).
- Iiff (é; -_ c;)) 11sS -Zr:; 11;;111;:3 lellrve lli'es above the asymptote y=a
(ii) PositionAof: the cul;'vje Plveen b W o
w.r.t. asymptotes || to y-axis.
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(It may be noted that y >0 in First and Second
Quadrants-) :
If (x — @) is +ve, the curve lies to the ri
e lies to the left of the asymptote x = q.
(iii) Position of the curve w.r.t. oblique asymptotes
Write the equation of the curve or one of its branches is in the form

A
y=mx+c+—+£ + ..,

X x2
theny=mx+¢ is the asymptote to the curve.

Quadrants and ¥ <01in Third and Fourth

ght of the asymptote x = a and if (x — q) is —ve, the

curv

Y, = Vg = ~ + ) + ... where y_and Y, stand for the ordinates of a point on the

curve and 2 point on the asymptote (both having same abscissa). Now discuss the two
cases namely x > 0 and x< 0.

If (v, — ¥, is positive, curve lies above the asymptote. -
If (y, — ¥,) 1s negative, curve lies below the asymptote.

IV. Points of Intersections. (These can be obtained by solving the two equations).
Find intersections of the curve (i) with the x-axis (y = 0); (ii) with the y-axis (x = 0)
(iii) with the line y = x particularly if the curve is symmetrical about it.
(iv) With the line y = — xparticularly if the curve is symmetrical about it.
(v) With the asymptotes (if necessary).

V. Region. Find regions in the four quadrants to which the curve is limited. This is
usually done by solving for y or for x (or for each of the two) separately and considering both
positive and negative values of x (or y). Values of x (or y) which make y (or x) imaginary are to
be rejected. :

Again, such values which make the left and right members of an equation opposite in
sign are to be rejected. - -

Note. If 2 < a2 ; then — @ < x < a. If x2 2 a? ; then either x> a or x<—a.

If (x — 0)(x — B) < 0 ; then x lies between o and .

If (x — o) (x — B) = 0 then x does not lies between o and B.

VL. Special points (or singularities)

(@) Find dy (@— represents the slope of the tangent to the curve at the point (x, y) J
dx \ dx

Find the points where

. d y
(1) 2o 0 i.e., tangents are || to x-ax1s

dx

.. d .
(i1) L A i.e., tangent are || to y-axis
dx
(iii) 4 is positive i.e., the function is increasing i.e., the curve 1s T1SIng.
X N

(iv) Z—y is negative i.e., the curve is falling.
x
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Find il—% (If not tedious) and find the points where

. d%y . . .
(@) —% is +ve i.e., the curve 1s concave upwards.

d?y . . .
3’ is —ve i.e., the curve 1s concave downwards.

(1)
ax
(iit) Also find points of Inflexion.

At a point of Inflexion, curve crosses the tangent. At a point of inflexion d’y
dx® Oang

ﬂ # 0 or d’y changes sign while passing through it.
dx3 dx?
Remark. The steps of Art. 2.34 can be remembered as:
R—SOAP
A = Asymptotes ; P = Points and R = Region,

S = Symmetry, O = Origin,
dvantages.

where
Note. Sometimes inconvenient steps may be omitted without any disa

i [—ILLUSTRATIVE EXAMPLES

~2) S48 (1)
s only even powers of y, the curve is symmetrical

Example 1. Trace the curvey
Sol. The equation of the curve is ¥2(2a

1. Symmetry. Since equation (1) contain

about x-axis.
2. Origin. The curve passes through the origin. The tangents at the origin are given
=0i.e.,y=0,y=0.8Since the two tangents are real and coincident, origin is a cusp.
3. Asymptotes. Equating to zero, the co-efficient of y2, the highest degree term iny, the
asymptote || to y-axigis x —2a = 0 i.e., x = 2a. There is no other asymptote of the curve.
We can discuss the position of the curve w.r.t. asymptote x = 2a.
4. Points of intersection with axes. The curve meets y-axis and y-axis at the origin

only. 4
5. Region. From (1), y=x / <.
20 —x

when x < 0, y is imaginary.
No portion of the curve lies to the left of the line x =
When 0 < x < 2a, y is Real.

When x > 2a, v is Imaginary.
No portion of the curve lies to the right of the line x = 2a.

by ¥

0 i.e., y-axis.

6. Special points

x3/2 0

From (1), y=
20 -x



r

s-1
IFFERENTIAL CALCULU .
dy _JxBa-x)
dx  (2a-x)?
@y _ YT
Now, I 0 when +x (83a—x) =
X = 0, x=3a : g
Ll
Rejecting * = 3 because when x = 3a, from (2), y is %
e : - A
lmagl Whenx 0,y= =0 .. Tangent at (0, 0) l.e., at origin ﬁ ;I(za o
5] to r-axis i.e., the tangent at origin is x-axis. (28,
is ,
dy . .. :
When 0 <x < 2a, Te is positive. Y"L ':

For positive values of y, y is an increasing function of x i.e., the curve rises for
qalues of X between 0 and 2a.

Thus, the approximate shape of curve is as shown in the above figure.
Example 2. Trace the curve: y2 (a +x) =x% (3a - x).

Sol. The equation of the curve is
y% (a+x) = %2 (3a —x) e)

1. Symmetry. Since equation (1) contains only even powers of y, the curve is symmetrical
about x-axis.

(AK.T.U. 2018)

9. Origin. The curve passes through the origin (0, 0). The tangents at the origin are
given by

y2.= 3x2
= . y= :i:\/g X
which represent two non-coincident straight lines.

Hence we may expect a node at the origin.

3. Asymptotes. Equatmg to zero, the co- efflclent of y2, the highest degree term in y, the
asymptote parallel to y-axis is
atx=0
= xX=—a

. 4. Points of intersection with axes. The curve meets x-axis at (0, 0) and (3a, 0) while
1t meets y-axis only at (0, 0).

5. Region. Equation (1) can be rewritten as

3a—x

=x
Y a+x
Ifx=0, then y=0.
When x is positive and small, y is real -
Also Sa—x < 3a
a+x a

y<+3x

le., <3
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Hence curve lies below tangent y = V3 x.
At x = 3a, y=0

When «>3a, yisimaginary

When x=a, Y=aQ
2
2 =1.2 a (nearly)

When x=2a, Y
V3 |
If we transfer origin at (3a, 0), then by equation (1), x = 0 will be tangent. '
Taking all these above points in consideration, the approximate shape of the cury
eis

shown in adjacent figure.
Example 8. Trace the curve: x2y? = x% - d’.
2
(1)

Sol. The equation of the curve is 2y2=x—a
contains only even powers of y and only even powers

1. Symmetry. Since equation (1)
bout both the axes. Also the curve is symmetrical in

of x, therefore, the curve is symmetrical a

opposite quadrants.
hrough the origin because (0, 0) does not satisfy the

2. Origin. The curve does not passt
=0 .. y=landy=-1lare

given equation.
3. Asymptotes. Asymptotes (| to x-axis are given by y2—-1

the asymptotes.
. Asymptotes || to y-axisisx=0.
Oblique Asymptotes. o (m) = m2.
¢,(m) =0 gives m =0 and this value o

have already obtained).
4. Points of intersection
With x-axis. Puttingy =01n (1), 2=ag2 .. x=%a
points (a, 0) and (- a, 0).

The curve meets the x-axis in the
the points (@, 0) and (—

Also x = @ and x = — a are the tangents at
— _ @2, which is impossible.

With y-axis. Putting x= 0in (1), we get 0 =
The curve does not meet the y-axis.

f m gives asymptotes parallel to x-axis (which we

a, 0) respectively.

5. Region
2 2
x“—a
From (1), y= : - .2
(This value of y corresponds to the part of the curve in first two quadrants.)
For y to be real, 2 — a® must be positive i.e., ¥* > a’.
x>a or . x<—a R - |
he lines x =@ and X =— a )

No portion of the curve lies bétwee'n t

Again from (1), x2(1 —y?) = a2
a

x=———,—_—l_y2 .

Forxtobereal, 1—y2>0 ie, y?<1.
The curve lies entirely between the linesy =—1 and y=1.

—1<y<1.
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6. special points

d ? .
FrOln (2)’ dx x2 xz B a2 IR '3—_- _M_J:'____Y_z_'_“
dy ‘ b a _(il - N \: K
@) hever becomes zero. 1s alwa - >
g do ¥s positive. u o K ;(
ﬂ__wowhen ¥-a?2=0 i.e., x=+q = " l:'" —--I:I --------
dx 1 I y=-1
For x= + a, y = O from (1) Yv
Tangents at the points (a, 0) and (- a, 0) are parallel to y-axis.
Thus, the shape of the curve is as shown in the adjoining figure.
Example 4. Trace the following curve:
2= 2
xy* = a“(a - x). [Witch of Agnesi]
Sol. The equation of the curve is
\‘. xy2 = a2(a — X) (D
1. Symmetry. Since (1) contains only even powers of y, so the curve is symmetrical
about x-axis. '
9. Origin. The curve does not pass through the origin.
3. Points of intersection with axes. The curve meets YA
X-axis at the point A(a, 0). The curve does not meet Y-axis. Shift- ' 1
ing the origin to A(a, 0), (1) transfo\rms to y x=a
X+ a)Y2=a%[a—- X+ a)]
= (X + a)Y2 +a2X=0 A, 0)
Equating to zero, the lowest degree terms, the tangent at ; o X
the new origin is X = 0 i.e., new y-axis.
Hence, at the new origin, i.e., at A(a, 0), the tangent is
1 to x-axis. ' ’ '
4. Asymptotes. The only asymptotes is x = 0. Yy
5. Region. From (1),
fa—x
y=a
%

when x <0 or when x > @, y is imaginary. Thus, no portion of the curve lies to the left of y-axis
and to the right of x = q. -

When x=a, y = 0. As x decreases from a to 0, y increases from 0 to c.
Hence, the shape of the curve is as shown in the above figure.
Example 5. Trace the following curve :

¥y (a - x) = x%(a + x). ~ (Strophoid)
Sol. The given curve is
y%(a — x) = x%(a + %) ..(1)

e L. Symmetry. Since powers of y are even, therefore the curve is symmetrical about .
-axis, ,

2. Origin. The curve passes through the origin. The tangents at the origin are y =+ x.

8i S
ce the tangents are real and distinct, therefore origin is a node.

.
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3. Axes intersection. The curve intersects x-axis
at (0, 0) and (—a, 0). The curve intersects y-axis at (0, 0)
only. The tangent at (- a, 0) can be found to be x + a ” .
=0. I !
« x
4. Asymptotes. The only asymptote is x = @. m /3
5. Region. From (1), . Y
X (~a0) (a,0)
a+x O \
y =x . A X
a—x S
Forx >aorx<-—a,ylis imaginary. Hence, the
x<-—a.
’ Y’J'

The shape of the curve is as shown in the figure.
Example 6. Trace the following curve:
(AStroid)

£2/3 + y2/3 = q?/3,

Sol. The equation of the curve is
x2/3 + y23 = g2,
(1
hout both the axes. The curveis Symmetric(ai

1. Symmetry. The curve is symmetrical a

about the lines y =% andy =—2%.
9. Origin. The curve does not pass through the origin. er
3. Axes intersection. The curve meets X-axis at.the Fo.
points (a, 0) and (- a, 0). The curve meets Y-axis at the points ’
(0, @) and (0, — a). ‘ 3,0)/\
4. Asymptotes. The curve has no asymptotes. «C A
5. Special points. From (1), X 0 @0 X
dy " \/
de  x¥? D(0, - a)
% =0, wheny = 0. Yy

From (1), Wheny =0, x =+a
llel to x-axis at the points (+ @, 0).

Hence, the tangents to the curve are para

Again, Q — 0, when x = 0.
dx
From (1), Whenx =0,y =%+ a
arallel to y-axis at the points (0, = Q).

Hence, the tangents to the curve are p

6. Region. From (1),

b J
| x| >a,y¥3is —ve

2/3 — (a2/3 _ x2/3)

If
y? is —ve

. yisimaginary.
Hence, the curve does not lie beyond the lines x = £ a.
==+ aq.

Sim‘ilarly, the curve does not lie beyond the lines y
Again when x =0, y = a. As x increases from O to a, y decr

Hence, the shape of the curve is as shown in the figure.

eases trom a to 0.
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Example 7. Trace the following curye and write its asymptotes:
 JETge .
x? +y° = 3axy.
. F s
gol. The equation of the curve is (Folium of Descartes)
x3 + y% = 3axy
1. Symmetry. The curve is symmetrica] about the line y = (1)
2. Origin. The curve passes through the origin. The tangents at

These tangents being real and distinct, origin is a node, orgmarex=0,y=0.

3. Axes intersection. The curve meets the axes only at the origin (0, 0)

4. Asymptotes. The only asymptote ig o
x+y+a=0.

5. Special points. The curve (1) meets the line of s

: ymmetry y = x, where
2x3 = 3ax?
= *2x—3a)=0
3a
= 0, s
= x .
3a
= 0’ -
\ 2

The two points of intersection are (0, 0) and (3(1 , 3?&)

3a 3a
Slope of the tangent at A (—?’ ?)

Differentiating (1) w.r.t. x, we get YT

3x2+ 3y2 d—y=3a(xﬂ+y)
dx

dx \ 2’2
135°
dy ay — x> “ .

dx  y® —ax

3a 3a dy _ \
AtA(??)’ dx =1 o

= tany=-1 = y=135°
Hence, the tangent at A to the curve makes an angle of 135° with the axis of X.

6. Region. x and y both cannot be negative, because that will make L.H.S. of (1) nega-
tive and RHS of (1) positive.

= No portion of the curve lies in the third quadrant.
The shape of one curve is as shown in the figure.
Example 8. Trace the curve y2(x — a) = % (x + a).
Sol. The equation of the curve is y2(x — a) = x%(x + a). ..(1)
1. Symmetry. The curve is symmetrical about the x-axis only. N ‘
2. Origin. The curve passes through the origin and the tangents at the origin are given
by x? + y2 = 0 o y =+ ix, which are imaginary.
Origin is an isolated point.

=
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3. Asymptotes. There is no asymptote | to x-axis.
Equating to zero, the co-efficient of y2, the asymptotes parallel to y-axis is x
3 : —a=
Let us find oblique asymptotes. .
¥ (e +a) xz.x(1+—ch -
From (1), y2= = 2L = i (1+EJ(1—3J
X
o 1/2 -1/2
y=+x (1+—-—) (1——]
% x
1 a2 i 2
or y=+x 1+—1-£—— 9—2-+ . 1+—a—+§2—+
x 8 x 5 2x 8 x?
a a® [ a®
or y=xx|l+—+—F+...| =% x+a+—5+
x 2x | 2x
Taking +ve sign, equation of one branch is
+a+ a” +
=x+a+—+..
4 2x
Equation of the asymptote isy=x+ta
‘ ¥ =Yy = -2_x_ g -
which is > 0 for large x > 0 and <0 for x < 0.
Thus, the curve lies above the asymptote y = x + a for x> 0 and below the asymptote for
x<0.

Taking negative sign, equation of another branch is

(12

24 2x

Equation of the asymptote Isy =—x — a.

Ye™Ya = 2x

which is < 0 for large x>0 and > 0 for x < 0.
ymptote for

The curve lies below the asymptote y =—x—a for x>0 and above the as

x<0.
4. Points of intersection
The curve cuts the x-axis, where putting y = 0, we get
2 (x+a)=0 ie, x=0 or —a.

Thus, the curve passes through (0, 0) and (- a, 0).

The curve meets y-axis, where putting x = 0, we get — ay?=0
y=0 . Le, at(0, 0)

x+a

5. Region. From (1), y=x

Whenx<-a,  yisReal
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) —a<x<a,yisimaginary. H :
When g Y. Hence no portion of the curve lies between the lines
=% 0. .
When x > @, y is Real.
6. Special points
x+a
om (1)~ y=x
Fr g (2
dy  x®_qx-—q?
dx (x+ a)1/2 (x_ a)3/2
d
NO“." Z“)i = 0, When

B-ax—a®>=0or, whenx=1(1+5)a.

5
When x = ( 2 J a, from (2), y is imaginary.
1++/5
2

Thus, the approximate shape of the curve is as shown in the above figure.

" So the tangent is || to x-axis when x =

a.

Example 9. Trace the curve: y = x® — 3ax2. Ya !
Sol. The curve is ¥y = x3 — 3ax2 (D 1 @
1. Symmetry. No symmetry. :
2. Origin. The curve passes through the origin.
The equation of tangent at the originis y=0i.e.,
1-8xiS.
3. Asymptotes. No asymptotes.
4. Points of intersection
Intersection with x-axis. Putting y =0 1n (1), we get
2 —3ax2=0 or x%(x—3a)=0
x=0 or x=3a
- Intersections with x-axis are (0, 0) and (3a, 0).

5. Region

From (1), y = x2(x — 3a)

When x< 0, y is —ve

. No portion of the curve lies in the second quadrant.
When 0 < x < 3a, y is —ve.

. The curve lies in fourth quadrant for values of x s.t. 0 <x < 3a.
When x > 3a, y is +ve.

. The curve lies in the first quadrant for values of x > 3a.

6. Special points

From (1), % = 3x2 — 6ax = 3x(x — 2a) | (2
dy
dx

=0givesx=Oandx=2a.
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When x = 0, then from (1) y=0 .. Tangentat (0, 0) is x-axis.
when x=2a, from (1) y= 8a3 — 12a8 = — 4a3
Tangent at (2a, — 4a®) is parallel to x-axis.
When x < 0, then from (2), g% is +ve.
e is rising.

y increases as X increases i.e., the curv
The curve falls in this portion.

When 0 < x < 2a, @y is —ve;
dx
Again y increases as x Increases. ¥ x> 2q)

dy .
When x > 2a, —— 1s tve.
dx
i

From (2), iiz—g,- = @x—6a=6(x—a)
g‘:—‘g-=0givesx=a,g%=6. 8 o) /
Vi
At x=a, 1?31 =6#0 SRS Al N
dx (2a, - 4d")
Yy

x = a gives a point of inflexion.

When x = @, then from (1)

y=x3—3ax = g8 — 3¢ =- 2a®

(a, — 2a®) gives a point of inflexion.
d?%y . 515 |
When x > a, ——% is positive.
: dx 3
s concave upwards for values of x > a.

The curve 1
d%y . )
When x < a, 3—3—’ is negative.

x
The curve is concave downwards for values ofx<a. '
shown in the above figure.

The shape of the curve is as

Example 10. Sketch the graphy =1 — 5
I1+x

Sol. The equation of given curve is
1 |
1+ 22 ..(1)

y=1-

1. Symmetry. The curve is symmetrical about y-axis.
2. Origin. The curve passes through the origin. Equa-
tion (1) can be written as »
%2y + y = x2
Tangents at the origin are given by
y=0
3. Asymptotes. Asymptote parallel to x-axis 1s
y—1=0
y=1

=
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4, Points of intersection.
5. Special points.

g =2 -1 0 1 92

y: 46 12 0 12 4

Hence the approximate shape of the given curve is shown in the figure.
Example 11. Trace the curve y? (x + 3a) = x (x - a) (x - 2a).

Sol. 1. Symmetry. The curve is symmetrical about x-axis.

9. Origin. The curve passes through the origin, where the tangent is x = 0.

’ 3. Asymptote and Region. The equation of curve is already solved for y, considering
only the (+)ve values of y, we find that

(@ Whenx=0,y=0;when0<x<a, yisreal ;

Curve meets the axeg only at the origin (0, 0)

_ - a
when x =a, y =0 again {when =g y= % (app.)} and when a < x < 2q, y is imaginary.

when x = 2a, ¥y 5 0 and when x > 2aq, y is real.

Tangent at (2a, 0) is parallel to y-axis obtained by shifting origin to it and then equating
Jowest degree terms to zero.

When x = 3a, y = a and when x = 4qa, y = 1.8a.
When x — oo, ¥ — o= i.e. when x, y are very large,

a 2a
12|12
y? ( x)( xj 6a  20a”

= =1-—+
2 2
& (1+ ég] sl
" <
Y _ 1_§g_+11a2 "
= x x 22
11a? :
or y=x-—3a+ 5 * ... ...(1) | Leaving (-)ve values of y/x
%

y=x-3ais an asymptote and the curve lies above this asymptote in the I quadrant.

(b) When x is negative and numerically less than 3a, y is imaginary. Therefore the
curve does not exist between x =— 3a and x = 0.

When x = — 3a, the expression for y becomes meaningless but x — — 3a from left, y? — ee.
Infact x=-3gisan asymptote.

When x — — co, 32 — oo,

For large values of x and y, taking (—)ve values of y/x from (1), we get

11a?
X
¥y = 3a — x is an asymptote and the curve lies above the asymptote in the II quad-

y=—x+3a- Fpne
rant,

i ¥ is very large in the neighbourhood of x = — 3a in II quadrant and is again very
arge when x is (—)ve and numerically large.
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Considering all these points, approximate shape of the curve is given bEIow_ Ry
Y4
+10a
ke 0)
(a’ 0) kla‘
. éa 1é)a ?
X! /\\
T+5a
+10a
Y'vw
Example 12. Trace the curve: x!/2 + y1/2 = ql/2,
Sol. The equation of the curve is YA
xV2 4 Y12 = 172 ..(1)
1. Symmetry. The curve is symmetrical about the (0, a)+
liney = x. A
‘2. Origin. The curve does not pass through origin. 3
3. Asymptotes. No asymptotes parallel to coordi-
nate axes.
4. Points of intersections. Whenx=0,y=q a4l -
When y=0,x=a E
Hence the curve meets the coordinate axes at 0, a) l ——
and (a, 0). ) O a4 (@0)
5. Special points.
x: a al4 al2 3al4 0
a

. ,/5_.12 2—'J§2
Foagignapi %oy [JEJ (zj

The approximate shape of the given curve is shown in the above figure.

| TEST YOUR KNOWLEDGE
Trace the following curves: .
1. y?=x3(semi-cubical parabola) 2. a?y? = x2(a? — &2
3. a®y?=232a - x) 4, a*y2 = g2yt _ 46
5. yAa®+2%) =x2 (a2 - 22 op 2+ y?) = g2(x2 - 4?)
6. () 9ay? = x(x - 3q)2 (1) 4ay® = x (x — 2q)?

T Y%+ y2) + q2(x2 — ¥)=0o0r 22(y2 + a2 + Y22 - a? =0.

(UPTU X
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— (v — 92 (v —
> y: . 2 ((x 2?) 9. @ = y(2a - y)
10. -(xz- e (xz‘ 3)2 11. 232 = 4a? (90— x)
=(a + -
12. (a,) xzy (a' y) (a W ) (b) x2y2 = (az 4 y2) (a2 _ yZ)
13. y(*+4a’) =8a®
14. y2x=a2(x—a,) 15.y2(x2_1)=x .
b 22 +1
6. @y=—3_7 (0) x%y2 =52+ 1
2 — 202 _ '
17. x:y Gll_(yzxz 3:2) 18. y*(a + %) = 22 (a — x) or x(x? + ¥?) = a(x? — y?)
19. x°+y°=ax7y 20. y = x3 (cubical parabola)
21 y=2'-x
B et (U.P.T.U. 2014)
23. (x¥*+a?)y=a’x 24. (2% — a?)(y% — b?) = o2p2
925. y3=2x°+qx? 26. x3 + y3 = g2y
. 2/3 2/3
i =(x—2 +1)2 .o X
27. @y=@-2)(x+1) (i1) (E) + (%) = 1. (Hypocycloid)
Answers
1. Y4 2. YA
- R ‘(;a,O):‘OO(a,O) .
X, O X X E a // O . a : X
vl vy’
3.
4 Y Ar
i i
X .Y A . X
(-a,0)\_ 2 ~Na_ @0
) O :
i i
Y'JV
5 YA
i \\ \\/’j’ E
~a,0)N___ (@, 0)
L © L3 ~
/ N\ \ \ ]
-+
Y'y
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(0, a)

14.

2a

A|(0, 2a)

YA
Y'v
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13,

YA
Y'v

20.

>
i i
| 1
(M| 1
1 1
] 1
] 1
: :
A 1 O i N
g A >
] 1
1 1
1 1
~~ 1 | 1
= i I
1 >
1 1
1 1
1 1
1 ~ 1
\ 2%
R <
I~ Y
b9
1
1 >x
L“ = =X
|||||||| PRl m—er
— i ts
> ROITN_ DB 4
IIIIIIII B 2o ool et e s o) e e i e
1
~ :
Z |
. .
S vx
-
AX AX
e=X
||||||| u\.....- -
7
||||||||||||| /Q. /
=X
<4+—
o) > O S
< \\u/- N
: \ / g \\\ /,
\y \
== e—=X
L—=X v X<
159

16
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22.

| ]

NG
X=-3a
_ X
X=a
r"‘f"

—————— |l :' y:b
« o] | X
X ; | y=-b

26. Y4
+X
Yo
A(_a, O) |I /\:(a’ 0) >
vo
.. Y
27. () Y * T
B|(0, b)
b
a0 o (a, 0)
AR
B"[(0,—b)
»
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(i7) Find the tangents at the pole. Putting r =0, the real values of 0 give the ta
ngent

> Aty

— cos ). Putting r=0, we get cos =7 . ]

at the pole.
consider the curve r =a (1
e and the line 8 = 0 i.e., the initia] ling ;.. '
8 th

For example,
Hence the curve passes through the pol

tangent at the pole.
Again, consider rr = a (3 — sin 0).
Putting r = 0, we get sin 9 = 3, which does not give any real value of O [+ | sing <
1],

Hence the curve does not pass through the pole.

(¢ii) Find the points, where the curve cuts the initial line and the line 6 = /2,

3. Asymptotes. If 6 = 6, (some finite value) when r — <, then there is an asympty

We find all the asymptotes of the curve. ¢

4. Points of Intersection. Find some points on the curve for convenient values of
is symmetrical). '

(especially for values of 8 = a for which the curve 1
5. Region. Solve the given equation for r or 6 (if possible). Find the regions in which the

curve does not lie. This can be done as :
() Iffor 0, <8<06, 1 is imaginary, then there is no portion of the curve between the lines
Consider r2 = a2 cos 26. For n/4 <0 < 3m/4, cos 20 is negative. .. r?is —ve ang
Hence the curve does not lie between the lines 6 =m/4 and 6 = 3n/4.
st and least numerical values of r be respectively a and b, the curve lies
le 7 = @ and entirely outside the circle r = b.
ns of r when 6 varies in the intervals (0, ) and (- e, 0) making
0 or attains maximum and minimum values. Plot the points so

6 =0, and 6 =6,.
so r is imaginary.
(ii) If the greate
entirely within the circ
(iii) Trace the variatio
the values of 6 for which r =

obtained.
nction of 8, the negative value

Note. When r is a periodic fu
values of 6, where the values begin to repeat.

= ,.j‘;’f_’ and ¢. (¢ is the angle between the tangent and radius

s of 6 need not be considered. We may

consider values form 6 = 0 to those

6. Value of ¢. Find tan ¢

vector). Find the points, where ¢ is 0 or h
o . . dr . » . o ar.
Again, r increases as 0 increases if 20 is positive and r decreases as 0 increases if 20 18
negative.
he equation into cartesians, when tracing of

Note. Conversion into cartesians. Transform t
artesian system of co-ordinates.

the curve becomes easy on transformation to ¢

ILLUSTRATIVE EXAMPLES J

Example 1. Trace the curve r = a(1 — cos 6). [Cardioid]
f";’ The equation of the curve is r = a(1 — cos 6) )
. Symmetry. The curve is symmetrical about the initial line because the equation of

curve 1'2en11)ailns unaltered when 6 is changed to — 6.
- Pole or origin. (i) When 8 =0, r = 0 hence the curve passes through the pole and the

t p
angent at the pole is the line 0 = 0, i.e., the initial line.
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;) The curve meets the initial line § = 0 at (0, ¢ : " ,

nlz)(la L 6. 7) raspucttvaly, (0, 0) and the lines 6 = 1/ and 1t in the points

(@ totes. Since for fini
3, Asymp .S any finite value of 9, r 4 gt s

o i Ny 0es not tend to infinity, .. the curve

4, Special points. The corresponding values of g
9: 0 /3 /2 2m/3 n
r 0 a2 . a 3a/2 2a.

[We need n.ot trace the curve for values of

bout the initial line.]

5. Region. () v | cos 6 | <1 .. From (1), r<2q,

- The curve lies entirely within the circle r = 24,

(i) When 6 increases from 0 to «, r remains positive and increases from 0 to 2a.
When 6 increases from 7w to 2r, r is positive and decreases from 2a to 0.

and r are given below:

0 from 7 to 2r as the curve is symmetrical

6. Value of 0.
dr Ya
From (1), Jo _ @sin 6. B (a, n/2)
‘ a
tan¢p=7r d9 = r = a(l_.cos 6) = tang. (42a’ m) A/ 6=0
dr (ﬂ) asin® 2 X 0=n\_ 2a o) X
de (0,0)|a
0 C (a, 3n/2
6= 2" Y'vy 7, )

Now, 6 =0 when 6 = 0 and ¢ = /2, when 8 = 7.
At (2a, ) the tangent is perpendicular to the line 6 = .
The shape of the curve is as shown in the figure.

Note. We will not consider the values of 8 after 2w, because r is periodic with period 27 and
therefore we do not get any new point on the curve. :

Example 2. Trace the curve:
r? =a? cos 20. (Bernoulli’s Lemniscate) (A.K.T.U. 2012, 2015, 2020)
uf (o +y?)? = a®(x? - y?). |

Sol. The equation of the curve is r2 = a2 cos 26 (1)

. . . n
L. Symmetry, The curve is symmetrical about the initial line, the line 8 = e and pole.
2. Origin or Pole. Put r = 0 in (1), we get

T
cos 20 = 0 = cos (i 5)
T :
= 0=+ e which are real.
, T

Hence, the curve passes through the pole and the tangents at the pole are 6 =+ 1
AlSO,Whenezo, r=+a
Hence, the curve meets the initial at (+ @, 0).
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3. Asymptotes. The curve has no asymptote.
T
4. Value of ¢. b= 2 + 206
when 0=0, 0= g
0=0,r==a

For

5. Special Points and Region

Hence, at the points (@, 0) and (- a, 0), the tangents are perpendicular to the ipj; al
1

\MA‘“Q%

ling

From (1), r = a /cos 20 | Taking +ve root as the curve is symmetrical aboyt th
: _ € pole

_ dr —asin 26
do  ,/cos 26
n dr
For - 0<f<—= tm—1is =
or 0 1 o 1s —ve —
For %<9< ar +
1 T, 70 is +ve.

When 6=0,r=a

As 0 increases from 0 to g r decreases from a to 0.

T 3T . . ) oo

1 <0 <=, risimaginary. Hence, no portion
) ) i[9 37

of the curve lies between the lines 6 = :1_ and 6 = —4—

For

(— a, O)

0 = 3n/4

a

r decreases in this range

= rincreases in this range.

/4

Aa, 0)

a
<4—
XI

. . 3T .
Again, as 0 increases from o tow, ris +ve and
: 4 >

increases from 0 to a. Thus, we can trace the part of
the curve about the initial line. The part of the curve
below the initial line can be traced by symmetry. Hence,
the shape of the curve is as shown in the figure.
Example 3. Trace the equiangular spiral r = ae™,
Sol. The equation of the curve is
r = ae™
1. Symmetry. The curve has no symmetry.
2. Pole. - ris not zero for any finite real value of 6.

The curve does not pass through the pole.
3. Value of ¢. ¢ is constant.
4. Region. (i) r is always positive but there is no limit
to its values.
(i) When6=0,r=a
(a, 0) lies on the curve.
(iii) As 0 increases from 0 to e, r remains +ve and

increases from a to co.

B

> v

0=—n/4

Y’JV 9 = 3n/2

- As 0 decreases from O to — o, r still remains positive and decreases from @ to 0.

Hgnce, the shape of the curve is as shown in the figure.
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gxample 4. Trace the curve r = a sin 36. (Three leaved rose)
Sol. The equation of the curve is r = a sin 36. a
1. Symmetry -
From (1), r=asin 30 = a sin (1 — 360) = a sin (31 — 30) etc.
- s -l : Tc . .
P r—a31n39—051n3(§—9]=asm3(n—6)etc.

(1) remains unchanged when 0 is changed to g -0, orw— 0.

The curve is symmetrical about the rays

e:E,E(ziE) 5_71:_7_7'5 9_11', &
6’25\ 6 Jhi g G806

9. Pole or-origin. Putting 7 =0, we get sin 30 =0
36 = nx, where n is zero or any other integer.

n 2n 3n 4w 57 6n

n 2r 3n -47: 51 . 6m

1
3. Asymptotes. Putting r = —; from (1), u = —
u a sin 30

u = 0 does not give any finite value of 6.
No asymptotes.
'4. Point of Intersection.

When | 6=0, g %E 561t ) .7: ) 9; ) 1(13n (Rays of symmetry)
From (1), r=0, a, —a, @, —a, @ —a.

5. Region. (i) From (1), r < @ numerically [ sin 36 < 1 numerically]
The curve lies entirely within the circle r = a.

(it) Region w.r.t. tangents at the pole Tangents at the pole are
2n 37 4n 51
= == =—,0=—7",0<=
0=0,0= 3 ,0= 3 ,0= 3 ,0= 3 3
When 0<0<7/3;then 0< 30 <mi.e., 30 lies in first or second quadrant.

From (1), r is +ve [+ sin 9is+veinlorIl quadrant]

Similarly, when 31 <0< %TE, ris—ve.

41

When —<9<—?£ ris +ve; When 31t <p<—, ris-ve.
3 3 3 3

When :4_n.<9<_5£,ris+ve; When —5£<6<61t ris —ve.
3 3 3 3
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6. Value of ¢. From (1), r = a sin 36 N
2L« 85 cos 86 |
g = 8acos

r 1
tan¢=7=§tan39
(%)
tan¢=°°(i-€-, =g')

p ~m 3¢ 5n Tn 9m 11in
or 6—'6_’?’"6_’_6—"’—’6'_’56_
Tangent is perpendicular to the radius vector at the points

_n 3n 5n 7r 9n 1irm

Thus, the shape of the curve is as shown in the figure.

Remark. We have not considered values of 6 outside [0, 2r] because 7 = a sin 36 is periodic
Note. The curve r = a sin nf or r = a cos n6 consists of n or 2n loops according asn i ;dd

or even. _ \
Example 5. Trace the curve r? cos 6 = a? sin 36.
Sol. The equation of the curve is r2 cos 6 = a* sin 36 )

1. Symmetry. On changing r to — r, equation (1) remains unchanged.
.. The curve is symmetrical about the pole, i.e., the curve is symmetrical in opposite

quadrants.
2. Origin or Pole.
Putting r =0 in (1), we get sin 360 = O
30 =nm when n is zero or any other integer.
/ . 7m 2n 3n 4n S5t 6m

gm0 Gy g OF g2 LT P A
3’ 841 13087 3’ 3 3"

1
3. Asymptotes. Putting r = e from (1),

cos0 )

9 Lyt SRR ]
a? sin 30

uc =

n3n

Let u -4 0. Therefore, cos 8 — 0, i.e., 9—%2 o
; - a1 1 — 36 .
DI (Of wiito 2y S L [ 26in 89 50 008 B (G008 ) i
do a? sin“ 36
du _ (sm 30sin 0+ 3 cos 0 cos 30)
do 2a2 usin? 360
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T - de :
For 8; = 3> p= eI:»te (— Zl—) Lt 2ua’® sin? 30 _
w0 " 932 8in30sin 0+ 3cos B cos 30
The asymptote is p = r sin 0, - 0)
' 0=rgin|l_ ;
of Sll’l(2 6) L.e., rcos9=90 or x=0 [ x.:rcose]
i y.axis is an asymptote to the curve,
o 3n -
Again, for 6, = 250 Jy-ax1s 18 an asymptote.
4. Points of Intersection. When 6 = 0; From (1), r= 0 (Also see step 2)
LW 2a 2
When 0=—,rl="+ . rp=4 |22
. 6’ T3 73
The two points are | + / when 0 = LA i
[ J— 6] en 3’ r =0 again.
5. Region w.r.t. tangents at the pole.
, 2 ot
From (1), 7'2 P M
cos 0
T .
when 0<06< 3 r?is+ve .. risreal.
T T . . .
when 3 <0< — 5 r?is —ve .. risimaginary.
No portion of the curve lies between the two half- -rays YAT/2
== and 0 = —
=g and8=-.
T 2n
when 3 <0< 3 r?is+ve . risreal
when —%35 <O<T r2is—ve

r is imaginary.
No portion of the curve lies between the half rays

: 2n
=— and 0 =m.
0= 3 an i ol .
Hence the shape of the curve is as shown. ’

; Note. We have not discussed the values of 8 between © and 2t because the curve is symmetrical
In opposite quadrants.

Example 6. Trace the curve reciprocal spiral r6 = a.

Sol. The equation of the curve is r0 = a ) sk L)
Firstly, we consider positive values of 6, i.e., values of 6 in (O o0).

1. Symmetry. Equation (1) remains unchanged, where 6 is changed to— 0 and r to—r,

T . ;
therefore the curve is symmetrical about the line 6 = 5 1€ y-axis.
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2. Origin. Since r does not become zero for any real finite value of 6, therefqy, th
' g

curve does not pass through the pole.
3. Asymptotes. Equation (1) is r0 = a.

. 1 0 0
Putting r= —, wehave —=a u=—
u u a
u— 0gives® — 0 0, =
du_1
de a
do
1t [~ =Lt ((a)=-
P 9591[ du) e—>0( %) “

u—0
Putting the values of p and 6, in p = r sin (8, — 6), the equation of the asymptote ig
_a=rsin(—6)orrsinf=a

or y=a (v rsing=y)
4. Points of intersection.
when 6=O,£,£,—n—,27£,n,§£,2n,...
6 3 2 3 2
From (1); r:oo’ @-’g_a_,gg,g_a-,g,?_a_,_a_,“.
n’ n’ wm’'2r ®m 3n 2%
5. Region. (i) From 1), r= 0 _
a o 4 .
rsin9=—sin9=asme<a [ sm6<1J
. 6 6
or y<a (- y=rsinb)
The curve lies entirely below the asymptote
~ rsin@=a or y=a.
(ii) For positive values of 0, r is positive.
a dr
6. Value of ¢. From (1), r= ry 7Y = - 6%_ YT
o is negative for all values of 6.
- rdecreases as 0 increases. y=a
As 0 increases from 0 to oo, r is +ve and decreases = TTTTTTe——ol_ /4/
from oo to O. , ] D

r af 67 DN

t - =—|=-—|==0. Ol /- b X

) =83 | A
de
n the figure.

the shape of the curve as shown by thick lines i

The part of the curve for —ve values of 6 (or here ralso because from r = g—, r is negative

e of 6 through two right

Hence for positive values of 6,

when 0 is 1_1egative) i_s obtained by turning the curve for positive valu
angles. This branch is shown in the figure by the dotted line.
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Example 7. Trace the four leaved rose r = o sin 29,

Sol. The equation of the given curve is

r=a sin 20

wol1)

1. Symmetry. The curve is symmetrical about the line § = Z and the line 9 = E
9. Pole. Put r =01in (1), we get g
sin20=0
_ nn
N 20=nnt = 9=?, Wheren=0,:h1,:l:2,:i:3,..,
=)\ 0= 0 + _2_ T+ — 31‘C

Hence, the curve passes through the pole and the tangents at the pole are 6 = 0,6= E,

. 2
pecause the other values of 6 give the same tangents.

3. Asymptotes. The curve has no asymptotes.
4. Special points and region. : Y4
(i) v |sin20]<1

From (1), lr|<a
Hence, the curve lies entirely within the circle r = a.
(i) From (1),

O = 9%acos20 and &7 - 4 20
de_ a CoSs an- Tez—— aSIIl

. 4 . dr
For r to be maximum or minimum, — = (

de
= 2acos 20=0
= cos 20=0

=> 20=02n+1) g,wherenel

= 6=(2n+1)g,whereneI

3 2 5
For r to be maximum, 2T should be —ve and we find that d_ is —ve for 6 = E, =,.
and the maximum value of r is
cueinl2 ) e gsin® =
rmax._aSIn ,Z —GSInE—a

The corresponding values of r and 0 are given below:

6: 0 kL) .} ﬁ T . ‘:
4 2 4
r: 0 a 0

—a 0
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T . .
As 0 increases from 0 to ri ris +ve and increases from 0 to a. As 0 increaseg from *
1 DX

»is +ve and decreases from a to 0. Thus, we get a loop between the lines®=0angg. T
3

n
Similarly, we get a loop between the lines 6 = - and 6 = m but in opposite dire;
On

(o r Is ~Ve)

Thus, we trace the two loops I and II.

- L TC
Since the curve is symmetrical about the line 6 = 3’ the other two loops are traced
. Jj‘

symmetry. Thus, in all we get four equal loops.
Hence, the shape of the curve is as shown in the figure.

Example 8. Trace the curve x° +y° = 5a°x”y.
Sol. The equation of the curve is
x° + y5 = ba’x’y ' (1)
1. Symmetry. The curve is symmetrical in opposite quadrants because equation (1)
remains unchanged when both x and y are changed to — x and — y respectively.
2. Origin. The curve passes through the origin. The tangents at the origin are x% =
i.e., x=0, x=0, y=0. Hence y-axis is a cuspidal tangent.
In fact, the origin is a node as well as a cusp.
3. Asymptotes. Since co-efficients of x5 and y® are constants, therefore, the curve has

N\

no asymptotes parallel to axes.
Let us now find oblique asymptotes:

From (1), 0s(m) =1+ m®, ¢,(m) =0 |
Putting h5(m) =0, we have méi+1=0 or mP=—-1 .. m=-1
To find ¢, cds'(m) + ¢,(m) =0
or e(bm®H =0 or c¢=0.
Equation of the asymptoteis y=mx+cory=—x.
Position of the curve w.r.t. the asymptote. In the second quadrant, x is negative and yis
positive;

RHS of (1) is +ve.
LHS of (1) namely y5 + x5 must also be +ve.
Hence, y should be numerically > x.
Thus, the curve lies above the asymptote y = — x.
Because of symmetry in opposite quadrants, the curve approaches the other end (

fourth quadrant) from below:

in the

4. Points of Intersection.
(z) The curve meets the coordinate axes only at (0, 0).
(i) Intersections with the line y = x. Putting y = x in (1), we have

225 = 5a2x3.
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Y A

.a
Point of intersection are (0, 0) ; (i ‘/g a, + \/E a]
5 @

(i) Intersections.with the asymptote y = — . Solving
o iy=—% We again have (0, 0) as their intersection.
(1a

5. Region. Transforming to polars [by putting
rcos@andy=r sin 8 in (1), we have]
}. ) 2= 5a” cos? 0 sin 0
cos® O +sin® 0

s -

Y'v

31 ; i
\ For values of 6 between = and m, r? is negative and so r is Imaginary.

Thus, no portion of the curve lies between the lines 6 = %Tn and 6 =m. ,Thus, the shape

of the curve is as shown:im the ﬁgure

AN
P o
B 4

- TEST YOUR KNOWLEDGE
Trace the following curves: | : :
1. r=a(l + cos 6) [Cardioid] (U.P.T.U. 2015) " 2.r=a(l+sin6)
3. r=a(l—sinB) 4. r =2a cos 0 [Circle] 5.r=a+bcosB®;a>b [Limacon]
6. 2a =1+ cos 6 [Parabola] - 7. r%cos 26 =a? 8. r='a cos 20 -
. ,
: ad?
9. r=acos 30 , 10. r = a cos 560 _ 11. r= 5
1+06
12. r=gedoote : 13. x5 + y5 = BaxZy? 14. r=a (1 + sec 6)
15. 2* + y* = 4axy? 16. x* + y* = 4a? xy 1Tyttt xy=0
18. r=ab [Spiral of Archimedes] "
Answers
L Bi(a, w/2) 2. Y4
' B|(2a, 7/2)
©m\i! 2a e -
i (2a,0) X
: 2a
Ci(a, 3m/2) (a,mC 0 A(a,0)
D=mn =0 X~
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12,
O-‘\* -
(a, 0) X
symptote 7 = @ 1s shown
cireula® Tiey part of the curve for
dottet';re values is its reflection in the
pegatt”
jnitial B2
Y4
. _ YA 14, e
3. N |
| \B
~ - !
N G/ i :
> i A
0N\ X X0 | (22,0 x-
\\ : I
. F\i /D |
|
3h
YA .
15. YA 16-
0 X P
NG
1. YA 18. Y4
.L\\\\\ 4 ,’l,
\\\\ /’l
+\\\ e
‘-'~\ \\\ o5 :
X % X |
I,’l, \\\\ e =1 \\ i
Y'Y
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2.37. TRACING OF CURVE GIVEN BY PARAMETRIC EQUATIONS
Let x = f(), y = §(t), where ¢ is the parameter in the equations of the curve. s

Case I. If conveniently possible, the parameter is eliminated and the correspqy 1.
cartesian equation is obtained and then the procedure explained earlier in Art. 2.34 is foﬁgilzg
e

The following results may prove helpful:

1. x =a cos t, y=bsin t. &L
X2 y? tPse)
—+*5 =cos’®t+sin?¢=1.
a b
2. ' " x=acost, y=asin t. (Cirg
& %% + y2 = a2 (cos? t + sin? {) = @® g
3. ' x=acos?t, y=bsin®t (Hypo-cycloid)
/)23 2/3 '
- (3) ==
a b '
4. " x=a-cos®t, y=asindt  (Astroig
x2/3 s y2/3 — 02/3.
5. x =12, y=t—38
y= t(1_.§_t2) =¢t(1 — x/3)
y2 = t2(1 — x/3)2 = (1 — x/3)2.
. 4
sm° ¢
6.  x=asin?t, y=a (Cissoid)
: cost
_sint,x ) e sin® ¢ xz_x/a.xz
. Y= cost 1-sin?¢" 1-x/a
or «yz(a—x)=x?. |
: : 1-¢° 2t ,
e a g o N (Circle)
oo 148 1+¢2
““3at - Zat® : »
8. = = i ; Folium ofDescartes)
e AT ( |

: < = 30Xy, e ‘
Case II. If it is not conveniently possible to eliminate the parameter, then the following

procedure is followed:

1. Symmetry. -
(i) If on changing ¢ to— ¢ or (¢ to m — ¢ ); x (= f()) remains unchanged and y{= 00}

changes to — y; then the curve is symmetrical about x-axis.
e.g.,  The parabola x = at?, y = 2at is symmetrical about x-axis. ,
(i8) Similarly, if on changing ¢ to — ¢ (or ¢ to m — £), x changes to — « and y rema®®
unchanged, then the curve is symmetrical about y-axis..
e.g., (1) the cycloid x = a(t + sin t), y = a(1 — cos ?) is symmetrical about y-axis.

(2) The ellipse x = a cos t, y = b sin ¢ is symmetrical about y-axis. (Changing 0™~ L

.
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) ng t to — ¢; x ch - :

(i) If on changing changes to — x and y to — y, the curve is symmetrical in

posite quadrants.
- _C. . ’

the rectangular hyperbola x = ct, y = n 18 symmetrical in opposite quadrants.

ongm If on putting x=0 (or y =0) a real value of ¢ can be fou d
] (or £ =0), then the curve passes through the origin. ek

yZ - poth x and y equal to zero and find values of ¢. If there is any common value of ¢,
the curve passes thr ough the origin.
el

th g. Asymptotes. Find asymptotes if any.

4. Points of Intersection. Find the points of intersection of the curve with coordinate axes.

5. Region. If easily possible, find the greatest and least values of x and y and therefore,
he lines parallel to the axes between which the curve lies or does not lie.

For Example. If the curveis x=a cos 6, y=b sin 0 ; then the greatest value of xis @ and
the least value is —a. (v greatest and least values of cos 6 are 1 and — 1)
The curve lies entirely between the lines x =+ a.

Gimilarly, the curve lies entirely between the lines y =+ b.

. . ) d. d:
6. Special Points. Find _c% and ?‘Z and then consider the signs of Eli and i-"i in
cuitable intervals of . |

dt dt
. dy(_dyldt . ) a )
Find Ex_ D/t . Give to the parameter ¢ certain values and find the corresponding

values of x, y and the slope of the tangent namely -zl Plot these points (whose cartesian
_ X

. i . d
co-ordinates are known to us). Find those points on the curve for which d—y~=' 0 or . Also find
X -
d2

7 Y and discuss for concavity and points of inflexion.

ILLUSTRATIVE EXAMPLES - |

Example 1. Trace the cyclbid x=a(® +sin8),y=a(l +cos6).
Sol. The parametric equations of the cycloid are _ .
x=a(B + sin 8), y = a(1 + cos 6) ‘ «(1)
Let us trace this curve firstly for values of 0 in the interval [~ =, 7].
1. Symmetry. On changing 8 to — 8 in (1), changes to —x and y remains unchanged
~. The curve is symmetrical about y-axis.
2 Orlgln Putting y =0, a(1 + cos 8) =
cosb=—1lor6=m
For9=1t,x=a(6+sm9) =an+#0
The curve does not pass through the origin.
3. Asymptotes. The curve has no asymptotes.
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4. Points of Intersection
(1) Intersections with x-axts. Putting y = 0 in (1), we get 6 =, which givey 5 =
T am,

~  Intersection with x-axis is (an, 0).
(i) Intersection with y- .axis, Putting x =0 in (1), we have 0 + gin § =
by onlv 0=0andfor0=0,y=a(l+cosb)=2a.
. Intersection with y-axis is (0, 2a).

5. Reg‘ion. We know that — 1 <cos <1
1-1<1+4+cos0<s1+1

or 0<(1+cosB)<2
' 0L a(l+cosB)<2ao0r0=sy=<2a

.. Curve lies entirely between the lines y = 0 and y = 2a.

Qe

6. Special points. From (1),

dx _ L dy
20 =a (1 + cos 6) and 70 =—qgsginb
dy _dy/de _  asin® =—tang
' dx  dx/d6 a (1+ cos 6) 2 ~(2)
Corresponding values of x, y and dy/dx for different values of 8 are given below:
0=—1 — /2 0 /2 T
: . -
From (1), x=-an —a(§-+1J 0 a(§+l) am
y=0 a 2a a 0
% - 1 0 i, | — o

From (2), e = oo

Points on the curve are (- ar, 0), [— a (—273 + 1}, a], [0, 2a], [a (g+ 1), aJ, [am, 0].
dyldx = e or — )

Tangents at the points [- ar, 0] and [am, 0) are parallel to y-axis (
Tangent at the point (0, 2a) is || to x-axis (- dylde=0)

a
F 2), — =—tan —
. {2} dx 2
2 1d6
; . Py o
Again diff. w.r.t. x, —dx, (sec 2)2 T
dPy L1, , 0 o 1 28
. v L = e T bl gOE
72 2 059 % 2 S e %a 2
2
or ﬂ:i Sec4 -
dx? 4o 2

d?y
is negative for all values of 6.

dx?



-

NTIAL CALCULUS —

199
o .
_ The curve 1s concave downwards.

valuesof 8 >Tor <—T, the same types of branches
11 be obtained.

rve Wi
e cu . = )
ot o curve consists of congruent arches on both sides

.. which extend to infinity.

418 8 the shape of the curve is as shown in the

A"B=-n |0 6= A ¥

re- _
Note. B is callec.i vertex.of the cycloid afld Line A’A i.e., the line joining the two end points is

Jod bBSe of the cycloid and a is called the radius of the generating circle.

alle

c Remark. We have taken 6 from —xt 1::0 T to get one arch of the cycloid or one complete cycloid. We
gain take 6 from — T to T for the cycloid ‘
Wﬂ] a

x=a(6+sin6),y=a(1—cos 0)

wWe take 0 in [~ T, ] for the cycloids
x=a(9+sin9),y=a(1d:cos )

we will take 6 in [0, 27] for the cycloids

x=a (0 -sin 0), y=a (1 + cos 0)

For these two cycloids, for values of 6 < 0 or 6 > 21, hig smite types of branches of
rve will be obtained.)

0

the ¢!
Example 2. Trace the curve

— 1 21 b '
x=a|cost+ 9 log tan S y=asint. (Tractrix)
Sol. The equations of the curve are ’

x=acost+%logtan2 %,y=asint ooel(L)

1. Symmetry. (i) On changing ¢ to — ¢ in (1), x remains unchanged and y changes to —y.
The curve is symmetrical about x-axis.

(i) On changing ¢ to © — ¢ in (1), y is unchanged and x changes to — x.
The curve is symmetrical about y-axis.

2. Origin. Putting y =0, we get sin t =0 or ¢ =0 and then

= +21 0=
x=a 2 0g 0 =— oo,

The curve does not pass through the origin.
3. Asymptotes. When t =0, x - — o0 and y = 0.
Thus y = 0, i.e., x-axis is an asymptote to the curve.
4. Points of Intersection. The curve does not meet x-axis.
The curve meets y-axis (putting x = 0), where

. L
xX=acost+ % a log tan? % = 0, which is satisfied by t =+ o

ad  then Y =asin [i g) =+ @. Thus, the curve meets y-axis in the points (0, + a).

5. Region. We know that — 1 <sin < 1
—a<asint<a or —a<y<a
Thus, the curve lies entirely between the lines y =+ a.
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6. Special Points. (1) From (1), = HEM‘\T
u[—{-‘ﬁ=—asint+-1cx.~——-—;—1w——.2tan£ g b1
dt 2 tan? ¢/2 g " fec 2°3
: 1
=al|-sint +— = a| —si 1
( 2 sin t/2 cos t/ZJ ¥ [ sin ¢ + m) ~ Qcog? "
dy sinp
and —~ =qgcecost £
dx
dy
dy _dt __@cost _ .
— S — = an
dx dx a cos? t
dit sin ¢ =)

dy _ . T
_d.—x— = oo, whent—:I:E and then x=0,y =+ a.
Thus, at the points (0, +a) the tangent is || to y-axis.
ie. y-axisitselfisa tangent at the points (0, *a).
J .
sz =0, whent=0 and, then x = %, Y =0, showing

that y = 0 or x-axis is an asymptote as proved earlier.

i d
From (2), ?‘% =tant
Diff. w.r.t. x iijz=sec21t—cZZE
T dxz_ dx

sint sin ¢t

=gsec?t. 5 = 1
acos”t  @cos 4

d%y . 3
F is +ve for values of t in [0, 7]
L

The curve is concave upwards for values of ¢ in [0, 7].
- The shape of the curve is as shown in the figure.

3 % 48 )
Example 3. Trace the curve x = a_(t"'—‘t_) y= alt—t°)

1+E% LY ol
at (1+1%) at(1-t5)
S 1. W h = ese = "‘(2)
ol. We have, x 1172 (1) and Y 1+ 78

Let us eliminate ¢ from equations (1) and (2) to form Cartesian Equation.
Dividing eqn. (1) by eqn. (2), we have

x—Y (8
= 2=
4 - L £2 x+y
From (1), we have '

221+ t42 = a%? (1 + 1%’ | Squer®

A
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T ; g the value of t2 from (3),

Puttin »
' 2
Sy )
(x+y) xX+y X+ y

[+ + &= a?x-y)[ 2x T
x 1 = _4x
(x+y) x+y) (x+y)]
(% + y2)% = a%(x2 — y2)
o, Symmetry. Curve (4) is symmetrical both about x-
9, Origin. Curve (4) passes through the origin.
gents at the origin are a?(x% — y2) = 0

or

...(4)

axis and y-axis.

Tan 9 g ) (Equating lowest degree terms to Zero)
But a;tO R A 4 =0 or y=x2 Sy ==+x.

3. Asymptotes. The curve has no asymptotes,

4. Points of Intersection.

(i) Intersections with x-axis.

putting Y=0ineqn.(4), x'=a%2 or 22 (ax%2—q?) =0

Either x=0. or x2=qa? je, x=4g

s, Intersections of the curve (4) with x-axis are
a0 O, 0) and (a, 0)_-.-'
(ii) Intersectiong with y-axis.
Putting x =0 in eqn. (4), y* = — g2y2

y+a??=0 or y2(y2+a?)=0
y=0 or y=+ia _

The only point of intersection of curve (4)
with y-axis is (0, 0).. =il

Thus the shape of the curve is as shown in the figure.

or

TEST YOUR KNOWLEDGE
Trace the following curves: _
L x=a(®+sin0), y = a(l — cos 6) 2. x=a(® —sin 0), y = a(l + cos 6)
3. x=a(8—sin0), y = a(l —cos 6) (A.KT.U. 2017)
| — 2 t(1-1t2)
4. =2, y=t— 1 3 = 2_(1__t_)_ — a————
X 5. t 3 t 5- X 1 " t2 ) 1 + t2
8. x=a[cos ®—1log (1 +cos 6)],y=asin 6
Answers
L 4 2 Yﬁx
B
i
o
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(1]
—-a

>4

2.38. FUNCTION OF TWO VARIABLES

If three variables 35, Y, 2 are so related that the value of 2 depends m
Y. then z is called a function of two variables x and y and this is den tag

oted by z = fix, ).
zis called the dependent variable while x and y are called independent variableg,

For example, the area of 5 triangle is determined when its base and altitude are knoyy, The

area of a triangle is a function of two variables, base and altitude.
In a similar way, a function of more than two variables can be defined.

Geometrically, Let z= (%, y) be a function of two independent variables xand y defingg
for all pairs of values of x and ¥ which belong to an area A of the xy

= f(x, ¥). Representingal
these values (x, v, 2) by Points in space, we get a surface.

Hence the function z = f(x, ) represents a surface.

2.39. LIMIT

[ fx,9)~L|<e, 0<|x—q <8, O0<|y-b]|<5
If L is the limit of the function f(x, ¥) at the point (a, b) then we write
Lim f(x,y) =L

(x,y) = (a, b)

0y . . L el 1S inde.
Here it is Very important to note that if Lim  f(x, y) exists then this limit
(x, ¥) = (a, b)
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sum (or difference) of two functiong of two variables is equal to the sum

o il of their limits.
h rence)

b Litofa product of two functions of two variables ig equal to the product of their

5 mits of product ofa goqstant and a function of
m stant and the limit of the function,
0

4 eC . : .
he & of a quotient of two functions of two variables is equal to the quotient of their

c it . s .
, Thethrgiovi ded the limit of denominator is not equal to zZero
b: o i S *

m : imit L (fini infini
6 it ] functlol(laf (z,) 3;)1;11?; ilrrll;lpaté .1n1te or infinite) as (x, ) = (a, b) then f(x, y) tends to L
@) T

;f g function fl, y) has d1st1-n ct limit 25 (x, ) - (a, b) along two distinct paths then
1. f(x, y) does not exist. ‘

im
®, J’I)J” (@b

two variables is equal to the product

nfx, ) is said to be continuous at a poinjc (a, b) if, for any arbitrarily chosen positive
however small, we can find a corresponding number & such that | fx, y) — fla,b) | <e

g4

 functio

rg, % & . . . .
nun;:zry point (% y) W112;h1n the circle with its centre at (q, b) and radius §. i.e., whenever
301(—a)2+(y—b)2<5- ek |

Alternatively, f(, ) is said to be continuous at (a, b) if Lt f(x, y) = f(a, b) irrespective
xX—a

fthe path along withx = a, y — b. e .
It should not be assumed that the path along which the point (x, y) tends to (a, b) is

nmaterial, because Lt { Lt f(x, y)} is not always equal to Lt { Lt flx, y).
y—b y—=>b x—>a

x—a

However, usually, the limit is the same irrespective of the path of approach.

Afunction which is not continuous at any point is said to be discontinuous at the point.
Afunction f(x, y) is said to be continuous in a domain D if it is continuous at every point of the
tomain D. The sum, difference, product and quotient of two continuous functions of two vari-
iblesis a continuous function.

ILLUSTRATIVE EXAMPLES

i Example 1. Let A = f(y, 9):0<x<1,0<y<1,xye R} Let f: A—> R be defined by
"N=x+y. Show that

Lim  f(x,y) =L
(x,y)ﬁ[o,é) 2
Sol. flx y)—l‘= x + —l~
T2 y~2
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1
= ,(x—O)+(y—§

<|x-0]+

id
77

1
Y==

Let € > 0, choose 8§ = —;— then for [x—0| <8 and

f(x;y)—%

<¢ |x-0]<8 and !y\

' 1
Hence, Lim f(x,y) = 3
mwapé]

Example 2. Using the § — ¢ approach, show.that Lim
‘ CRIEYEN))
Sol. | (Bx+4y)~10|=]8(x—2)+4 O0-1) |
' S3|lx-21+4|y-1|
Ifwe take | x—2 | <& and | y—1 l <3J, we get

| flx,y)—10 | <76 <¢ which is satisfied when § < ;
Hence, Lim f(x,y) =10.
y (x, ) —>(2,1)

Example 3. Show that the following limits:

. - 3
- (@) Lim 5 Y % (@) Lim 2xy <
90,00 x° + y (x,5)-0,0) x =+

do not exist.

Sol. The limit does not exist if it 1S no

t finite or if it depends on a particular path.
(©) Choose the path Y =mx. As (x, y)

— (0, 0), we get x — 0,
2 2
:le mx2 = L 3
20 (L+m) -, L+m

- Therefore, Lim =
(,9)->(0,0) x* + y2

: . N
which depends on m. For different values of m, we obtain different limits. Hence the limit
not exist,. 4

(z) Choose the path x = my®. As (x, y) — (0, 0), we get y — 0

, 3 6
Therefore, - Lim # = Lim my __m
90,0 £ + 48 Y20m? +1) 58 M2 i1

which depends on m. Hence the limit doeg not exist.
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ple 4. Show that the function, f(x, y

am )=x-yis ontin ’ 2
E:l. Let (@, b) € R%then fla, by =q - p continuous for all (x, y) & R?.

|f(x,y)—f(a, b) | =| (x—.Y)~(a~b) |
Slx-a)+@b-y)
Slx—al+]y_p|

— € .
Let€> 0. Choose & = 5 then for | x — ¢ | <dand |y

i If(x’y)-‘f(a, b) ' < E-l—i =g
2 2

Hence the function f(x, y) = X~y is continuous for al] a,b)e R2. B < .
ement of RZ s0 f(x, ¥) = x — y is continuous for all (x, y) e (R2. ) ut (a, b) is an arbitrary
e
x e

Yy
Example 5. Show that the function f(x, y) = | % + y’ % 9)#(0,0) is discontinuous at

0’ (x) y) = (0’ 0)

ihe point (0, 0)-
Sol. Choose tie path y = mx.

As (x, y) = (0, 0), we get x — 0. Therefore,

Lim XY i d-mx _1-m
“&N->0,0%X+y x50 +m)x 1l+m

which depends on m. Since the limit does not exist, the function is not continuous at
0, 0).

2.42. PARTIAL DERIVATIVES OF FIRST ORDER

Let z= f(x, y) be a function of two independent variables x and y. If y is kept constant and x
alone is allowed to vary, then z becomes a function of x only. The derivative of z, with respect
tox, treating y as constant, is called partial derivative of z w.r.t. x and is denoted by g_z or a—f

or f..

ThU.S, £= Lt f(x+hsy)_f(x,y)
0x h—0 h

Similarly, the derivative of z, with respect to y, treating x as constant, is called partial

derivative of z w.r.t. y and is denoted by a_z or g_f or f,
e ly Yo
dz _ Lt flx,y+k) - fx,y)

5:; k—0 k '

Thus,

a . . ) .

ETZ and gz_ are called first order partial derivatives of z. |

ox y \ . y ' . .

(In general, if z is a function of two or more independent variables, then the partlal
deriV::ltive of z w.r.t. any one of the independent variables is the ordinary derivative of z

W.rt. that variable, treating all other variables as constant.]

-
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Geometrically, Let z = flz, ¥) be a function of two variables x and 9. They, by MA‘an

it ts a surface S.If y =%, a constant, then y = £ represent
it represents su y= P nts a plane parallel 283

zx-plane. f
z =Afx, y) and y = % represent a plane curve C which is the sectiop of § by, th,
;z represents the slope of tangent to C at (x, %, 2). Sk,
x .

oz
Thus, ™ gives the slope of the tangent drawn to the curve of intersection of the oy

z = flx, y) and a plane parallel to zx-plane. B,

oy

0z
Similarly, — gives the slope of the tangent drawn to the curve of intersect;
surface z = flx, ¥) and a plane parallel to yz-plane. f th

2.43. PARTIAL DERIVATIVES OF HIGHER ORDER
0z

dz
Since the first order partial derivatives — and — th lves fi
W E are themselves functions of x apq 3, thy
can .be fur.ther. differentiated partially w.r.t. x as well as y. These are called se¢
partial derivatives of z. The usual notations for these second order partial derivat;

d (3z) 0% . 9 (0z) 9%
5’7(-3?}_5757 O ay( J 32 or [y

ond ()rdel‘
ves are:

ox (dy) oxdy ’ - &
%z 9%z
In general or .
= © wdy oyox Foy =l

Note 1. If z = Ax), a function of single independent variable %, we get % .

If z = Az, y), a function of two independent variables x and y, we get g— and %
I
Similarly, for a function of more than two independent variables x,, %,, ..., %,, We get
dz 0z 0z
axl ’ axz e axn (

Note 2. (i) If z = u + v, where u = flx, y), v = ¢(x, y), then z is a function of x and y.
az 8u au Bz au 80

o ax ay ay ay
(#i) If z = uv, where u = f(x ¥), v—(p(x y) then

0z ov Bu az 0 v ou
=" (uv)=u —+v —(uv)=u—+v—
=g W) =u et e sy
(@) If z = g— , where u = flx, y), v = ¢ (x, ¥), then
ou ov ' , du v

zz_a_(z}:”_a—x_‘”_az E_D(4). 2
ox dx\v 02 : dy oy \v v?
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gxample 6. Find the first order partiq] derivatives of the following:
G224y
G u=tan" — y (1)) u = cog! (EJ
; u = tan~! 2 y
Sol. (1) xX+y

Differentiating u partially w.r.t. x, we get

du_ L 9 [x%+y
= 14 &y | xvy
X+y

(x + y)2 (x+y)i(x2+y2)—(x2+y2)i(x+y)
= 5 ) ox ox
(x+ ) + (x% + y2)2

(x + 3)*
" (% + y)- 22 — (%2 +y%4).1
(c+ )% + (x% + y2)2

au x2 + 2xy — y2
Bx (x + y)z 4 (xz + y2)2 : .(1)

Since u is symmetrical w.r.t. x and y, du y? + 2xy — x2

(i) u = cos™! (ﬁc—]
, y

9y  (x+9)?%+(x?+y%)? ’
u___ -1 3 ( ) 1 |
3 e
X 1—( ) __x2 y ‘/_2___
Yy

- a_uz;l_i(ﬁ)z‘_y_(_i}#
dy 1—(xJ2 oy \ y y2_‘x2 y2 y [yz_xz

¥
dz 0z oz 0z
Example 7. If z(x +y) = 22 + y2, show that (— - —J =4 (1 - —)
Lox 9y ox dy
2, .2
SOl. g — X +y
' x+y
dz _ (x+y).2x— (x? + y?%). 1_ x2 + 2xy — y?
e (x +3)* (x+)?
Similarly, / a_z y® +2xy — x® | -+ zis symmetrical w.r.t. x and y

dy (x+ )2
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Now, 0z _ 0z Z_Mz 4(x+y)2(x - 4(x—y)2
x ) | w+y? (x+0* (x + y)?
0z 0z %2 +2xy - y° y2+2xy—x2

4({1-=-Z|=4|1-——7 _.______,__)2 :
ox oy (x+Yy) (x+y
x2+2xy+y2—-x2—2xy+y2—y2—2xy+x2
=4 (x+y)?
4(x —2xy+y) 4(ac—y)2
(x+3)*

(9c+y)2

2
9z._02) 4 1_2‘2__‘9_2’_}.
ox dy ox oy ’
z 7
Example 8. If z = e®*¥ f (ax— by), show thatbg;ﬂ“a?a; = Zabz.

Sol. We have, z=ewtb  f(ax—by)

Differentiating (1) w.r.t. x partially, we get

gf ==+t f'(ax—by).a + flax — by) - e tby g
x
b B%j_ = ab e® + 0 [f7 (ax — by) + flax — bY)] w(2)

Again differentiating (1) w.r.t. y, partially, we get
i — g +by £’ (ax—by) . (—b) + flax— by) . e+ b

oy
a aiyz_ = ab e+ [~ f/ (ax— by) + f (ax — bY)] -(3)
Adding (2) and (3), we get
b % + % = 2ab
> T2 W abz.
Example 9. Ifu(x, y, 2) = log (tan x +tan 'y + tan z), show that

sin 2x i— +sin 2y 0 +sin 2 % -2 [G.B.T.U. 2012

X dy 0z

Sol. Differentiating u partially w.r.t. x, we get

L : (sec? x) (1)
dr tanx+tany-+tanz

Differentiating u partially w.r.t. y, we get

ou_ 1 (sec? y)
dy tanx+tany-+tanz %
Differentiating u partially w.r.t. z, we get

a” : (sec? 2
N sec
dz tanx+tany+tanz - g

e

)
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NOW’ aZ

_ sin 2x sec” x + sin 2y sec? y + gin 95 sec? »
tanx+tany+tan, | Using (1), (2) and (3)

_ 2tanx +2tan y + 2tan 2
tanx +tan y + tan 2

=2 =RHS.

ple 10 ife=t"e *, find the value of n which will make oA (rz d_BJ =99

m o y
pxa p r? or or) ot
' e—tne——‘g
I
> Bl T g 1 re
—=t" e 4t.(—_5)=__.n—1 T4
or 4t 2% i 6
s
;~2—3£=—%r3.t"‘1e—5_
r y
(28 _Ln-tlgz % s -mf 2\ 1.4, -Z[ i
—87 r ‘g‘ ——'E 37‘ e +r e t(—z) =—§tn— 7'23 4t 3_._5{.
r?‘ | ’ .
_]‘_:a--(rzE)g)=lt”"1e_Z ﬁ—3
r2 or or) 2 : 2t
Also a_e=ntn_1e_%+tn e—l—j (i]—t”_le_% (n+r2
’ ot A TV ST 4
103 (90) 2 - PR |
Since ——|r* — |=— .
ince e (r a_f‘) o [Given]
g % % Tppiods wigd
lt”_le 4| I _glogn-le 4| pyl
2 2t 4¢
- Ll TS .
4¢ 2 4¢
p=w3
" 2,.
Example 11. 7 u =log (x? +y3 + 2% — 3xyz), show that
(3 3 aY 9
(i [~+—+_ S ST (UK.T.U. 2011)
o dy o (x+y+2)° ; » ‘
(ii)az\haiu 82u+282u+282u+282u =g

+ n—— — .
' oy %P dyde  dedx  axdy (x+y+2)
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Sol. (i) u =log (23 + y3 + 2% — Bxyz2)
ou _ 3x - 3yz L ou _ 3y? - 82x du 822 ~ 3y '
- =2 TO%y
x %3 +y3 +2% - Bxyz ay x +y3+z3—3xyz 2 x +y3+23‘3xyz
au u au 3(x? + y + z - xy ¥z~ zx) 3 l
ding, Saecks. o e : ;
fiading ox ay oz %%+ 9% + 2% - 3xyz x4 y+z

[ B +y3+ 2% - 3xyz= (x+y+2)(x2+y2+22
2
3 9 9 9 o9 0 9 9 0
Now, s | e ¥y oz
“ (ax+3y+az) * (ax J( ay+azju

F
(_{9_ i J(8u+8u au] [a+_a_ 0 3
ox & oz) \ox af”g}[m}
_ 3 3 g = ¢

=Y =~
¢ yZ\Z’f)]i

(x+y+2)° (x+y+2)2 @y’ @ryeaE -0

2 .
(o 3 2 o 9 o9)a9 o 0 9 9 3\ ou
—t—t— + 4+ —t—t—|u=|=— o )
@) (ax Y az) “= ( % az)(ax+ay+az)“ (ax+ay+az}(ax+3;+%
a(au ou ﬂa_zﬁJ a(au u gzi%_a“g,i W
¥y %)y Yy %) % ax’“@*g)
a2 82u o%u 32 %u % P L
+ + + +
axay axaz ayax dy? 0ydz Ozox azay Fx3
az %y % _ du o%u %u
=—gt—5+ + 2 + 2 +2
ox“ dy 022 ayaz 0z0x oxdy
L _Pu dw_du Pu_ Py
dydx Oxdy 0zdy dydz dxdz “aTax}
Yu 9w % %w % _ow (9 a aY ~9
AN ALY =] g=——

s + +2 + +
ox?  y? 0z dydz  dzox  dxdy dy oz (x+y+2)°
[From (1)] 1

' 2
Example 12. If x*yz* = ¢, show that at x =y =2, aaai' =— (x log ex)™L.
< X

[M.T.U. (C.0.) 2013]

Sol. x*yz* = ¢ defines z as a function of x and y.
Taking log, x log x + y log y + zlog z=1log c
Differentiating partially w.r.t. y, we have

)
¥, l-f-l logy+z. la—-*-l logz—z—O
y z oy oy

0z
1+logy+ (1 +logz)——-0

or
_ dz _ l+logy
or e e e
: . dy 1l+logz
o 9z l+logx .0
Similarly, — = =
D ox 1+logz
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glFFERE _ating (1) partially w.r.t. x, we have
piffer” 2

(lazlg; +(1+log2) o 72 o

Z ox ay
9%z - 1 0z 9z
axdy  z(1+logz) ox Jy ..(3)
f —
0 {hen ¥ S A
’Q—z— = 1, a—z —— J— 1
From 2), dy ox
0%z 1
prom O oy wrlgm C D
= 1 1

R —— S — -1
x(log e + log x) x(log ex) (x log ex).

%u  d%u

Example 13. Ifu =f(r), where r2 = x2 +y2, prove that +? — f”(r) + "i" f,(r)-

on?
(AK.T.U. 2016)
Sol. re= ot +yl (D)
Differentiating partially w.r.t. x, we get
oL =g or X2
ox ox r
: o _Yy
Now, u=f(r)
ou
=10 =L 10
r

Differentiating again w.r.t. x, we get

2
g—u-=lf'(r)+x (—ig-c)f r) +— f”() =—

2 r

0 d 0 0
[. g(uvw) vw—a;(u)+uwé-;(v)+uv-é—£(w)]

Lro-ZEZro+ioo. —=~—f<r>~——-~j_‘§-f'<r>+~"r%f”<r>
= r“;‘z £+ 3:7 £y = {—3 e -;;,- £ | Using (1)

Similarly % =% poy+ 5 1)
&, g;’; L9 gy e 28 f"(r)=%f’(r)+£;f”(r)=f”(r)+;1—f’(r)-
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[ TEST YOUR KN OWLEDG@

1. Find the first order partial derivatives of the following functions;
({) w :.‘V" (f.l.) = log (xg + yz).

2. Ifu=a%+y?+ 2% show that xu, +yu, + zu, = 2u.

‘o 0z 0z
3. Ifz= Iog (.‘L‘2 +ay+y ), show that x -5; =N ygj_’_ =9

4. Ifu= n.~2j + y% + z%;, show that u, +u, +u, = (x+y+ 2)2,

y z x du ou Jou
==+—+= —ty—t 22— =
5 Ifu z+x+y,showthatxax y&y 5% 0.
1.1
6. Iff(x, y) =23y —2ayd find Qr_-'-ét
dx dy
x=1
y=2
3. 3
7. If u =2, show that azu,= du .
N ox“dy 0xdyodx
X2 y2 22 ' _
8. Ifflx,7,22=|x y =z ,showthat};+1’y+};=o_
! 1 1 1
% %
9. Verify gg= Yo for the following functions: A
() u=ax®+2hxy + by2 (ii) u = tan™! (5)
‘822 .'_azz
10. Ifz=10g(ex+ey),showthatrt—32=0,Wherer=-—2-,t=—,

2

: | xy % ' '
11. Ifu =tan! ———, show that - =(1+x%2+y2)-82
R ) wy TR

12. If u = e¥% prove that dulis (1 + 3xyz + x%y%22)u.
, dxdyodz - N
: { TR 3 AR 2 s g 2
13. ‘If u =log (x% + y? + tan™! . , show that ﬂ+ﬂ =0.
x 02 ayz
0% 32
14. ) Ifz=flx+ct)+ ¢ (x— ct), show that — =2 —5
- or? o
.. 82 9%z
() If z=tan (y + ax) — (y — ax)®2, show that — = g2 22
ox? ay?

2 2 2
15. Show that 22 _g 22 , 92

=7 ~2 32y + BZ = 0, where z = xf(x + y) + yg(x + y).

v () uw= log[ *y J
) - Xy

9%z

s= . (U.P.T.U. 2015

0xay

(G.B.T.U. 2011)
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e o value of n so that the equation V = yn (3 cog?

0 — 1) satisfies the relation

9 2 v 1 Kl )
+ mei &
ar ar) sino oo 5% ) =0 (U.P.T.U. 2014)
~%y2—x,ythenshowthatya—z+xa_z_ 2 .9
ge' T x gy T Y (AKT.U. 2017)
T 2)-12, show that
, mu @t PRy Show e (AK.T.U. 2016)
1 "
2 2 9
Ju _Q'f_+z—u— =—u (i) <% au 8 u _
Ju ox 1 9
— au + bv, y* = au — bv, prove that( ] (——] === (ﬂ) . (AKT.U. 201
19' Ifxz ax y au ” 2 ay . av t ( 8)
2
u o%u o%u |
— + y2 + 2%), show that x ey 2 B, B0 i
g, Hu=log &+ oydz ¥ Bgox | Z amdy 1
(22,2, sh u %
" 1f u = log yx* +y2 + 2% , show that (2% + 32 + 22) [axlzt * gyl; 3 3;;} =1 (UK.T.U. 2011)
2 { .
2. fu=x tan~! — — y2 tan! — , find the value of %3y - (A.K.T.U. 2018) f‘if
93, Ifx=rcoS 8, y =r sin 6, prove that |
2 3 [
P (9 L P 1 (ar)2+ arY? |
052 %7 = (o Dt T ) ) |
24, Ifu= ‘}xz + y2 + 22, show that
2 2 2 2
du ou ou\ _ 3 8 u 2
o5 ) (ay) (%) = 6 S5

2
25. IfV={() and r>=x2+ y2 + 2% prove that V, +V +V_=f"(r) + 3 fo.

26. Findpandq,ifx= w/—t;(s'mu+cos v),y=

oz 0z
|

™ and g respectively.

x2+y

2a

{Hint.xz + 5’2 =2az, .. z=

0
2. Hu=fla?+ 2hxy + by?), v = ¢(ax® + 2hxy + by?), show that % ( gz) ™ (u g;
2. Ify = %u  _ o%u | Pu _ }
fu=log (x3 + 43 — 22y — xy?), show that T 235t 57 5 =— 4+ )%

(Hint. u =log {x2(x — y) — y2(x — )} = log (x — y)(a% — y?) = 2 log (x —y) +log (x + )]

\/E(cos u —sin v), z= 1+ sin (u — v), where p and q mean

_),
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= 2( a\u au !

2 2 2 - 2 . 2
29. If ——— + 2,)’ + —2—{— =1, prove that (f)";) + (f)_'f) " (au)
a®+u bTHu cotu % dy 0z ax y\a; *z@J

30. Ifx=e 0 cos (rsin ) and y = e” " O gin (r sin 0), prove that dz
gﬁ:—l_—a)—/ and ﬂ:~l(—)x
ar r 00 or r Jo

Hence deduce that

Pu 1w 19w
o ror  r? oo’

Answers
B 2x 2y 13
. ’-. ’.-_I oz s
1. () y*log y, xy" Wz 777 % g 16.2, - 3
2 .2
x° -y X Yy
22, ——% 26.p=—,q="—".
x? + 52 P69 4

2.44. HOMOGENEOUS FUNCTIONS

A function f(x, y) is said to be homogeneous of degree (or order) n in the variables 5 and y
Yt

X

can be expressed in the form x" ¢ (%) or y" ¢ (;}

An alternative test for a function f(x, ) to be homogeneous of degree (or order) 5 i that
fltx, ty) = t"f(x, ¥).

+
For example, if f(x, y) = ﬁ}—; , then

s(1+2] —x1/2¢(1)

(@) fix, y) = =
JE[1+ ZJ
x
1

= f(x, y) is a homogeneous function of degree  in x and y.

e
- y(—+1)

@) fx, ) = yx =y1’2¢(fJ
—+1
S
1

Y
= [flx, y) is a homogeneous function of degree 5 in x and y.
tx + ty tHx+y)
) fix, ty) = = =12 )
(L) fitx, ty) \/t;+\/i; w/z(\/;+\/,;’_) fx, »)

= f(x, y) is a homogeneous function of degree 51 in x and y.
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y 2 X z
blesxry'“ff( xx y'y)or® ¢ 2’ z)"
rernative test is f(tx, ty, t2) = 1" f(x, y, 2).

nl‘

Alte
EULER’S THEOREM ON HOMOGENEOUS FUNCTIONS
245 [G.B.T.U. 2013; U.K.T.U. 2011]
s a homogeneous function of degree n in x and y, then x g_u +y du _ nu
ffu! *

gince ¥ is a homogeneous function of degree n in x and y, it can be expressed as

el

au n-1 y n , y
= = f(;)+x i (;) (_xiz]
J .
= x 5lxi =nx"f (%) — vl yf’. ;36’_) @)
0 _ R '
m Eeer(deen()
a . :
” Y 3y = (%) @

du
Adding (1) and (2), we get x 9— +y— % =nx"f (%) = nu.

Note. Euler’s theorem can be extended to a homogeneous function of any number of variables.

ou 0
Thus, if z is a homogeneous function of degree n in x, y and 2z, then x — + ¥ P a_u = nu.

ox dy 0z
246.IF v1S A HOMOGENEOUS FUNCTION OF DEGREE n IN x AND y, THEN

2 2 2
a* B — +2xy L yza—— =n(n-1u
- oxay A
Since 1 is a homogeneous function of degree n in x and y
By Euler’s Theorem, we have x g_u +y E;_u =nu (1)
¥
Differentiating (1) partiall . t e have 1 9u % R e o G =n L. (2)
g p ally w.r.t. x, w ™ W axéy ™
2 2
Different' ti - _a_l_t_+1.§_l£+ §_u=n§£
lating (1) partially w.r.t. y, we have x e % y % 5
But o%u _ o%u
oyox  0xady
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" : \f
D 'w ou Q%u ou N
(i)

‘ - - .l.
Yovay "oy T oy
Multiplying (2) by x, (3) by y and adding

0%u 0%u 0 0%u u u u u
%2 —— 4 2xy +y2 8 gy = |=n|a—+y—
y 7 B y %y ~ e y E)y

ox? axc)y Jdy
0%u d%u 9 0%u
or x2 —+ 2, + =~ +nu=n-nu
o’y T [Usin,
' d%u 0%u g 0%u
=3 2 —— 4+ 2x +y* — =n%u—nu=nn - 1u.
Yl d 0xdy * ay? ( o

2.47. DEDUCTIONS FROM EULER’S THEOREM

—

If F(u) = V(x, ), where V is a homogeneous function in x and y of degree n, then
@) x%—+y§l—‘-=n F) )
ox oy F’ (u)
(i7) %2 ﬁ + 2xy o*u y 8 =o(u) [¢'(w) - 1] where &) =n Flu)
ox? 0xdy »? F'(u)
Proof. (i) Since V=F(u) is a homogeneous function of degree n, then by Euler’s theorey,

we get
£ 2 F@) +y = Fw)=nF@
ox ay '
| or x F'(u) 3—;‘ +y F'(w) —gyﬁ =n F(u)
o , x-aﬁ’-*' %:n F(u)
or ™ y % F@l| ()
) Lot n 2. = (), then from (1),
F'(u)
ou ou :
e —= 2
e +y e O(u) _, @
Differentiating (2) partially w.r.t. x, we get
%w ou d%uw _ ., . Ou
o T Ve T Wu
| P Pu ou B
Similarly, differentiating (2) partially w.r.t. y, we get
o%u o%u , ou )
ay2 xayax - {¢ (u) - 1} ay
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o%u 32 ; au du
xz,__..+27cyaxa +y° %l (l)(u)—l}( 5 ‘—)

x Y oy
={0" () - 1} o(w). ' | From (2)
ILLUSTRATIVE EXAMPLES
Example 1. Verify Euler’s theorem for the functions:
(i) u-= (xI/Z +y_1/2)(xn +yn) (ii) u =sin-1! f + tan—l l .
y x
Sol. () u (@) =2+ ) an + ym) (1)

u(tx’ ty) = t1/2 (x1/2 + y1/2) AL (xn R yn) = n+1/2 u(x, y)
— uis a homogeneous function of degree (n ¥ %) in x and y

By Euler’s theorem, we should have x g—x +y g;t (n + %) u ...(2)
ou .
From (@), 37=5 ¥ G0N S narilt +41
du 1
x -a—x- = E x1/2 (xn + yn) =4 nxn(xllz + y1/2)
g;‘ ;' —1/2 (x™ + Yy + nyn—l (xllz + y1/2)
du _1 Y2 /
Y3, "2? (" + y™) + ny™(x!2 +y1’2)
ou o _ 1 o imyien 4 an mY (112 4 4 1/2
x—+yg= 5 @@=+ y " +y )+ " + Y + 519
1 1 s : : X
=3 utnu=|n+ 3 u, which is the same as (2). Hence the verification.
(i1) u(x, y) = sin™! ; + tan™! z o s . (D)
t oL - y |
u(tx, ty) = sin tﬁ +tan 1% = to[sm_1 X +tan 12’—] = Ou(x, y)
4 4 Yy x).
= ‘uis a homogeneous function of degree 0 in'x and y.
ou ou
By Euler’s theorem, we should have x = +y @ =0Xxu=0 «(2)
From (1), a_uz____l__.l_*__if(__y?): 1 e — 2y -
O R A AT TE S Vi-x? a+y
52 X2
ou x ' xy

%o -
0 [y2 _ 42 x? +y?

du. 1 (xj+ 1 1 & . x-
—_—— | - _— 8 < - = 2 2
dy 2\ Y 1+2’;‘x yyE -2 x Yy

y? x
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au X, %y THEM.\T,
= C
ay 1/y2 —x2 x2 +y2 :
ou ou

x = +y Fole = 0, which is the same as (2). Hence the verification,
Example 2. () If u = (174 + y174) (175 4 ¥1%), apply Euler’s theorem
x% +y— au 0 find the aly,
201,

l

. 2
@) If u(x, y) = Wx +4y)°, find the value of x* g 7 + 22y azu e 2

@ii) If z = x* y? sin™! +1 dz oz
5 og x— log y, show that r——+ yg = 6xty? gip-1 ( 5]'
Sol. () u(x, y) = (x4 + yl4) (x1/5 + 51/5) Y
u(tx, ty) - t1/4 (x1/4 +y1/4) t1/5 (xl/5 +y1/5) L t9/20 u(x y)

u is a homogeneous function in x and y of degree 20"

Hence, By Euler’s theorem,

au ou _ 9
o T20”
(z2) u(x, y) = (w/— +/y)°

u(tx, ty) = (Jx +/29)° = (V8)° (J—+J—)5 -t5’2u (x, %)

u(x, y) is a homogeneous function in x and y of degree 9
Hence by using Euler’s theorem,

2 ' 2 2
22 ou JI’u + 2—8—3 =nn—-1u | See Art. 2.46

— +

72 Ty T B
352,
212 4

' : X
Giii) Let ul, 3) = 2y sin] (;J
X
nd v (%, y)=logx—logy=log(—§
: x
Now, u (tx, ty) = t6 x* 2 sin~! (3’-) =16 u(x, »)
1 is a-homogeneous function is x and y of degree 6.
s x| _ .0 1 _JE - to ( )
Also, v (tx, ty) =log | = | =1"log 3 v(xy
ty

v is a homogeneous function in X and y of degree 0.
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wi 1)
...(2)

Adding () and (2), we get

0z 0z
il a— — 402 e X
xax+yay 6u = 6xy Slnl(;j. | Since z=u + v
. _ Xy + yz+zx
gxample 3. () If u = cos (xz -2 1 22 }, prove that xa_u+ya_u+za_u -
' dx “dy oz
ou Jdu du 3, .3 ,.3
(i7) Show that x —a;+y$+z¥ =2tanu, where u =sinl (x +y° +z2 J
ax +by+cz
(A.K.T.U. 2018)
Sol. (?) u (x, y, 2) = cos xg T Y¥ed R
X" + y2 + z2

2
u(tx, ty, tz) = cos t2 (xy + yz + zx)
t%(x? + y2 + 22)

2 2

x“+y“+z

Hence u is a homogeneous function in x, ¥ and z of degree 0.
Hence by Euler’s theorem,

ou 5 ou . ou 5 &
x —_— —_— — . —

x Cay oz “

(i) u is not a homogeneous function.
3 3,.3
) x°+y°+z
Let = ==
sinu =" by + cz2 f(x, y, 2) ..(1) | say

t3(x2 +y3 +2%)
t(ax + by + cz)
Hence  f(x, y, 2) is a homogeneous function of degree 2.
By Euler’s theorem,

Now, fitx, ty, t2) = =2 f(x, y, 2)

of  of . of _
xax+yay+zaz—2f
= d .. J , . 9, . o
x — (sinu)+y — (sinu) +z —(sinu) =2 sin u
ox oy 0z
= Xcos U — + —aﬁ+zcosua—u=2sinu
su— ycosuay. e
)
= x§+y%+z%§=2tanu.
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3, .38
Example 4. If u =tan™! —T—H;; prove that
@ x -a—"—*\ﬂli-—sm 2u
™ e .
2 2
@) 2 9 lf + 2xy _B 2 ayd (3—-1— = gin 4du - sin 2u = 2 cos 3u sin u.
oy pf

Sol. () Here u is not a homogeneous function.

<% +y°

Let tanu=—""—"=fx
‘ R f( .)) | (1) l Say
¢ (x +y9)
Now, v, ty) = ———— =t flx,
Rex, 1) = =0 fx, )
Hence f{x. ¥) = tan u is a homogeneous function of degree 2.
-. By Euler’s theorem, we have
0 d
r— (tanw) +y — (tanw) =2 tan w
o ( ) +y > ( )
, Oou Ju
or rxsectu — +yseciu — =2tanu
x 3
du du 2sinu 9 . : .
or x +y = _cos? =2 sin u cos u = sin 2u.
ox ~ dy cosu : '
Bu ou A '
Hence — =sin 2u L '
E}x +y i | (2
(it) Here d(w) = sin 2u
. ¢’(u) = 2 cos 2u

By deduction from Euler’s theorem, we know that

282 a2 2 2
2 T sty ey = 000 W - 1)

= sm 2u (2 cos2u—1)= s1n du — sin 2u = 2 cos 3u sin L.

, show that

Example 5. If u =sin™’

Bu —+y _a_u +z ilf +3tanu =0. ' (U.K.T.U. 2010)

E)x oy 0z
Sol. Here u is not a homogeneous function. But, we have
sin 1 = x+2y+3z = fx, 9, )
\/;8 + ys + 8
t(x + 2y +32)
4 \[xs +y¥+2°
sin u is a homogeneous function of degree — 3 in x, ¥, 2

| say

fx, ty, t2) = =3 flx, 3 2)
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9 (sinw+y = (si 0
x — (sinu yay Slnu)+za~z(31nu)=—33inu

ou ou 0
roos U= +ycosu$ +zcosu,3"z£ +3sinu=0
o ou ou ou
Xty g : -
ox yay az+3tan““0-
o x4 +y4
_ ou ou ‘
6.Ifu—loge( J , show that x == + %% _
gxample x+y o Vg =% [U.K.T.U. 2012]
Sol Here U is not a homogeneous function N\,s
xt + 4 : > '
— log —-\y _ T%
A ‘UX+y 5
A
I v
. y ]
el = ———— /\//
= x+y :
1 is 2 homogeneous function of degree 3 in x and y. /é\/ pY = ,.OAJ /
het uler’s theorem, we have D /N
~ ByE N/ <\/ ~
x__a_(eu)_i.yi(eu)-_-seu hb d
ox dy \ | /] v
ou Jdu ! ¢l
ed — tye’ - =3e*
¥ ox d oy ¢
)
x %li gu =3
X
Example 7. If u = sin™! _Ehy , prove that
Vr +.fy .
82 2 2 y
D4y =L tanu () A + 20y 9y g1 2‘:_3‘””60321‘
ox ay 2 ox axay ay 4 cos3 u
. . +y . :
Sol. ()) u = sin™! L Al is not a homogeneous function but
Jx +.fy .. |
. <+ : 1
sin u = J—jf—_'_f’/—— is a homogeneous function of degree 2 in x and y.
X +.4y 3
By Euler’s theorem, we have
a0 . 0 . 1
X — oAy s o
% (sin u) +y % (sin u) 5 sin u
xcosu — + cosugz—lsinu
x dy 2
ou ou 1
x—+y—=—tanu ...(1)
ox . dy 2 :
i 1
(ll) Here ¢(u) — __2_ tan u
1
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By deduction from Euler’s theorem, we know that N

82 2
= o(w) {¢'(w) - 1}

22 28 gyt g YF
1
=-2—tanu(1sec - 1) 280y \1
2 2 cosu 20082u‘1J

ox? oxay 5_

_ 1lsinu —(2cos”’u—1)| _  sinucosgy
2 cosu 2 cos? u TS deosPg
Example 8. If u = x¢ (—i—,) +y (lj, show that:
%
0 ou 2 2 2
(l)x—u“" —x¢( ) (i) x* §——+2x au+yzﬂz
ox ay ~ ox? axay w?
Sol. Let v=x¢ (—X) and w =y (_y_) =xy (l) so that,
x % x
u=vtw v ‘
(?) Since v is a homogeneous function of degree n =1 inx, y -0
N
Since w is a homogeneous function of degreen=01nx, y
ow ow
x—+y—=0 )
ox dy

Adding equations (2) and (3), we get

,xi(v+w)+yi(v+w)=v
ox ay

du  ou _ y
” arrase(d)

(i) Since v is a homogeneous function of degreen =11nx, y

% 82v 82
x? =+ 2% 29V _pn—1Dv=110-1v=0

Also since w is a homogeneous function of degreen =01inx, y

2 2 2,,
xzi—lg+2 8w+y28 =a(n-1)w=00-Hw=0

o oy
Adding (4) and (5), we get
9 9 J°
Ao OO 2y ) R =

9% %) o[ =6
- (Ze)ens () (57]
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TEST YOUR KNOWLEDGE

r's theorem for the following functions:

s _ aa? + 2hxy + by? (i) u =

TNz, 12 (A.KT.U. 2016, 2018)

2
AR §
gre(55E) OETOmD @ unsi(2)

@t-y ) — 4 .4
i 17 _x,x_z:;—-—— (U.P.T.U. 2014) (viii) u = log (xx iz ] D (U.P.T.U. 2015)

du ou
y = ,
) (i)lfu:f(x) prove that x ox +y§ = (G.B.T.U. 2011)

ou u
(i;)Ifu:xf( ) prove thatx$+y5_u.

| 3,3 oV F\%
. (l)IfV— xx3y3 , prove that x —a;'i'yg = 3V.

@) fu= B +y3+ 28+ 3xyz, showthatxg_u+yau z_;;l
2

4, Tulx y)=sin™ -;- +tan™ % , prove that x i +y % _ 0.

ox ay
5. Iff(x,y)‘Jx — y% sin lf,provethat xg—f+ya§—f(x,y)

5.2 : '
() IEfx, ) = yy? — %% sint 24+ ¥ prove that x I, y o — flx, y) = 0.
Y Jx? 4y

ox dy
6. Iff(x’y)z.iz+i+£)ﬂ__hg_y
X

= 3u. [G.B.T.U. (C.0.) 2010]

5——o— , prove that x op +y of 2f(x, y) = 0.

xy “+y ox dy

o%u azu o%u 2u
. fu=G62+ 113, =49 2 Lfieiel
(2 +y?)13 prove that x2 2 2y = e

rovéth t gz—+ _83_2
s P axax yay—z.‘

@) If x=e“tan v, y = e* sec v ; find the value of u_  ou 9 a_v
U ; 11N e value xax+yay L xax+yay

% () Ify =
)= cogt _XTY_ ,provethatxéli”gyJ,%cotu 0. (A.K.T.U. 2019)

ﬁ+f ox

t l + » . « Lo . 11

8 (i)1fz=xyf[£
’ Y

L 2 2 P P
(lll) Ifu= log [xxiz :|’ prove that x 5%+ yi— =1.
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2

- 0 du
ry J,provethatx—ﬁ+y3y—=tanu.

10. () If u=sin’! [ 2
x+y ox
(i7) Show that : xu, + yi, +zu,=-2 cot u
23 +y3+2°
where u=cos ! | — |-
ax +by +cz
Upy
22— y8 ou ou A %
(iii)Ifu=sec‘1( gy , prove thatx—a;-+y-a7=200t u. I
2 2 2
O L oxy 22 Y2
Also evaluate x Fw xy iy Y % WK Ty "
el 2
— "<l
11. (@ Ifu= sin™! ‘/; ‘/; , prove that _82 xie l_aﬁ, '
Wy % %
2.2
: . x“y ou du
b) If = , prove that x—+ = 3 tan u.
(b) If sin u s p E” yay u
5 x3 +y
(c) Prove that xu, +yu, = tan u if u = sin™!
il y 2 ‘/_-f-‘/_ (UPTU
x5+ 98 4 25 u  ou, du |
12. (a) Ifu=log —————2 provethatx——+y——+z =3.
+y“+z ox dy 0z
22,2 ou Jdu 9 2.9
®) If u=_*YZ% | cos xy + Yz provethatx—+y—+ ou __ 4xTyR
1yt 21242 » Ty Oz iy p
2,2
18. Ifu= x4 , prove that
x+y )
82 2 . 82 2
0 xTp+yas Py B PR A Y
axay ox 0x0y ay“

o2z %
14. Givenz=x" +y7f, rove that x?2 —5 +2 + +x—ty—=pl
/1 ( ) y (y) prow 2 T2 o0 Foe g Ao T

2 2 82
o.u Cal 2 L AKTU.A0

1/4
+)y
15. Ifu=sin™! ( ——‘——‘J then evaluate x2 — + 2 + y2 )
1/6 +y1/6 Ewe Xy 2x0 Y d 2

16. If f(x,y) and ¢ (x, y) are homogeneous functions of x, y of degree m and n, respectivelya

u=f(x, y) + ¢ (x, y), prove that
1 g 9%u o%u %u n-1 du auJ
( ] = e 2 x— —_—
fix, ) ( +2xyaxay asz m(m_n)( —tY%

mm-n) | 2
2 52 2, 2
17. Ifu=tan™ 2 , prove that x% —; AL 5 + 2%y —a—— 9u . _ sin 2u sin’ u.
x Y amdy .
18. @ ot | ¥ % o%u %u 20U (UKTUZM
. (@) Ifu=x*tan (—-) —y2tan~! | X |, evaluate x> —5 + 22y -——+ ) 3" H
x y ? dxoy %
. 2 2 2 0.4
(i) If u = x sin™? (—{) +y sin’l(l), evaluate x> 212‘- + 2xy—a—u— + 52 —a—ﬁ (U'P'T
¥ x ox dxdy 9 |
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¢E
2 1 x_’__——lls Yy s\ show that ou ou 1

pEe=S (G -yt . v ”ax TYy T 1 tanw (M.T.U. 2012)

(13 + tan? u).

12
Ve | V2 9 3
-1 f——y—m » brove that 42 L + Oy =l "u & Wl u _tanu
x o2 wdy O ?
oxoy dy 144

2)1/3 s prove that when x = 0, y=1,2z2=2;

20 V= log, S 2x% +xy +2yz + 2
oV oV =

x _QY_ +y— +—=—.
o oy dz 12

 State and prove Euler’s theorem for partial differentiation of a homogeneous function f(x, y).
[G.B.T.U. 2013)
Answers
5 @0 10. (i) — 2 cot u (2 cosec? u + 1) - 15. ﬁ tan u (sec? u — 12)
5. ()2u (1) 0.

,43. COMPOSITE FUNCTIONS
—

@) If u = flx, ¥), where x = ¢(¢), ¥ = y(?), then w is called a composite function of (the
single variable) £ and we can fin = |
(i) If z=f(x, y), where x = 0(u, v), y = y(u, v), then z is called a composite function of (two
0z - 0z
d =

variables) u and v so that we can find —= an
ou v

2.49. DIFFERENTIATION OF COMPOSITE FUNCTIONS

If u is composite function of ¢, defined by the relations u =f(x,y) ; x= ¢(t),y y(?),
then

du _ou dx+au dy
dt ox  dt oy dt

Proof. Here, u=fx, y) (1)

Let 8t be an increment in t and 8x, 8y, du the corresponding increments in x, y and u
respectively. Then, we have

u + du = flx + dx, y + 8y) «(2)
Subtracting (1) from (2), we get :
du = f(x + 8x, y + 8y) — f(x, ¥)
= fx + 8x, y + 8y) — f(x, y + 8y) + flx, y + 8y) — f(x, ¥)
u_ fle+dn,y+8) - y+8)  fly+8) - fx)

S5t 5t St
e+ y &) —fry+d) & fey+®-fEy) ¥
= . ot dy ot
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8t —0 75?
Lt f(x+8x:y+6y)_f(x!y+6y)=2f_‘_=%‘
S —0 ox ox  Ox
and ot S ay By
du OJu dx OJu dy
—e— =
L (2 dt ox dt oy dt
; 5 is called the total derivative of u to distinguish it from the partial deriy, tives %
7

and —

P

Cor. 1. If u = f(x, 5, 2) and %, y, z are function of £, then u is a composite function of tang
1

du _ au dx du dy du dz
+ +——-—.

dt d dt dt

Cor. 2. Ifz= f(x, ¥) and x, y are functions of u and v, then
dz o0z Jx Oz dy oz azéc__'__aii

du ox ou 9y Ou’ v ox v ay v

Cor. 3. If u = f(x ), where y = ¢(x), then since x = y(x), z is a composite function of 5

du_Ou dv Ou dy . du_Ou, Ou dy
dx ox dx oy dx dx ox ay “dx

Cor. 4. If we are given an implicit function f(x, y) = ¢, then u = f(x, y), where u =¢

du E)u ou dy

Using Cor. 3, we have % > ay ‘T

di_o, W Bd_o ., KD
But dx_o" 8x+&y'dx 0 or 8ydx =0
a .
dy _ ox__Ix
dx o 7y
@ N
Cor. 5. If f(x, y) = c, then by Cor. 4, we have Q: —i
Differentiating again w.r.t. x, we get
9& oy Sy £
d’y fya’x(ﬁ‘) f;‘d % fy[ v dx] f"[ Eq dx
- - S =
, y

de? 7

226
* § ‘
\MAT]Q& ‘

As 8t — 0, 8x and 8§y both — 0, so that
du _ du S _ dx Li Sy _ dy
Tdt siso Ot dt sioo0dt dt
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0 fv\:fm fyt'?} ft[f ot % f] 9 9
L f =_[fnfy ~ Fuyfiy = Fufyfoy * Fpf
f f}?
dzy fxxfy 2fff +fyyf2
Hence —i;g =" fs
ILLUSTRATIVE EXAMPLES
gxample 1. ) If u=sinl (x=3), x=3t, y = 45, show that -3 _
it~ 1_¢
@I u= x? —y% + sin yz, wherey = e* and z = log x ; find %
Sol. (i) The given equations define u as a composite function of ¢.
du _ou dx du dy
dt ox dt dy dt
=i A 34— C1.122
J1-G—y)? J1-@x-y?
_ o 3a-4h) 3(1-4t%)
J1-Bt—4t3)?  |1-9¢2 +24¢* — 16¢°
_ 3(1-4t%) __ 8a-4»H 38
Ja-Ha-82 +16tY)  JA-)A-42?  |1-#2
. du _OJu dy dudz du
) dx 9y dx 9z dx  ox
1
= (— 2y + z cos yz) € + (y cos yz) -;+2x
1
= {— 2¢* + log x cos(e* log x)} e* + {ex cos (e* log x) -;} + 2%
= 2(x — %) + €* cos (¢* log x) (logx+%).
. du
Example 2. (i) If u = x log (xy) , where x® +y° + 3xy = 1, find o
ou ou ou
() Ifu=f(r,s)and r=x +y, s =x—Yy ; show that —gi -5),-—2—8-;-
SOl. (L) u=x log xy ...(1)

and

?ﬁ:x(—]—-—,y)‘i'log(xy):l'{'l()gxy
xy

ox
?B--x(l ]
v \xy )

QR
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Also, x3+y3+8xy=1 W
Differentiating (2) w.r.t. x, we get (
g
, ay dy
8 T i —
3x2 + 3) e +3(xdx +y)_o
R dy _ x%+y 4
dx x+y? (
We know that .éﬁ=?_u_+§lidy—1+lo Y- x* +y
dx ox oy dx &) y| (x+42
_ x* +)
=1 +log (xy) — B T
y(y®% +x)
(i) au du ?_}: _Bﬁ _a_s
ox or ox OJs ox
. + 24 or
or 0s _ 1) I g:izl
du _ au or or  ou ou as e
By T or ay Js 8y
_ du ou .. or s
or s ) I » Tyl
Adding (1) and (2), we get
du Odu ou
—t—=2—
dr dy or

Example 3. If z is a function of x and WA where x =e* +eV and y.—f e ¥ — e¥, show that

dz 0z 0z az

— =X Y

du Oov ox ay
Sol. Here zis a composite function of u and v

0z _ 0z 6‘x+az dy _.0z “+—ai(—e'")

ou " ou Ay ou ox dy
0z _ az ax 3z 9y _ az( ’”)+—a—z-(—e")

and ov By R oy
: 0z 0z - i oz 0z 0z
Subtracting, ——-—= U_.__ b _ V) 2= ——
ubtracting. = % (e +e ) Ew (e™-e) w y—

Example 4. If u = f(y -2 2- x, x—9), prove that §_+g; gu =0. [AK.T.U. 2021]
2

Sol. Here u= f(XYZ),whereX-y 2, Y=z-52=x-)

4 is a composite function of %, ¥ and 2.
Ou_ou 0X ou 8Y+8u 0Z _ ou (O)+_8_u_(_1)+§2(1)

% oX ox oY ox 0Z ‘% X oY oz
Bu ou o0X ou BY ou az ou _Qy_ _33__1)
—t aX()+aY(O)+aZ(

X 5Ty 2w
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W Jdu Ju 8X du Y OJu 9Z du Ju u

x X e W' nm x Vg0+tz?®
du du du_

—_-—

Add]]]gy we get b az
le5. Ifw =f(x, y),x=Tc0s0,y=rsin0, show that

) (&) @+
— | +—=]—] =L +|=XL
( or r2 00 ox By ’
The given equations define w as a composite function of r and 8.
ow _ ow Jdx ow dy _ Jw ow
e, e, e diach
or ox or dy or o SO+ oy 1 BELS

| %‘r‘l_ gi 0s 0 + %f sin 6 (D[ w=fx )]

!

. ow
Also, B or. 00, By 00 a5 (reas)

la_w=_§i sine+-aicos6 --(2)
o r 20 ox oy

Squaring and adding (1) and (2), we get

aw\’ 1 _a_w_z—(a_f)z (i)z
(37) +r2(66) “ax) "%
of o
Example 6. I f(x, ¥) = 0, ¢ (¥, 2) = 0, show thatgi gi Zi ai aj:

gsa

sol.

dz dz d 7
Sol. ?é-:d—yay | | .
of |
f(x, y) = 0 gives %_ g}ag
dy
b
o (y, 2) =0 gives %=_%
- 0z
of
. & %
rom dx of 06
dy 0z
> of 9 dz_of 99

oz dx ox oy

)
Example 7. If &(x, y, z) = 0, show that (gz) (az) (i)z =-].

Sol. The given relation defines y as a function of x and z. Treating x as constant

‘
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9%
( _fiy_) __oe
0z /., 9
@ . .
The given relation defines z as a function of x and y. Treating y as constant
9
Fﬁ)__ﬁa
ox ), do
7 0z
99
ox oy
caitnly, ox | __ oy
Similarly ( ayl 2
' ox

Multiplying, we get the desired result.
; - - ou 2 du 2 ou

Example 8. @) If u=u Y x’z d , show that x> —+y"—+2z"— =0.

5 o ( xy = xz ox ady oz

(@) If 9(cx — az, cy — bz) = 0, show thata—ai-f-bﬂz— =c.
ox oy
. _y-x_1_1
Sol. (7)) Let v= e = s (1)
Cz-x 1 1
and | ' w=""==-= )
¥z x z
so that ’ > u=u(, w) w(3)
ou odu ov du ow _duf-1) odu(-1 :
Now, % v or ow ox av(x2)+aw(x2) | Using (1)and 0
= du__ou_ou )
ox ov Jdw ,
ou Ju ov du ow du 1 ou .
o T 2T T i Lk 0 U 1) and (2)
Sl Y ooy w av(y2)+aw() | Using (1) an
ou ou
g Utk Ul ()
= dy v
du _odu odv du ow _ Ju ou( 1
hodt dz ov 9z ow oz ‘5;“’”55(;2‘)
ou Ju
2 28 94 .(6)
= o w
Adding (4), (56) and (6), we get
Ll s g :

+
Yl &
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0 y=cx—QzZ and w =cy - bz, then we have
0

. Tet
(i1) Le o0, 1) =

..(1)
i‘l =_62 ov 8¢ aw
0= 99 ( az) 8¢
00 oz 30 . 9
O=c—+—|-q—-p 21
‘o Bx( “ 3 baw)
9
ac—
a2 __ @
= ox aa—¢+b—¢
ov ow
8¢ 8¢ ov dd Jw
Also, dy v 3y Ty " ay
o) 0z Po L) 0z
O=—|—-aq— —
av( “ay) aw( bay)
0=c9 . az( 9 a¢)
aw oy ov  ow
= b a—z=—bc gj} 3)
dy 90, 90 _
ov  dw
Adding (2) and (3), we get
Ll a¢)
aa_z+b8_z___ ( i +baw =
ox oy ( 90 +% aq))
ov ow
%2z 9%z 9%z 9%z
Example 9. Prove that W = 7 + PwR where
X= ucoso—Uvsino,y=1usino+uvcoso.
Sol. Here z is a composite function of u and v
0z 0z o0x 0z 9y 0z 0z
—_— =" — — — e i o —
o e T oy ST P tER A
= | $=cosocaix+sma—aa; (1)
Also, az az ax —ai _@y_ s1n0t—a—+cosagz—

v 8y ) ox dy
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W

d
= _a—z—sinoc—+cosoc—

v ox oy

Now, we shall make use of the equivalence of operators as given by (1) anq @

0%z d (o= 9 g a—)(cosa%+51nocaz
i (e (g riog {wag ey

2 2 2
=cos2a_a_§+cosocsinoc + sin oL cos o + 8in? az
ox oxdy Qyz
2 J 2 2
5 z o
=cosza——azz+20050csmoc +s1n205_a2
ox x % «(3)
2 d d ; 0z ;
Q=_a_ iz_ =| —sin ¢ — + cos ot — —smoc—+cosoc£
ov? ov v ox dy ox dy
o BB 0%z . 92 32
= sin® o0 —5 — S O COS O — Ccos O sin o +cos? g 22
ox oxady
2
. 0%z . 2, d“z
=sm2a——2——2cosas1na +cos2oc—2
ox oxay oy (4

02z 3%z 9%z 9%

Adding (3) and (4), % = + ]
& @ T 9 5 Ty

[ TEST YOUR KNOWLEDGE

du
1. (@) Ifu=x*+y3 wherex=acost,y=>bsint, find - 7 and verify the result. (AKTU. 2020)

(iz) Find % as a total derivative and verify the result by direct substitution if u =x2+y2+ 22 and

x=e? y=e?cos 3t, z=e? sin 3t. (U.LT.U. 2015
2. Ifz=u?+v% u=rcos®, v=rsin#, find % dg
or 00
2
3. Ifz=2x% and x%2+ xy + y?=1, show that idi:ny—fM.
_ dx x+2y
4. If the curves f(x, ) =0 and ¢ (¥, y) = 0 touch each other, show that at the point of contact
o 09 af a¢
o By 8y “ox
- - . : . 0z 0z 0z az
6. Ifx=u+v, y=uyvandzis a function of x, y; show that ¥ — + p— =x— +2y—
ou v  ox ¥
6. Ifu=[(r,s),r=x+at s=y+ bt, show that %= 9 bgE "
ot Bx oy
ou 2018)
7. @Ifu=f(r,s t)andr= 3 ged t=z t a—+ ili+ — =0. (A-K-T-U'
(@) flr, s, t) el _ » prove that x =+ %
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oF 9F  9F _oF _ aF _ aF
—_—tv—+w = X — —_—ra
"o T e T e Ty ey

1 au lodu 19
9% — 3y, 3y — 4z, 4z — 2x), prove that = o sl s O, v
= f( 2% '3 % "1 5 0. (A.KT.U. 2015, 2020)

@™

52 ou

2 2 2
_fiy;r = o+ 2 prove that S5 T8 00 Ll 280
v ox dy 0z or ror

fw= f(x, ) where x = e¥ cos v, y = e* sin v, show that ya_w T xa_w = g2u ow

ou ov @

f'(l) x[y+x—y]
fz=0f (2'-) and z is a constant, show that —*/ __ L  dx]|
X

/(2) sl

= - 0z
19, fz=2, v), u= x>~ 2xy — %, v=y, show that (x+y) o +(x-y) % = 0 is.equivalent to L. 0.

ov
;3. By changing the independent variables x and y to u and v by means of the relations u = x — ay,
, 0%z %2 : 9%z
v =1z + ay, show that a® —— - —- transforms into 4a?2 .
. Ox oudv

14, Ifzisa function of x and y, and u and v be two other variables such that u=Ilx+my,v=Ily—mx,

show that
82_2 02z _@amd| 22 82
n? ay2 au 1o )

F it 250 fro
15. () Ifz=f(x, y), where x = e* cos v, ¥ = e* sin v, prove that (:_’L) + (gf) =
» I

g
ou v ’
s (G.B.T.U. 2013)
%u % _ e'2.’> [ o%u a-"'uj

) Ifx=e"cos O, y = e” sin 6, show that —5 + —5 = — e
x? o> or? 202
16 T " u::. 9P |
+ Iransform the equation 8_2 + 52— = 0 into polar coordinates.
i
. fws= V2 + y? +2% and x =cos v, y = u sin v, 2 = uv, then prove that
ow ow u
L _ | (AKT.U. 2017)
ou ov h+0?
) Answers
* () -303 cos? ¢ gin ¢ + 3% sin? ¢ cos ¢ (i) 2e* 2.2r,0

16, au 13w 1 3%

—
— .——_

~— T
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ASSIGNMENT II
. . at -1
1. Findy,ify= o My
2. What is the asymptote of the curve y2 (2a — x) = x%? My ' 201%
3. What is the (2n)th derivative of y = (x* = 1)"? LU, 201%
4. Find the eighth derivative of y = 8a8,
5. Ify=sinh x then find y,, 4 1-
6. Find the nth derivative of y = sin® x.
7. Find the nth derivative of y = 2 sin x. UETY
. PT.Y
8. Find the nth derivative of y = ’;+ t : l4
x —
9. Find the ntt derivative of x%¢ ™ at x = 0. AKTy
. - .U 20
10. Find the nth derivative of y = ™" % atx=0. K
11. Ify= e®sin” % find the value of (1 — 22 y, — xy; — a%. AKTy
12. About which of the axes, the curve x¥3 + y¥® = a2 is symmetrical? @ BTU 2016
13. Write an asymptote of a curve given by Y- 201y
xzy—xy2+xy+y2+x_y=0.
14. If y =a cos (log %) + b sin (log x), then find (v,)g - (G.BT.U. 3
15. If y = e cos x, then find the value of y, +4y. 4013
16. (i) Find the 8t derivative of x%*. ‘ (G.B.T.U. 201
(i) If y = x%* then find y,,. : | (UPT.U. 2014
17. Find all the asymptotes of the curve xy* = 4a? (2a — x). o~ (U.P.T.U. 2014
18. Evaluate lim 2xy 73
(x,)—=(0,0) x“ +y
2
. = +4y when (x,y) #({, 2)
19. Show that the funptmn flx, ) = { 0 when (x,) a2
is not continuous at the point (1, 2).
20. Discuss all the symmetry of the curve x2y2 = x% — d?. (A.K.T.U. 2021
91. State Euler’s theorem on homogeneous function. (A.K.T.U. 2022
+
22. Ifu=cos™ (7—::—'*'\1[;} then find the value of x gi‘- +y % : (A.K.T.U. 2020)
, 7Y =00 _
23. Show that the function f(x, y) = {* +J¥ is discontinuous at the point (0, 0).
-0, (x,y)=(0,0)
24. Show that the function f(x, y) = x — y is continuous for all (x, y) € R2
3
25. Show that lim *Y___ does not exist.
" (x,9)—(0,0) x2 +y6
26. LetA={(x,y);0<x<1,0<y<1,xye R} Letf:A—> Rbe defined by f(x, y) = % +J-
Show that lim flx, y) = 1 .
(x,y)—a(O.E) 2
27. If x2=au + bv, y2 = au — bv, then find %;i ; A.KT.U. 2018)

4

S T T

R —
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NTI ,
hE .
3 ition for the contour on x — , .
0~ . 4the condi 51 to the paréisl derivatiy plane where the partial derivative of x? + y? with

ve of By + 4x with respect to x.

n .
oh gspect toy i €%
2 4p2and u = at?, v = 2at, then find i‘lf
g 127" -
2
)= (Jx + Jy)°, find the value of x? %-l;_ + 2xy izi+ y? Pu
30' Ifu ' X axay § a:y2 .
ou u Py
_ a2 z,_4y222+2x23, thenﬁndx “+y~+z~u.
i ffu=®) x Vo Ty
. ou odu
x
Z_|, then find x — + y—,
& Ifu-"log[y] ox dy
ou ou
24 2%y +¥2+x + Y, then find x— + y 2%
¢, [fu=¥"+ 20+ ox yay'
20,2 . 2\U3
What is the degree of homogeneous function ulx,y) = x"(x" — y%) 9
94. (xZ +y2)2/3
g, What is the degree of the homogeneous function u(x, y) = M?
' f x + \/;
g6, What is the degree of homogeneous function u(x, y) =x3 y~43 tan- 1(1) 9
X
g7, Ifz=1log &3 +y% — x%y — xy?), then find % + %z
ow oJw Jdw
=(y-2) (z—x)x—y), then find — + — + —
8 Fw=0-2)C y nd ——+ =2t —.
39, Ifx’ =y* then find the value of % at (2, 4).
40. IfV(x,y,2z) = cos 3x cos 4y sinh 5z then find V.. + Vyy +V,_.
41, Ifu=x%2sin™! %, then find
. ou ou .. o%u o%u o%u
6) x—+ y=— (AKT.U. 2019) (i) 2225 +2 + 52
oy w2 Doy O a2
29 :
2. Tflogy ==Y u , o
ogu x+y,thenﬁndxax +yay.
8 H(x+ \/,—y_) cot u = x +y, then find 4x3—z + 4yg—:.
5 5 5
-2
Y. Ifeosy = —= y +6z ,then findxu_+yu +zu,
ax® + by3 +c2° * 4 ?
6. Ify=gjp1 (x2 + y2)V5, then find the value of x % +y %‘

(A.K.T.U. 2017)

(U.P.T.U. 2014)

. 0
8. () Hu=y2 s 2xy —y log z, where x = s + t2, y = s — ¢ and z = 2¢, then find the value of —51-:- at

g

(1’ 2, 1).

” _ ou
W) Ifu<x2_y2, gin yz, where y = ¢* and z = log x, then find ==
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48.

49.

50.

Answers
1. 0 2. x=2a 3. 2n! 4. 3(8)!
. nm
5. coshx 6. gsm(x+—,~;£)—-i-(3)"sm(3x+7J 7.(n—n2)sin_’_‘2_7‘_
(-1)"n! 3 1
8. + 9. n(n—1) 1"
4 [(x _ 2)n+1 (x + 2)n+1} n(n ) ( )
12 2+ 29 (2 + 47 {12+ (0 - D)%), whennis even
10. 7,00=1 .2 2, 12124+ 32 12 2 :
12.(1% +1) (1* + 39 ...... {1 +(n - 2)°} when n is odd
11. O 12. both the co-ordinate axes 13. x+y=0
14. O 15. 0 16. (i) e(x2+ 16x+56) () €* [x®+ 2nx+n(n-1)
17. x=0 18. does not exist 19. 4a%t (t2 + 2) :
20. Symmetrical about x-axis and y-axis
Symmetrical 1n opposite quadrants
22, - s cot u 27. = 28; y=2 29. 4a%i(t? + 2)
2 a
15 ' )
30. 7z u 31. 4u 32. 1 33. 2x2+ 4xy +2y=tx+)y
2
34. 4/3 - 35.0 36.—1 37. b
log2-1 . .
8. 0 39, 4| ———— 40. 0 41. (2) 5u (i) 20u
. : (2 log 2 - 1)
. 7 2
42, 3Bulogu 48. — sin 2u 44, - 3 cot u 45. 5 tan u
46. (i) 8 (ii) 2(x — %) + e* cos (e* log x) ( log x + -;J
47. (@) 0 (i) n(n—1) (n—2)f 48. 1 49. 8xyzu
50. (i) does not exist. L e

(i7) If f(x, ¥) is a homogeneous function in x and y of degree n,

If f(x, ¥, z, w) = 0, then find gy-

Ifu=e

() Evaluate  lim

2 +y*+2%

3 3 3
af+3::cy f y Bf +y3_ai_
ax® ay ax dy* &y’
ox I 0 ow
dz Jdw Ox

9%u

, then find
en fin R®

xy

(x,5)-(0,0) x> + y2 '

(it) Show that the function

_ x% + 4y, when (x,y) #(,2)
fe, ) = { 0, when (x, y) =1, 2)

is not continuous at the point (1, 2).

Ly

May
2 H
47. () Ifu= xg( )+ h( ) then find the value of 2222 + 2y P%u o2 P E"'ﬂnma
a? 2yt 33

then find the Value qf
0

(A.K.
U 2 %
’ }"&
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MODULE

Differential Calculus — IT
/ -
@ION OF FUNCTIONS OF ONE VARIABLE

LOR'S THEOREM

Y
. TA _ ,
m + h) be a function of h(x being independent of h) which can be expanded in
Sd
,ﬁwerS

¢hand the expansion be differentiable any number of times, then

n

’ h?
fix+h) = f(x) + hf "(x) + 2—!f”(x) +...+ 'Z—!fn(x) + ...

ook Let flx+h) =B, + Bli.‘ + B,h? + B,hd + B,ht+ ... )
By B,, By B,, B, ... are the functions of x alone which are to be determined.
d d dz
Now, E{f(x"'h)}:;i;f(z)-a wherez=x+h

=f'®@.1=f"(x+h)
By successive differentiation of (1) w.r.t. h, we get

f'(x+h) =B, +2B,h + 3B,h% + 4B A3 + ... ' (2)
ffx+h)=2.1.B,+83.2.B;h+4.3.Bh2+ ... (3
f“(x+h)=8.2.1.B;+4.3.2.B,h+... | . (4)

Put h =0, we get from (1), (2), (3), (4), ...;
f&) =By, f(9) =B, f"@) =B, 21, f"() =31 By, ...

n

h2 ” h3 1o h n
Hence, flx+ k) = f(x) + hf '(x) + ;f (x) +gf (x) +...+ ;—tf () + ...

i11.Other Forms of Taylor’s Theorem
() Writing a for x in (1), we get

h2 7 h3 r hn n
fla+h) = fla) + hf'(a) + ETf (a) +§f (@ +..+ -ﬁf (@) + ... «(B)
(il)Puttinga'*‘h: bor h=b-ain (5), we get
~a)* b-a)"
fb) =fla) + (b — a)f'(a) + b 2?) f(a)+... + n? fa) + ... ...(6)
237
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(iii) Putting h = x — a in (5), we get f,
( 4 (x a)"‘
f0) = fla) + (x—a)f @+ f( )+ ... ey 4 .
3.1.2. Corollary. Puttinga =0 and h =xin (5), we get "

3 x"
f”(O) F GO+ et () 4

flx) =f(0) +x 7'(0) +

which is Maclaurin’s theorem. . |
Note. If the function f(x) is denoted by y, the expansion may be written in the form

2 n
ol x
y =5(0) + xy,(0) + ﬂyz(O) % n!y,,(O) e

where  y(0), ¥,(0), y,(0), ..., ¥,(0) etc. denote values of ¥y, ¥y, ---» ¥, T€SPectively at x = ¢

3.2. FAILURE OF TAYLOR’S AND MACLAURIN’S THEOREM

(@) Taylor’s theorem fails to expand f(x + k) in an infinite series in tp, folloy;
Wing

situations:
(i) if any functions f(x), f'(%), f"(¥) ... become infinite or does not exist for apy, Valye

in the interval under consideration,

eofy

or ()ifR,= %l-f n(x + Oh) does not tend to zero as n — .

(b) Maclaurin’s theorem fails to expand f(x) in an infinite series in the foﬂowing

situations:
() if any of f(x), f'(x), f"(x)... becomes infinite or does not exist in the closed intery] (0,4

hn
or @) ifR, = ) (x + 6h) does not tend to zero as n — oo,

Note. We generally obtain the expansion by assuming the possibility of expanding it in an infinite
series by assuming that R, tends to 0 as n tends to infinity.

3.3. APPLICATION OF MACLAURIN’S THEOREM

Working Rule
1%t Step. Put the given function equal to f(x).
274 Step. Differentiate f(x), a number of times and find f'(x), f”(x), f”(x) ... and soon
8rd Step. Put x = 0 in the results obtained in 27 Step and find £0), £(0), "), "0

and so on.
4%t Step. Now substitute the values of f(O), f(0), f”(o) £7(0), .

f@) = f(0) + x£"(0) + f 7 (0)+ % ,f”’(O) +.
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ILLUSTRATIVE EXAMPLES
Example 1. Expand a* and e* in powers of x by Maclaurin’s theorem.
gol. Let fiw) = L O=a0=1
f'(x)=a* 108 a f'(0)=log a
(he? | f"(x) = a* (log a)? £7(0) = (log a)2
f"(x) = a* (log a)® f”(0) = (log a)?
s - N x3 .....................
-~ @) = 10) + 3 ©) + Z5F"0)+ 2 1(@) + .
a*=1+x1 x> %
= x log a + 21 (log a)? + 31 (log a)3 + ... ...(1)
putting @ = e, We have
x® 5P -
e =1+x+ §7+3-!+ ..(2)

Note. The series (1) and (2) are called exponential series and are convergent for all values of x.

1
Example 2. Expand log (1 +x) in powers of x. Then find series for log, ( 1 i j) and hence
11
determine the value of log, (_9‘) upto five places of dec?mal. (M.T.U. 2012)
Sol. Let f(x) =log (1 + x) f(0)=log1=0
1
4 = _— =(1+x"1 : ’ =
then ) T ‘( x) . F) =1
ff@=(1@1+22 f0)=-1
Fr@=(-1) (-2) 1+ L f0)=2
=1 2)=3) A +0™4 f'0)=—2x3=-6
and so on. ;

Putting these values in
2

f(x) = f(0) + xf(0) + ;! 7O + = f"'(O) + _f”’(O) +.
log (1+x)=0+x—%+—x—;-—%+...
or 10g(1+x)=x—x—22+§—%4—+...
Changing x into — x, we have
log(1-x)=-x- %—%—%—m

Now, log (1 + x) — log (1 — %)
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3 6 7
1+%x R 0
log[ ) 2[x+ 3 + 5 7

1-x

Putting x = 116 in the above result, we get

3 5 7
11 L 1f1 +_1_(i) +l(_1_
log(s) 2[10+3(1o) 5(10) " 7(10) *|=0200¢

Note. The above series for log (1 + x) is called logarithmic series and ig cony

than 1 and also for x = 1. ;
Example 3. Expand sin~! x upto four terms in powers of x.

Sol. Let flx) =sin~! x . f0)=
~_=a- L fO=1

then f(x) = JI——Z
-x

Expanding by Binomial theorem,

| f'<x>=1+(%)(—xm(—%)(—%)(—xz)z +[—%ig_)(;g_)

“rgent for | x|
s,

91 ("‘2)3
15
=1+ ;x2+zx4+ﬁ O+
f”(x)=x+g 3+Ex5+... f0)=0
f/ﬂ(x) =1+ Z 2 +_ x4+ . - f’h(O) =1
fiv(x) = 9x +1° x3 + ... f0)=0
fo) =9+ % 2+ - fY0) =9
fUi(x) = 225x + ... : =0

and proceeding further, f*%(0) = 225, etc.
Putting these values in

fx) = f(0) + 2f'(0) + f ”(0) + f"’(O) +.

2 x3 6 7

sin! x = 0+x+——(0)+ (1)+—(0)+—-(9)+—(0)+—— (225) + ...

3 5
o x_+ 9x 225x"

31 51 T B

3 y 5 .q. 7
A 1___+135x

2°'38 24°5 2.4.6 7

rel
Note. To expand an alone inverse function; find its first derivative. Expand by Binomial The?
and then find other derivatives.

+ ...
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f Exalﬂple 4. Expand tan™!
gol. Let fx) = tan™" x, ' f(0) =
’ _ = + 2)-1 ’
el f@ 1+ 2 ey F{0) =1
t =1—x2+x4—x6+... C
) = 2 AP G4 - [By Binomial Theorem]
fr@)==2+12%— 30xt + 0=
fiv(x) = 24x — 120a3 + ) =0
fox) =24 —360x2 + ... f0) =2
GAROD e st T i

Putting these values in

: 2
1) = f0) + x£/(0) + Lo ﬁ )+

2
. | 5
nx=0+x+ =
ta i 2,(O)+ (—2)+~(0)+~ 24) + ...
R R
tanly=x_ % %X X
or 3 5
Note 1. The expansion for tan™ x is valid only if — 1 < x < 1.
Note 2. This expansion for tan~! x known as Gregory’s series is very useful in finding the value
of 7.

Example 5. Expand tan x by Maclaurin’s Theorem, as far as x*®

and h ind th
of tan 46° 30’ upto four decimal places. ence find the value

Sol. Let f(x) =tan x £(0) =
then f(x) =sec?x=1+tan2x s o) =1
f"(x) =2 tan x sec? x = 2 tan x (1 + tan2 x)

=2tanx+ 2 tan3 x #Y SF0) =0

f”(x) = 2 sec? x + 6 tan2 x sec? x |

= 2(1 + tan® x) + 6 tan2 x (1 + tan2 x)

=2+ 8tan®x+ 6 tan? x , .o o) =2
f¥(x) = 16 tan x sec? x + 24 tan® x sec? x

=8 sec? x (2 tan x + 3 tan3 x)

=8(1 + tan® x) (2 tan x + 3 tan3 x)

=16 tan x + 40 tan3 x + 24 tan® x 5 PO =0
fU(x) = 16 sec? x + 120 tan? x sec2 x + 120 tan* x sec? x
=8 sec? x (2 + 15 tan? x + 15 tan? x) s fU0)=16

Putting thege values in

flx) = f(0)+xf(0)+ f”(0)+ f”’(0)+ f"’(0)+ f"(0)+---

3
3 x5

= b1 =xt —+—x°+... (1
tanx=0+x + ' 2+5' 16 x 3+15x (1)
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Deduction. Here x = 46° 30" =46 — | 2= 1°=
2 s 1°=60r . %
Sy,
= 92—31 ¥ —l—ga Radians = 1_3216 X 2"73 =0.812 L
Putting x = 46° 30" = 0.812 in eqn. (1), we have
3
tan 46° 30’ = 0.812 + _@%@— +-1-25 (0.812)° = 1.0374.
. X
Example 6. Expand by Maclaurin’s Theorem xe 7’ as far as x°.
e
Sol. L __E &
ol. Let f@)=—— s )= 1
e + e’ +1 D)
@ X _ X L% x
then f(x) = e % l)xe 2e 2 = xe g e (0) = —io__
e*+D° (e +1) € +1? 2
L, . (" + D2 e* —e* 2(e” + De*
f (x) - x 4
(e*+1) ‘
— ezx + ex - 232x _ ex — e_2.t - f”(O) — i@i
e +1° e +1° e’ +13 =0
) = (@ +1)3(e" —2e%) = (" =) . 3 +1)%e"
(e* + 1)¢
et —4e™ e i 5 Ty = L
RS - f-()__?

Putting these values in
3

2 :
) =f10) + 2O + 2 7@+ 37 £7OF

S P
| +1 2 4 48
Example 7. Prove by Maclaurin’s Theorem that
Jainz = J A x° B 3.x%
"1.2 1-2-3-4
Sol. Let flx) =™~ - flo)=e"=1
f(x) =e""*cos ¥ | . f0)=ecos0= 1
F(x) = e * (- sin x) + cos x e ¥ cos X ,
= ¢sin* [cos? x — sin ] . fro)y=e[1- 0]=1
f7 = sinx [2 cos x (— sin x) —cos x] + eI ¥ cos X . [cos® x — sin ]
—psinzoosx. [-2sinx—1+ cos? x — sin x]
— _ psinZ gog x[3 sin x + sin® 1] - f70)=0 _
fr(x) =— eSin ¥ cos x [3 cos x + 2 sin x cos x] + esin®  gin x[3 sinxt sin? 7]
— [3 sin x + sin® x] cos X esint cosx o [U0)=—
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fERENTIAL : laukin®
of ' se value in Maclaurin’s Theorem, we get
puttin® the

2 3 4

; X
esmx=1+x-1+’2_!-1+-:'3—!.0+z =3)+...

x2 3
= y A
1.2 1.2.3.4

;mple 8. Expand sin (¢*— I) up to and including the term x*.
Ex f(x) = sin (e* - 1)

=1+x+

¢ f(0)=0
S.’OL Le £(x) = cos (5 — 1) . ¢¥ £(0)=1
;;' ™ f’(x) = e* [~ sin (e* — 1)] e* + cos (e*—=1).¢*

g f"(x) = — €% sin (e* — 1) + e* cos (¢* — 1) fr)=1
Again

f7(x) =—[e** cos (e*— 1) . e* + sin (e* — 1) . % 2]
+e*[-sin(e*—1).e] +cos(e*—1).¢*
(%) = — € cos (e* — 1) — 3e?* sin (e* — 1) + e* cos (e — 1)
put =0, f7@=-1-0+1=0.
Again diff. w.r.t. x, f(x) =—[-e**sin (e*— 1) . e+ cos (e*— 1) . €3* . 3]
— 8 [e** cos (e*— 1) . e + sin (e*— 1) . 2% . 2]
—e*sin(e*—1).e*+cos (- 1) . e~
pat =0, fr0)=—3-3(1+0)—0+1=—5
putting these values of f(0), £ (0), f“(0), f "(0), f (0) in Maclaurin’s expansion

2 3 4
sin (e*—1) =0 + x(1) + %!-.(1)+%—! (0)+’;—! —5)+ ...

or

" sin(e€—1)=x+ — — — + ...

Example 9. Show that log 4+ .

+—
x 3 90
&, 9

Sol. We know that tanx=x+ X L5
3 15
x+x3+ x5 + |
X o Za5 \
LHS = log 3 15 =log |14 % + 2 at 4.,
x 3 --16

2-
— _— 4
+ = — 4 — + ...
log (1 +2), where z 3 15x

xz 9 4, 1 x2 2 g 2 1 x2 ) 4+ 3
=1l | == —x" .| | = o
[3+15x. +) 2\ 3 15 33 15
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w
2 4
_xt 2 a4, 1(x4+...)=x 2 ot

x

—x
3 15 18

Example 10. Find the values of a and b such that the expansion of log (1 + x) - X+ &y

)
g ) 7+ bz)
in ascending powers of x begins with the term x? and hence find this term.

(MTU 201:
x(1+ax) _

3)
Sol. log (1 +x) — RET™) log (1 +x) —x(1 + ax) (1 + bx)?

22 x5 it
=(x—?+§——?+--)—(x+axz) (1-bx+b%2— b33+ )

| Using binomia] eXPansig,
x

x2 3 4
(x—f?‘?*"'}—rxua—b)f—b(a—b>f+bz<a—b>x4~‘..

]
=(-§~a+19x2+{%+b@-b%x3—{%+b%a—b4x4+". 5
According to the question,

1 1
—_—— —a+ b= —_D=——
5 @ b=0 = a-b 2

-2)
and §1+b(a—b)=0 = —31——g= =5 b=-§
From (2), a= gl
Required term = — [Zl+ b%(a - b)J =" [Zl+§(— EIJJ = % x4
| TEST YOUR KNOWLEDGE |
Apply Maclaurin’s Theorem to prove (1-3):
1. (a) logsecx=%2+;—;+g—; + ... | (b) logcosx=—izci!—2.:—2!—16.:—(: = e
2, (a)secx=1+§+%+... (b)cos2x:1—x2+%4+...
2 .3

3. tan!(1+ =E+£—i+x—+...
s (+9= Tt -

2_ 72 2 2yn/2 b
4. (1) Show that e®* sin bx = bx + abx? + w B+ Eb’—)—x” sin (n tan” —(;J to.
! n!
(11) Expand e sin x in ascending powers of x up to 5.

(UP.T.U. 2019



10.
1L
12,

13.

14.

15.

‘ Hint.log(l—x-l-xz):log( —

o caLouLus - 1 -

T, =Sin_l( v RLIEES S U.P.T.U. 2015)
Showtha 1-x l+x 3t 5 (U.P.T.U.

o Expand gin~! [1 N x4] in series of ascending powers of x.

1+x2—1_x x93 %5 X7

AN TF TR X XX
(C)Showthattan = 26 10 1 + |
Use Maclaurm s Theorem to find the expansion in the ascending powers of x of log, (1 +¢*) up to
the term including x*.
Theorem to prove that log (1 + 2 X3 it

S o e o &
Use Maclaurin g sin x) = x 5 .
Point out the case of failure, if any.

_ x2 243

Pwvethate"log(l +tx)=x+ 54’—3‘— +.

3 2,4 2.5
(@) Apply Maclaurin’s Theorem to show that e*cos x = 1 + x — 2x° 2°x* 2°x

3! 4! 5l

x2 xa
(b) Prove thate*secx=1+x+ 2. §+4 -
Expand by Maclaurin’s theorem tan® x in ascending powers of x as far as x%.

Expand log (1 + sin? x) in powers of x as far as the term conbaining.ak

(o) By Maclaurin’s Theorem expand log [1 - log (1 - x)] in powers of x as far as the term in °.
(b) Expand by Maclaurin’s series log [1 + log (1 + x)] in powers of x as far as term containing x3.
By Maclaurin’s Theorem find the first four terms in the expansion of log (1 + tan x).

x? 2x%  xt A5 9xb 4T 4B

2 x
+ SE—rbt——_— &
Show thatlog (1 —x+x?) =—x 3 3 - 6 > + .

3
1+x ]=log 1+ x3)—1og (1+x)1
x -

= h =2+ 2 x3+x4 +
Ify3 - 6xy — 8 =0, prove that, y = e TR
Answers
4 nl2 11
(li)x+2x2+—x3+x4+mx5+ .+ x"sin(ntan" E}
' 2 4
2_ 16 149 N AL
(b)2[x —Ex +gx _] 6. log 2 + 2+ 5 102
ot
case of failure if sin x=— 1 10. x2+—3—+
. g "
xz_%x«i...___ 12. (a)x+%+..- (b)x—x2+Ex3+...
po X 260 7t
2 3 12



3.4. APPLICATION OF TAYLOR’S THEOREM

A TEXTBOOK of ENGINg
ER)

Working Rule

Step 1. Put the given function equal to f(x + h).

Step 2. Put 4 = 0 and write f(x).

Step 3. Differentiate f(x) a number of times and obtain f ), f ) fn
Step 4. Now substitute the values of f(x), f'(x), f"(x) .. ), o

’ h ” °
flx + h) = f(x) + hf '(x) + E f7(x) + % f”’(x) Foor

- ILLUSTRATIVE EXAMPLES

Example 1. Apply Taylor’s Theorem to find the expansion of log sin
Sol. (z) Put f(x + h) =log sin (x + h)
(i1) Making h = 0, we have f(x) = log sin x

(x + h)'

i , cos x
(@) .- f'(x)= S =cot x
f”(x) =— cosec? x
f”(x) =— 2 cosec x(— cosec x cot x)

= 2 cosec? x cot x

2
Substituting these values in f(x + h) = f(x) + hf '(x) + % f7(x) + };—T () + o
h® A3
log sin (x + h) = log sin x + A cot x — 57 (cosec? x ) + m (2 cosec? x cot D+,

Example 2. Expand sin™! (x + h) in powers of h.

Sol. (i) Put f(x + h) =sin™! (x + k)

(21) Making kA = 0, we have f(x) = sin ! .
Gid) £/ = -

1-x2

@)= % (L—a? 2 (o= % ___

(1 _ x2)3/2

(1‘x2)3/2—g(1—x2)1/2(— 2x) . x
(1-x%?

_ (A=a®)V2(1 - 42 +3x%) 1+ 2x2

(1-2x2)8 - (1—x2)5/2

..................
...............................................

F ) =
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' h?
Nows flx+h) = flx) + hf " (x) + o 7@+
(iv) o h x B2 1 3 3
— - + 4 n + 2x h
e e A TR A TR

Expand sin (x +y) in powers of y and deduce that

5 ples.(a) . . ot
gsa® sin (x +y) =sin xcosy +sin y cos x.
. the value of sin 31° correct to four places of decimals.
14 ’ &
08 Pt flx + ) = sin (5 +9)
gol- (al);in =0, we have f(x) =sin x
(if) Ma f’(x) = cos x; f”(x) =— sin x,
(li) f”’(x) = —CO0Ss X; f l.v(x) = sin X, ..., and fn(x) =sin (x + nTC/Z)
2
’ y ”
" flx+y) = f(x) +yf (x)+§ @ok-4
ow» '
. y2 3 4
sin (x +y) =sin x +y cos x—? sin x — % cos x + % sinx+ ... ...(1)

2 4 3 5
= g1 _Y Y Y Ly o
smx[l 2!+4! ...]+cosx{y 3!+5! }

= sin x cos y + cos x sin Y.

n - -
() Putx= % and y=1°=———=.0175 radians in (1),

180
‘ T T T n V1 T ' .
319 —sin Fa® cos®o( ) L ain® 4+ So5151
Then s B eiE + 750 96 (180) 215" % 05

correct to four places of decimal.

Examples 4. () If f(x) =% + 8x2 + 15x— 24, calculate the value of f (%) by the application

of Taylor’s series. _
(i) fix) =x°— 2x + 5, find the value of f (2.001) with the help of Taylor’s Theorem. Find the

approximate change in the value of f(x) when x changes from 2 to 2.001.
Sol, (i) By Taylor’s Theorem,

2 3
fla+ By = ) + B @)+ @) + L

1 )
Put x=1and h = — in the above series,

10 I
1 ¢ 1 ot oy o el T+ 1 -5 i |
f(ia)=f(l+1ioj =f(1)+‘1-6f'(1)+-1—0'§-§—!-f (1)"'5-——(10)3 FAD +  «(1)

Now, flx) =23+ 822+ 15x—24 =0 i
f'(x) =322+ 16x + 15 f/(1) =34 i
f7(x)=6x+16 f£7(1) =22 Tl

f"(x)=6 FA) =6
f(x) =0 fi(1) = 0 and so on.



= A TEXTBOOK o ENgyy l
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- Substituting values of f(1), f 1), f"1) ... RiNg

1 1 P
Ravungl e | I ey 0+ — 34 + A =
f(lo) f( 10) 10 100 " Togp = 3511,
(i1) Here put x =2 and 7 = .001 in Taylor’s series,

f(2.001) = f2) + (.001) £/(2) + (O& F(@) + L0032

flll
Now, f@)=x3-2x+5 £2) = z' @ *
f'(x) =3x2 -2 f'(@= 10 R
f7() = 6x £/ = 1o
FR=E, f"@)=¢
(=) =0 fiv(2) =
Putting these values in (2), B=0 and g On,

f(2.001) =9 + (.001) 10 30 (001) (12) + = (001)3

6)+ . <
Approximate value of f(2.001) — f(2) 9.01-9= 01

01 (approxl)

TEST YOUR KNOWLEDGE

Apply Taylor’s Theorem to prove the following expansions (1-4):

. h2 2 A3 3
L. (@) a*h=gx 1+hloga+?(loga) +?(Ioga) * oo

A2 1 1 h B2 p3
el — + —e*+ ... T S =7
(b) e* e*+ he* 2'e" - (c) POy Yapion x2+ 3 : + .

h3
(d) tan (x + h) = tan x + h sec? x + A2 sec? x tan x+ ?sec2 %(1+ 3 tan2x) + __

) 2 3 i
2. (a)cosng) jﬁ(l h—%+%+ ] (b)sin(§+9)=_l_(1+9—62 s ]

J2 21 31t
. 2221  p2

3. 1 (x+h) =secl x + o T

(@) sec™! (x + h) = sec x xe £4 x2 2_1)3/27 9]

h xh?

b) tan! (x + h) = tan-1 x + -

(0) tan! (x+ k) = tan"1 » 1+ x2) (1+ x2)?

(x+h)+ flx—h) h? I
4. f x zf x __f(x)+ — f"(x)+ _fw(x) + .
5.

Iff(x) = 8x® — 552 + 7, find the value of f

(%) by Taylor’s theorem and find the change in the valie
of f(x) when x changes from 2 t0 2.1.

6. Iff(x) =%+ 622+ 9, find the value of f ( ) by Taylor’s theorem.

x2 x3
7. Prove that log, (x+ h) = log ,h 55

—_—

R onZ " gpd
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pproximate value of 4/26 to three decimal plageg by Taylor's Expansion

! x , x ) 1 3
tha

1+% 1+x) g1 7@+
Ffo x [MTU (CO) 2013]
b x2 g =x+h,whereh=_L_]
[lnt'writel+x 1+x 1+x
Answers
878 6.17.591 8. 5.099.
4.9

- oTH
Nor - —
,5.‘ . ressed as a series in ascending integral pow fo_
5 i o f(x) 18 exp ) = fla + x— ). Put x powers of x — g,
j

a = h. Then

= fla+h) = f@) + hf @) + 2o pr gy 4 1
fx) = fla = f(a) f(a)+2~!f (a)+3~!f"'(a)+...

) 2
=) + =) @) + D gy, & Dy

Now replacing h by ¥ — @, We get
0

ILLUSTRATIVE EXAMPLES

gxample 1. Expand sin x in ascending powers of (x - %)

Sol. Here f(x) = sin x

f(x)zf(g'*'x_g) = fla + h), wherea=g andh:x_g

: h2 3 4 :
9= fle) + hf @) + 5 f@ + 2 ey + 2@ .

Putting these values of a and h, we get

; T 2
B L E S e IR
o f(x) = sin x f(%) =
f'@) = cos x ,u(g)___o
f"(x) = sin x (%)=-1
f”(x) = — cos x f(%) =0
f®(x) = sin x f(g) =1 and so on.






















































































































































































































































































































































































































































































































































































































































































































































































































































